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1. Introduction

Computing invariant rings can be a challenging task, especially in dividing characteristic. The theory of
Cohen-Macaulay modules (e.g., Chapter 2.8 in [5]) can offer some useful theory to use. Invariant theory
plays an important role in group cohomology computations, and we are keen to find new methods for
computations. As a first fact we recall that for any finite group G and field k, H*(G, k) = k©. We also
observe for a normal subgroup N of G, the action of G/N on N induces a linear action of G/N on
H*(N, k). Moving to modular coefficients and using the theory of stable elements, by Chapter I1.6 in [1]
H*(G,Fp,) = H*(N, ]FP)G/ N Note that if N = P is further a Sylow p-subgroup, this is an application
of non-modular invariant theory, as in that case |G/P| is coprime to |G|. But even for not necessarily
normal subgroups of G, invariant theory plays a role: a result of Swan [12] states that for any abelian
Sylow p-subgroup P of G the composition H*(P,Fy)N6¢") = im(res§) = H*(G,F,), where the second
isomorphism is due to the theory of stable elements as seen in [4]. A more specific example is found in
[10] where the cohomology ring H*(SL2(Z/3"),F3), for n > 1 is computed via stable elements, where
the invariant ring (S(M*) @ A(M #))SL2(F3) | for M a module of dimension 3, is a main ingredient. This
is the invariant ring described in the abstract. In this paper, we compute a minimal set of generators
of this graded-commutative invariant ring explicitly, using a combination of Cohen-Macaulay modules
and covariants.

We start by giving the necessary background material in modular and non-modular invariant theory,
as the computations in this paper combine both: on the one hand, the characteristic of F3 divides
| SL2(FF3)|; on the other hand, we will show that M is isomorphic to a module induced from a non-
modular subgroup of SL,(IF3). Then, using a minor generalization of [7, Proposition 5] (proved here as
Lemma 2) moves us into the non-modular case. This trick enables the use of tools from the non-modular
setting, such as the Molien series.
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The background section is followed by an explicit computation of the generators of (S(M*) ®
A(M*)S2(F3) These are given in Theorem 9, which is the main theorem of this paper.

2. Background

Let k be a field, G a finite group and V a finite-dimensional kG-module. Let v1, v3, . . ., v, be a basis of V
and let x1,x2, . . ., X, be the corresponding dual basis of V*. The action of G on V induces an action of
G on V* defined by

G =fg ')

and we may extend this, by algebra automorphisms, to an action on the k-algebra k[ V] := S(V*). Setting
deg(x;) = 2 for each i endows S(V*) with a grading which is respected by the G-action. The fixed points
k[V]C of this action form a graded subalgebra called the subalgebra of invariants.

Now let W be a further kG-module with basis wy, wp, ..., w,,. Let k[V] ® W denote the free k[V]-
module spanned by this basis. G acts on k[V] ® W via the formula

gf @w) =g(f) ® g(wy)

for f € k[ V], extended linearly, and one may now show that the fixed points (k[ V] ® W)G of this action
form a k[V]°-module. This is called the module of W-covariants. Since k[ V] is finitely generated over
k[V1°, the same is true of (k[V] ® W). Since k[V]C is Noetherian and (k[V] ® W)€ is a submodule of
k[V] ® W, we get that the module W-covariants is finitely generated in general.

Consider the special case R;(V) := k[V] ® (A’(V*)). This is called the module of differential i-
forms. Usually one writes dx;, dxs, . . ., dx, for the k[ V]-basis of R;(V'), which explains the terminology.
The exterior product A : A'(V*) x AJ(V*) — A" (V*) can be extended k[V]-linearly to an exterior
product on R(V) := @I, Ri(V) = S(V¥) ® A(V*) (note that A(V) = 0fori > n) which makes
R(V) into a non-commutative k-algebra. The fixed points R(V)© are called the algebra of differential
invariants.

Another way of viewing R(V) is as follows: write y; := dx; for each i and endow A*(V*) =
Aly1,y2,. .., yal with a grading by setting deg(y;) = 1 for each i. Then R(V) is a commutative-graded
k-algebra, i.e. for each f,g € R we have

fo= (- 1)des) deg(g)gﬁ

The goal of this paper is to find a minimal generating set for R(M)“, where M is the vector space of
2 x 2 traceless matrices over [F3 and the action of G = SL,(F3) is by conjugation. In order to determine
the module generators of the summands R;(M), it is helpful to recall the following notions.

