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ABSTRACT. In this paper, we study the variety of pseudocomplemented dis-
tributive lattices with existential and universal quantifiers, called monadic
pseudocomplemented distributive lattices. We introduce the variety of monadic
KAN-algebras, which turns out to be different from the class studied in [Gomez
C., Marcos M., San Martin H.J.: On the relation of negations in Nelson
algebras. Rep. Math. Logic 56 (2021), 15-56], and prove that the cate-
gory of monadic pseudocomplemented distributive lattices is equivalent to the
category of centered monadic KAN-algebras, extending the results given in
[Calomino 1., Pelaitay G.: A new categorical equivalence for Stone algebras.
Accepted in Mathematica Slovaca (2025)].

1. INTRODUCTION

In [I7], Halmos introduces the class of monadic Boolean algebras as an algebraic
counterpart of the one-variable fragment of classical predicate logic. A monadic
Boolean algebra is a structure (B, 3), where B is a Boolean algebra and 3 is a unary
operator on B, called the existential quantifier, satisfying the following conditions:
(MB1) 30 =0,

(MB2) z < Juz,

(MB3) 3(z A Jy) =Fz ATy,

(MB4) F(zVy)=3IzVIy.

We can define the dual operator V, called the universal quantifier, as Vo = (32)/,
where 2’ denotes the Boolean negation of . It follows that V satisfies the following
dual properties:

(MB5) V1 =1,

(MB6) Vz <z,

(MB7) V(z V Vy) =Vz VVy,

(MBS8) V(z Ay) =V AVy.

Monadic operators have attracted considerable attention and have been sys-
tematically studied across a wide range of algebraic structures. Notable exam-
ples include monadic Heyting algebras [3], monadic MV-algebras [9], monadic NM-
algebras [27], 28], monadic semi-Nelson algebras [15], monadic residuated distribu-
tive lattices [29] [30], monadic quasi-modal distributive nearlattices [4], monadic
k x j-rough Heyting algebras [1], and monadic distributive lattices [11 12}, [13]. In
addition, quantifiers on distributive lattices have been investigated in [6]. Recently,
in [10], an interesting connection has been established between the class of monadic
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Boolean algebras with an automorphism and the class Dfy of diagonal-free two-
dimensional cylindric algebras. In a related direction, Figallo Orellano [I4] has
studied MV-algebras endowed with two commuting quantifiers, providing a further
generalization of these algebraic frameworks.

In the monadic Boolean setting, the existential quantifier is defined in terms of
the universal quantifier using Boolean negation, which plays a fundamental role
in classical logic. Therefore, it is natural to study monadic operators on bounded
distributive lattices, where Boolean negation is replaced by the ‘logically weaker’
(more general) operation of pseudocomplementation. A well-known generalization
of Boolean algebras is the variety of distributive pseudocomplemented lattices, also
known as distributive p-algebras. These structures have been extensively studied by
several authors in various papers. Among the key works addressing their properties
and structures, we mention [2| [8 [18] [19] 2T, 23].

Following the results of [20] [6], Gémez et al. [16] introduced the notion of an
existential quantifier for the class of pseudocomplemented distributive lattices and
established a categorical equivalence between the class of pseudocomplemented dis-
tributive lattices equipped with an existential quantifier and the variety of Kleene
algebras with intuitionistic negation (called KAN-algebras) equipped with a weak
quantifier.

The aim of this paper is to present an alternative approach to the results ob-
tained in [I6] by studying the class of pseudocomplemented distributive lattices
equipped with existential and universal quantifiers, each of which are not necessar-
ily interdefinable via the pseudocomplement operation. We then introduce a class
of monadic KAN-algebras, which differs from that considered in [I6], and present
several constructions based on Kalman’s functor and the results given in [5].

The structure of the paper is as follows. In Section [2| we review basic notions on
pseudocomplemented distributive lattices and KAN-algebras that are necessary for
the subsequent developments. Section [3] introduces the class of monadic pseudo-
complemented distributive lattices, establishes their fundamental properties, and
presents a Glivenko-type theorem in this context. In Section [4] we define the class
of monadic KAN-algebras, prove several properties, and show how they relate to
monadic pseudocomplemented distributive lattices via appropriate constructions.
Section [5]is devoted to various constructions for monadic KAN-algebras, including
extensions of Kalman’s and Monteiro’s constructions to our monadic setting, as well
as a generalization of Sendlewski’s construction. Finally, we establish a categori-
cal equivalence between the category of monadic pseudocomplemented distributive
lattices and the category of centered monadic KAN-algebras.