For S a finitely generated k-algebra, k a field, and B a finitely generated S-module, a homogeneous
system of parameters of positive degree for B is a set of elements {fi, . ..,f,} C S where n is the Krull-
dimension of B, with the property that B is finitely generated as a module over the ring A = k[fi, . . ., ful
It can be shown that if B a free module over a subalgebra of S generated by a homogeneous system of
parameters, it is free over any such subalgebra. We say B is a Cohen-Macaulay S-module if it has this
property. In addition, S is a Cohen-Macaulay algebra if it is a Cohen-Macaulay module over itself.

A further fundamental concept used in this paper is a version of Molien’s formula for the Hilbert
series of a ring of relative invariants. For S a finitely generated k-algebra with homogeneous components
S4> the Hilbert series of R is the power series

H(S, t) = Z dimy(S))t. (1)

0<i

Let G be a finite group, V a vector space and k a field with char(k) = 0. Furtherlet x : G — kbea
linear character. We say f € k[V]is a x-relative invariant if g(f) = x(g)f for all g € G. The set of x-
relative G-invariants is denoted k[V]? and is a module over k[ V]°. Molien’s formula (found for example
in [5, Theorem 3.7.1]) was established for k such that char(k) = 0. In fact we will need a version of this
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result in a finite field of order p not dividing |G|. We proceed as follows: let e be the exponent of G. Let
K be a field of characteristic 0 containing a primitive eth root of unity and choose a homomorphism
¢ : k — K which identifies k with the multiplicative group of eth roots of unity in K. For any linear
character x : G — k we define the Brauer lift x° : G — K by x° = ¢ o x. Further, for any matrix
X € GL,(k) we define det’(X) € K to be the product of ¢ (1) as A runs through the eigenvalues of X.
The following formula is Theorem 2.5.2 in [3]

G ,_ L x@)
HEVED = 16 (gEXG: deidy 1)) @

and it holds for k a field of characteristic zero. As observed in [3], the formula holds when k is a field of
finite characteristic not dividing |G| after replacing x and det by and det?, respectively.

The computation of the generators of the summands in R;(M)G relies on some material in the study
of covariants. In particular, we will require the following fundamental result, due to Eagon and Hochster

(8]

Lemma 1. Letk be a field whose characteristic does not divide |G|. Then (k[V]® W)Cisa Cohen-Macaulay
k[V19-module.

Let H < G, T be a left-transversal of H in G, and {e;|t € T} be a basis for the left permutation module
k[G/H]. Recall that H acts trivially on this. We define a map

O : k[VIH - k[V] ® k(G/H)
® Zf = Zteth ® e;.

The following result on covariants is a minor generalization of Proposition 5 in [7] and its proof is crucial
for our computation:

Lemma 2. Let k be a field, G a group, and A a kG-algebra. Let H < G and let T be a set of left coset
representatives for H in G. Then the map © : A — (A ® k(G/H))© defined by

o) =) 1fen

is an isomorphism of AC-modules.
Proof. An adaptation of the proof of [7, Proposition 5] with A replacing k[ V] throughout. O

We shall continue with the computation of (S(M*) ® A (M*))SL2F3)

3. Computing invariants

It is convenient, for reasons which will become clear later, to choose a basis

0 1 -1 -1 1 -1
n=(Go)e= (G )= (4 D)

for M. Let x1, x2, x3 be the corresponding dual basis for M*, which will generate S(M*) as a commutative
algebra. Let y1, 2, y3 be the dual basis of generators for A(M*). Now R can be viewed as a free graded-
commutative algebra generated over IF3 by x1, x2, x3, ¥1, ¥2, y3 in which deg(x;) = 2 and deg(y;) = 1. We
define an action of G on M by setting

gv) =gvg™!
for g € Gand v € M. The induced action on M* is then denoted by g(f) for g € Gand f € M*, and this
extends algebraically to an action on R.
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We label certain elements of G: let

Lo (11
—\o 1)

which generates the Sylow-3-subgroup P = Cs of G. Let

(0 1
i=(_, o)
Note that t and i together generate G. Further, the kernel K of the action of G on M is {£e} = {e, i*}
where e denotes the identity matrix. Further, we set
ji=ttitk = tit L.
Notice that # = > = k = —eand ij = k,jk = i,ki = j; in other words, i,/ generate a subgroup

H = {%e,+i,£j, £k} = Qgs. Moreover, the matrices representing j and k are the same as v3 and v,
respectively, from which we see immediately that

t(vs) = veq1

with subscripts understood modulo 3. Let p : G — GL3(IF3) be the representation afforded by the action
of G on M. Then we have

01 0
p)=10 0 1
1 0 0
and
1 0 0
p@H=10 -1 0
0o 0 -1

Each of these is their own inverse-transpose, therefore

H(Xs) = Xot15
ditto y;. Similarly one may check that
i(x1) = x1,i(x2) = —x2,i(x3) = —x3,
ditto y, again. For future use we note that
jGx) = —x1,j(x2) = —x2,i(x3) = x3,
and
k(x1) = —x1,k(x2) = x2,i(x3) = —x3.

Define a one-dimensional representation W = (w) of H as follows:
iw) =w,j(w =) — w,j(w) = —w.

Let x denote the corresponding character H — 3. The following observation is crucial:
Lemma 3. We have M* = F3(G/H) @ W.

Proof. {e, t,t*}isaset of left coset representatives for H in G. Define ¢ : M* — F3(G/H)® W as follows:
Pplx) =" @w
Then
Hp(x) = @ w = ¢ (xs41) = P (t(xs))
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and
i(@(x1) = i((e®@w)) =e® (i(w) =e®@w = ¢(x) = ¢(i(x))s
(P (x2)) = i((t®@w)) =t (W) =—-tew = —¢(x2) = ¢(i(x2));
i(¢(x3)) = i((£* @ w)) =2 *kw)=-Qw = —¢(x3) = ¢(i(x3)).

So ¢ is an isomorphism. O

The ring of invariants S(M )0, where M), denotes the 2 x 2 trace-free matrices over I, and G, =
SLy(IFp), was computed by Anghel [2]. Translating his result for p = 3 into our preferred basis, we obtain:

Proposition 4. Let
2 2 2.
ay = x; + x5, +x3;
a) = X1X2X3
as = x‘f + x‘zl + xgl
The algebra of invariants S(M*)C is Cohen-Macaulay, and a free module over A := Klay, a2, as]
generated by 1 and
b= x{x3 + x3x5 + x5x3.
Remark 5. As dim(M?) = 1 > dim(M) — 2 we get that S(M*)C is Cohen-Macaulay by [9]. It is easy
to see directly that {a;, az, a3} form a homogeneous system of parameters. Now by Theorem 3.7.1 in [6]
we get that S(M*)C has rank 2 over A (remember that the action of G is not faithful, it is really an action

of G/K which has order 12). We see that {1, b} are the secondary invariants by computing the invariants
in all degrees up to six.

We recall that A is a graded algebra consisting of vector spaces and as such we can decompose R =
S(M*) ® A(M*) as
R= 691‘3:0 S(x1,%2,%3) @ Al(y1,y2,3)-

We shall compute the invariants for each of these summands individually.
The actions of G on A3(M*) = (y1y,y3) and A°(M*) = (1) are trivial. We obtain immediately:

Proposition 6.

(a) (S(M*) ® A3(M*))C is a free A-module generated by y1y,y3 and by1y2y3;
(b) (S(M*) ® A°(M*))Y is a free A-module generated by 1 and b.

On the other hand we have
AN(M*) = (y1,y2,y3) = M* and A2(M*) = (293, y3y1, y1)2) = M*,
Applying Lemma 2 to the above with H = Qg, G = SL(F) and A = S(M*) ® W yields a pair of
S(M*)%-module isomorphisms @; : (S(M*) @ W) — (S(M*) ® A(M*))C fori = 1,2, defined by

2

O1(f) =D _H(f ®yj41)
j=0
2

O2(f) = Z Y(f ® yjrayj+s)

j=0

with indices understood modulo 3.
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Note that elements of (S(M*) ® W) are precisely those f € S(M*) satisfying h(f) = x (h)f. In
other words, they are the relative invariants S(M *);I .As|H| #0 mod 3, S(M *);I is a Cohen-Macaulay
S(M*H -module, by Lemma 1. It cannot be a free S(M*)H-module, by [11], since H is not a reflection
group. However, since (S(M*) ® W) isa finitely generated S(M*)H module, which is in turn a fintely
generated A-module, (S(M*) ® W) is finitely generated over A. Since it is Cohen-Macaulay, it is
therefore a free A-module. We have therefore proved that S(M*) ® AY(M*))C is a free A-module, for
i = 1,2. In particular, this shows that R(M) is a Cohen-Macaulay S(M*)“-module.