2. PRELIMINARIES

We recall some basic notions on pseudocomplemented distributive lattices and
KAN-algebras that will be used throughout the rest of the paper.

2.1. Pseudocomplemented distributive lattices. A pseudocomplemented dis-
tributive lattice is an algebra (A4, V, A, *,0,1) of type (2,2, 1,0,0) where (A, V, A, 0,1)
is a bounded distributive lattice, and for all a,b € A, the following condition holds:
aANb =0 if and only if a < b*. Thus, a* is the greatest element of A that is
disjoint from a; that is, a* = max{x € A : a Ax = 0}. We denote the class of
pseudocomplemented distributive lattices by PDL.
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Theorem 2.1. Let A € PDL. Then:
) 0 =1 andl*—O
x < T*

<y zmplzes y* <az*
(™ A y**)* (@ A y)

An element a of a pseudocomplemented distributive lattice A is called dense if
a* =0, and the set D(A) of all dense elements is a filter of A. An element a of A
is called regular if a** = a. Denote by R(A) the set of all regular elements of A.
We define a binary operation on R(A) given by z Uy = (z V y)**

Theorem 2.2. [2,[7] Let A € PDL. Then the structure (R(A),U,A,*,0,1) is a
Boolean algebra and the binary relation g on A defined by

(1

(2)
(3) =
(4) =
()
(6)
(7)
(®)

(1) (z,y) €l < a" =y
is a congruence on A. Moreover, R(A) is isomorphic to A/0¢.

Definition 2.3. [22] [16] Let A € PDL.
o A filter F' of A is called Boolean if it contains all dense elements, or equiv-
alently, x V z* € F, for all x € A.
e A congruence 6 of A is called Boolean if A/ is a Boolean algebra, or
equivalently, x V x* € [1]g, for all x € A.

Lemma 2.4. [22][16] Let A € PDL. Then:

(1) If 6 is a Boolean congruence of A, then [1])g is a Boolean filter of A.
(2) If F is a Boolean filter of A, then

O0(F)={(z,y) e AxA:3If e Flanf=yA[)}
is a Boolean congruence of A.

The assignments 0 — [1]g and F +— 0(F) define an order isomorphism between the
poset of Boolean congruences of A and the poset of Boolean filters of A.

2.2. KAN-algebras.

Definition 2.5. [16, 20] An algebra (T,V,A,~,¢,0,1) of type (2,2,1,0,0,0) is
called a centered Kleene algebra if the reduct (T, V, A, 0,1) is a bounded distributive
lattice and ~ satisfies the following conditions:

(1) ~ (@ Ay) =~V ~y,
(2) ~~a=z,

(3) aA~z <yV ey,

(4) ~c=c.

Definition 2.6. [16, 25] A Kleene algebra with intuitionistic negation, or KAN-
algebra for short, is an algebra (T,V,N,~,—,0,1) of type (2,2,1,1,0,0) such that
(T, V,N,~,0,1) is a Kleene algebra and the following conditions are satisfied:

(K1) =(z A =(zAy)) ==(xA-y),

(K2) =(zVy)=—z Ay,

(K3) zA ~x =2 A —x,
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(K5) =(zAy) =~((~—z) Ay).
An algebra (T,V,\,~,—,¢,0,1) of type (2,2,1,1,0,0,0) is a centered KAN-algebra,
or KANc-algebra for short, if (T,V,A\,~,—,0,1) is a KAN-algebra and the structure
(T,V,N\,~,¢c,0,1) is a centered Kleene algebra.

We denote the variety of KAN-algebras by KAN and the variety of centered
KAN-algebras by KANc. In any T € KAN it is verified that -1 = 0, =0 = 1,
—(zA ~x) =-(xA—-z) =1, and z < y implies =y < - (for more details see [16]).
We adopt the following notation:

(2) Qx i=~ —x
and
(3) Oz = -~ 2.

Then Oz =~ { ~ z and Oz =~ O ~ x. The operators ¢ and O we can describe
several important properties of KAN-algebras that will be used in this paper.

Proposition 2.7. [16] 5] Let T € KAN. Then:
(1) 00=0and d1 =1,
2) 01=1and 00 =0,
3) Oz <z <0,
4) Oz < - < 0,
5) =0z = 0O-z = —x,
6) OO0z = Qu,
7) Oz Vy) =0z V Oy,
8) 00z A Qy) = Oz Ay),
9) 00z = O,
0) O(z Ay) =0z A0y,
1) Oz v Oy) =0(xz Vy),
2) oV ~x=~a Vo,
) aA~z=axzA0O~zx,
4) z = (OzV ~ ) Az,
5) Oz = Oy and Oz = Qy implies x =y,
(16) O(z Ay) =0 if and only if Ox < O—y.
Lemma 2.8. [16| 5] Let T € KANc. Then:
(1) mc=1,
(2) Oc=0 and Oc =1,
(3) OlecAx) =0 and O(Qz V) =1,
(4) z=(QzVc)ADOz,
(5) xVve=90x Ve

Let T € KAN and consider the set 7° := {x € T: 0z = 2}. We define on
T the operations z VO y := O(x Vy), 2 Ay := O(z Ay) and -z := O—z. Tt is
easy to see that z V¢ y = 2 Vy, and if x € T, then ~ & = —z. Hence, we have
T¢ ={x € T: ~x = -z}. If we consider the set T := {2z € T: Oz = z}, then
T5 =~ (T°), and by the results given in [I6} 5], the structure (T, Vv, A?,=%,0,1)
is a pseudocomplemented distributive lattice.

On the other hand, in [16], the authors proved that if T is a KAN-algebra, then
the binary relation § C T x T defined by (z,y) € 0 if and only if —z = -y is an
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equivalence relation on T that is compatible with the operations Vv, A, and —. If we
denote by [z]y the equivalence class of 2 modulo § and T? = {[z]y: z € T} the set
of all equivalence classes, then (7% v A% =% [0]y, [1]g) is a pseudocomplemented
distributive lattice, where the operations on T are defined by [x]g\V? [y]s := [xVy]s,
[z]o A? [ylo == [z A y]s and =%[z]p := [-z]s. So, the order < in T? is given by
[z]o < [y]e if and only if —y < —z. Moreover, the pseudocomplemented distributive
lattices (T, Vv, A%, =©,0,1) and (79 v? AP =9 [0]s,[1]s) are isomoprphics [5].

3. MONADIC PSEUDOCOMPLEMENTED DISTRIBUTIVE LATTICES

In this section, we will introduce the class of monadic pseudocomplemented
distributive lattices and obtain some of their properties.

Definition 3.1. A monadic pseudocomplemented distributive lattice is a structure
(A,3,V), where A is a pseudocomplemented distributive lattice and 3 and ¥V are
unary operators on A verifying (MB1) to (MBS8) and the following identities:

(MP9) V3az = Jz,
(MP10) vz =V,
(MP11) (Vz)* < Jz*,
(MP12) (Fz)* < Vaz*,
(MP13) V(z Vy) < Ex V Yy,
(MP14) Jz AVYy < 3(zAy).

Denote the variety of monadic pseudocomplemented distributive lattices by MPDL.

Example 3.2. Consider the four-element diamond A = {0, a,b, 1}, whose Hasse
diagram and pseudocomplementation table are as follows:

1
KA
U
a b alb
K
110
0
The monadic operators 3 and ¥ are defined by:
x| 3z | Vo
0010
al 1l |0
bl 1|0
11111

Thus, (A,3,V) is a monadic pseudocomplemented distributive lattice.
In the following lemma we obtain some properties of monadic operators.