It remains to find generators for S(M *)I; . Note once more that the action of H is not faithfulas K < H.
Write H = H/K. As H is non-modular we can use our adaptation of (2) to compute the Hilbert Series
of S(M*)H. We find:

x%(0)
det®(idyr —p (o)1)

1
HSWMHHE 1) = i >
oeH

1 1 1 —1
:4_1<(1—t)3+(1—t)(1+t)2+2(1—t)(1+t)2>
1 1 1
_Z<<1—t>3_(1—t>(1+t2))

11+ —(1—1?
=Z< 1—131+ 1?2 )

t
T a-031+1)?
t
T a-pna-n)2
t+
T -y

A homogeneous system of parameters for S(M*H is given by {x%,x%, x%}, and the above shows that
SM *)IX{ is a free module over the subalgebra F[x?, x3, x3] with generators in degrees 1 and 2, which are
easily seen to be x; and x,x3. However, we need generators over A, so we rewrite the series as

(t+ 21+ %) (t+t3)
I-—2)(1-2)(1-t) (1-2)1-n(1 -
t+2)A+t+12)
T a-20-8)1-1
t+2 28+t 4+ 1)
T A-—2)1 -1 -t

Thus, S(M*)I; is a free A-module with generators in degrees 1,2,3 (twice), 4 and 5.

Proposition 7. S(M*)I; is generated freely over A by the set

3 2.3 3.2
{x1, %223, X7, X1%3, X, X3, X] %5 }.

Proof. Itis easy to see each of the given monomials lies in S(M*)I)?7 . Let B be the A-module generated by
the given set. By the previous paragraph, the elements of S(M *)I; are sums of monomials of the form
m = xixhxk where i # j = k mod 2. We will prove by induction on d := deg(m) that every such

monomial belongs to B.
If d = 1, then m = x; and we are done. If d = 2, then m = x,x3 and we are done.
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Ifd = 3 then m = x], m = x1x5 or m = x1x3. In the first two cases we are done, and in the third we

have
xlxg =ayx; — x? — xlxg €B

as desired.

Ifd =4thenm = x%x2x3, m= x§x3 orm= xzxg. In the first case we have

m = ayx| € B.
In the second case we are done, and in the third we have
xeg = ad1X2X3 — axX] — xgx3 €B

as desired.

Ifd = 5thenm € {x7,x]x3, x3x3, X1%5, x1x3x3, x1x3 }. We have x7x3 € Band x1x3x3 = ayxpx3 € B.

Now we have

2 2,2
aixix; = xlx2 + x1x2 + x1%3X3

which shows that x;x5 € B. Further,

2 3.2 3.2 2,2
ajx] — a3xX] = —X]X5 — X]X3 — X1X5X3

which shows that x1x3 € B. Now

3 3,2
aix] = x1 + xlxz + x7x3

which shows that x] € B. And finally,
asx) = xi’ + x1x§ + xlxgl

which shows that x,x] € B as required.

Now assume that d > 6 and assume the claim is proven for all monomials of degree < d. Suppose

first that d is even, then we have m = x%’xzjJrl 24 for some i, j,k > Owith i +j + k > 2.1fi > 1 we

may write
m = ale xzjxgk €B
by induction, so we may assume i = 0 and j + k > 2. Letj > 1, then we have
2j-1 2k+1 52 2] 1 2k+1 2j—1x2k+3

m= ax; XX
2j-1 2 2j-1
= aix)” 2k+1 — ax sz 2k 2k+3

By induction, the first two terms lie in B and we have

2j+1 2j-1
xzj+ xgkﬂ = —x; xgk% mod B (3)
for all j > 1. Iterating the argument shows that
2j+1 2j-3
x2]+ xgk“ =x/ x§k+5 mod B (4)

for all j > 2. However, we also have
2j—3 2k+1 4 2] 3 2k+1 2j—3x2k+5

m = asx, XX
2j-3 2j 4 2j-3
= azxd 2k+1 — Tk 2k+5
which shows that
2j+1 2j-3
x5 xgkﬂ = —x; xgk% mod B (5)

for all j > 2. By (3) and (4) we must have
xgj—3x§k+5 _ xgj—1x§k+3 _ x§j+1x§k+1 —0 modB

forallj > 2,k > 0 as required.
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Now suppose that d is odd, so d > 7 and m = x3'*! Zngk for some i,j,k > Owith i +j+ k > 3. If

j > 1land k > 1 then we may write

1
m_alexzj Zk 'eB

by induction. So we may assume j = 0 or k = 0. Assume k = 0, then i 4+ j > 3, and we have, for all
Lj=1,