Lemma 3.3. Let (A4,3,V) € MPDL. Then:
(1) 31 =1 and VO =0,
(2) = <y implies Vo < Vy and Iz < Jy,
(3) 33z = Jz and W =V,
(4) = < Jy if and only if Iz < Jy,
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(5) Va <y if and only if Vo < Vy,
(6) Jx =z if and only if Vo = x,
(7) Jz <y if and only if x < Vy,
(8) Ve =1 if and only if x =1,
(9) 3z =0 if and only if x = 0.

Proof. 1Tt is routine. (I

Remark 3.4. Let P and Q be two posets. A pair (f,g) of maps f: P — @ and
g: Q@ — P forms an adjunction (or Galois connection) between P and Q if, for
every p € P and q € Q, we have f(p) < q if and only if p < g(q). By item (7) of
Lemma if A € MPDL, then the pair (3,V) forms a Galois connection on A.

The following lemma illustrates the relationship between the monadic operators
and pseudocomplementation in a pseudocomplemented distributive lattice.

Lemma 3.5. Let (A,3,VY) € MPDL. Then:

< (3z7)7,
(FzVy) =3z VVy,
(Vz Ay) =V ATy.
Proof. We will prove only (1), (5) and (7).
(1): By (MP14) and (MB1) we have 3xAVz* < 3(zAz*) =30 = 0. So, Ve*Adx =0
and Vz* < (3z)*. Then, by (MP12) we have Vz* = (3z)*.
(5): By (MP14) and (MB1), it follows Jz A Va* < 3(z Az*) =0, i.e., Tz < (Va*)*.
(7): By (MP9), (MB7) and Lemma [3.3 we have

V(3z Vy)=VVIzxVy) =W VVy =3z VVy.

Therefore, (7) is proved. O

Remark 3.6. Consider the three-element chain A = {0, a, 1}, whose Hasse diagram
and pseudocomplementation table are as follows:

1 *
x| x
o ofL
a| 0
1[0
0
The monadic operators 3 and ¥ are defined by:
x| Jx | Vo
0010
al 1l | a
1111

Thus, (A,3,V) is a monadic pseudocomplemented distributive lattice, and

(Fa*)* =1+ a=Va.
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Therefore, unlike in the Boolean case, in the class of monadic pseudocomplemented
distributive lattices the monadic operators 3 and ¥ are not interdefinable by means
of pseudocomplementation.

Lemma 3.7. Let (A,3,Y) € MPDL and define M := {x € A: 3x = x}. Then:
(1) M={z € A: Vo = x}.
(2) M is a subalgebra of (A,3,V).
(3) Iz =min{y € M: z <y} and Ve =max{y € M: y < x}.

Proof. (1): This follows from Lemma

(2): By (MB4), (MB8), (MP9), and (MP10), the set M is closed under V, A, V,
and 3, respectively. Since 30 = 0 and 31 = 1, it follows that 0,1 € M. Finally, by
Lemma [3.3] if # € M, then 2* = (3z)* = Va* and 2* = (Va)* = 3z*. Thus, M is
closed under * and hence M is a subalgebra of (A,V,3).

(3): We only prove 3z = min{y € M: z < y}. Since 3z = VIz and x < Jz, then
Jz € M and min{y € M: z < y} < Jz. On the other hand, if y € M such that
x <y, then 3z < Jy =y and Iz < min{y € M: x < y}. O

3.1. Glivenko’s theorem. We prove a Glivenko style theorem for monadic pseu-
docomplemented distributive lattices, as a generalization of Theorem [2.2]
If (A,3,V) € MPDL, then we define the operator

(4) Jpx = (3x)*™.
By Lemma [3.5| we have 3,2 = Jz**. The following result extends the Theorem [2.2
Theorem 3.8. Let (A,3,V) € MPDL. Then (R(A),3,) is a monadic Boolean

algebra and the binary relation 0 given by[1] is a monadic Boolean congruence on
A. Moreover, the monadic Boolean algebras R(A) and A/0¢g are isomorphic.

Proof. Tt is clear that 3, is well defined over R(A). Since 3,2 = Tz for all x € R(A),
then it is easy to prove (MB1), (MB2) and (MB3). We see (MB4). Let z,y € R(A).
Then by Theorem and Lemma [3.5]

F(@Uy) = (EB@vy™)™ = (E@@vy)”
= (Gzvay™ = (@z) V()
= (FrzvIy*™ = FzUIy.