2+2 2j
1 %1 ! 2] 1 ! 2] - 2] %
2j — 2+2 2j—1
1 %1 ! 2] %l ! 2] 2 %l - ] 3

By induction, the first and last terms lie in B and we have

x%i“le;j = = ZJH mod B (6)
for all i,j > 1. Iterating the argument shows that

xfiﬂx;j = xfj_3x22j +4 modB 7)
foralli > 2,j > 1. However, we also have

2i—3 2j 2i—3 2j+4 21 3.2 2

m=asx; "X, —XxX|{ "X, Xy X3
2i—3 2] K23 2j+4 2i—4 21 1
= aixy X7 Xy — axXy X3

foralli > 2,j > 1 which shows that
21+1x§] _ %1 3 21+4 mod B. (8)

By (6) and (7) we must have

i1 2 2j+2 2j+4
x%’“x] x%’l / —x%’ 3 ] =0 modB 9)

foralli > 2 and j > 1. A similar argument shows that

%1+1 2k %1 1 §k+2 — %i73x§k+4 — 0 mOd B (10)

foralli > 2 and k > 1. It remains to show that x‘li € B: we have

x‘f:al(x )—xd zxg—xf 2x§

The first term lies in B by induction, the others by (9) and (10). This completes the induction and the
claim is proved.
Therefore B = S(M*)I; as claimed. Further, the generating set must be free, because the Hilbert series

of B is bounded above by the Hilbert series of S(M *)I; with equality if and only if the generating set is
free. O

Corollary 8.

(a) (S(M*) ® AL(M*))C is generated as an A-module by the set
{c1 = x1y1 + x202 + x3Y3,
€2 = X2X3y1 + X3X1Y2 + X1X2)3,
3= xi’yl + xgyg + xgye,,
¢4 = X151 + X2x392 + X331 3,
5 = xgxgyl + xgxlyz + x%x2y3,

3.2 3.2 3.2
C6 = X1X3¥1 + X5x3)2 + x3x1 )3}
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(b) (S(M*) ® A2(M*))C is generated as an A-module by the set
{d1 = x123 + X2¥301 + X3Y1)2,
dy = x2x32)3 + X3X1V3)1 + X1%2912,
ds = X}y2y3 + X3y3p1 + X3y,
dy = X1X5)2y3 + X2X3Y3y1 + X3Xiy192,
ds = x3x3y2y3 + X3x1Y31 + X1X291925

ds = X1X3y2y3 + X5X53)1 + X3x1y192)-

Theorem 9. RC is minimally generated as a commutative-graded algebra by

{a1,az,a3,b,c1,...,¢6,d1,d2, d3, y192)3}.

Proof. Obviously
{a1,a2,a3,b,c1,...,¢6,d1,...,ds y1y2y3)
is a generating set. One may check the following relations:
ccy = —dy — ardy + ds,
cic3 = a1dy +ds — axdy,
03 = —dg + ardy — a1ds + axdy — aszd; — a%dl.

So dy, ds, and dg are obsolete. To see that the generating set cannot be pruned any further we consider
x- and y- degrees separately. Each ¢; has y-degree 1 and x-degree < 6 = deg(b), so it can only possibly
be rewritten in terms of a1, a;, a3, and ¢; where deg (¢j) < deg, (c;), which is ruled out by freeness over
A. Similarly each d; has y-degree 2 and x-degree < 6 = deg(b), so it cannot be rewritten in terms of
ai, dy, as, b, and dj where degx(dj) < deg, (d;) by freeness over A. Further, for di and d5, no product
of the form c;cj has small enough to x-degree to rewrite these (except for ¢ which is obviously zero).
Finally, the first relation above must be the unique expression of ¢jc; in terms of A(dy, d, d3, ds, ds, de)
by freeness, so we cannot write d3 in terms of cic; and A(d1, d,). Since deg, (d3) = 3, c1c; is the only

product of generators with y-degree one which could be a summand of ds. O
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