Therefore, the structure (R(A),3,) is a monadic Boolean algebra. Now, we prove
that ¢ is compatible with the operators 3 and V. If (z,y) € 6g, then x* = y*.
So, by Lemma it follows (Jx)* = Va* = Vy* = (Fy)* and (3x,Ty) € b¢.
Similarly, (Vx,Vy) € 6 and 6g is a congruence on A. Finally, it follows that the
monadic Boolean algebras R(A) and A/f¢ are isomorphic by the homomorphism
p: A— R(A) given by ¢(x) = z**. O

3.2. Monadic Boolean filters and monadic Boolean congruences. We in-
troduce the notions of monadic Boolean filters and monadic Boolean congruences,
and establish a correspondence between them in the context of monadic pseudo-
complemented distributive lattices.

Definition 3.9. Let (4,3,V) € MPDL.
o A Boolean filter F' of A is called monadic if it satisfies the following condi-
tion: x € F implies Vx € F.
e A Boolean congruence 0 of A is called monadic if A/ is a monadic Boolean
algebra.
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Remark 3.10. Note that if F' is a monadic Boolean filter of a monadic pseudo-
complemented distributive lattice (A,3,V) and x € F, then Jx € F.

Remark 3.11. Consider Ezample[3.4 Then the sets F, = {a,1} and F, = {b,1}
are Boolean filters that are closed under 3, but not under V.

Lemma 3.12. Let (A,3,V) € MPDL. Then:

(1) If 0 is a monadic Boolean congruence of (A,3,V), then [l]g is a monadic
Boolean filter of (A,3,V).
(2) If F is a monadic Boolean filter of (A,3,Y), then 8(F') is a monadic Boolean
congruence of (A, 3,V).
Moreover, the assignments 6 — [1]p and F — O(F) define an order isomorphism

between the poset of monadic Boolean congruences of (A,3,V) and the poset of
monadic Boolean filters of (A,3,V).

Proof. (1) It is an immediate consequence of (MB5).

(2) Let F be a monadic Boolean filter of (A,3,V). Then 6(F) is a Boolean congru-
ence. We prove that 6(F) is compatible with V. If (z,y) € 8(F), then there exists
f € F such that z A f =y A f. So, by (MB8), Va AVf = Vy AVf and since F is
monadic filter, Vf € F. Then (Vz,Vy) € 6(F).

Now, we prove that (F) is compatible with 3. If (z,y) € 6(F), then (z*,y*) €
0(F) and by Lemma 3.5 (Va*,Vy*) = ((3z)*, (3y)*) € O(F), i.e., there exists f € F
such that (3z)* A f = (Jy)* A f. Since F' is a Boolean filter, we have JzV (3z)* € F
and Jy Vv (Fy)* € F. We take g = (Jz Vv (3x)*) A (JyV (Jy)*) A f € F. Then

JrAg = FxeAGzv(Gx))ANFyV Gy)*)Af
= JAQCyv(EyI)AS

= (FzATyALH)V Bz A@y)*AS)

= (FzAFyAf)V(EBzAEBx)*Af)

= dzAdyAf.

Analogously, we can prove 3y A g = 3z A Jy A f. Therefore, (3x,3y) € O(F) and
6(F) is a monadic Boolean congruence. O

Remark 3.13. Let (A,3,V) € MPDL. Since D(A) is a monadic Boolean filter, it
follows by Lemma[3.19 that 6(D(A)) is a monadic Boolean congruence. Moreover,
it can be shown that this congruence coincides with the Glivenko congruence Og

defined in[1}
4. MoNnADIC KAN-ALGEBRAS

The aim of this section is to introduce the class of monadic KAN-algebras and
establish some of their properties.
For any T' € KAN and unary operator 3: T — T we define the operator

(5) Vo =~ d ~ .

It is easy to verify that 9z =~V ~ .

Definition 4.1. A monadic KAN-algebra is a structure (T,3), where T is a KAN-
algebra and 3 is a unary operator on T wverifying the following identities:

(MK1) 30 =0,

(MK2) z < Jz,

(MK3) 3(z AJy) =3z Ay,
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(MK4) 3(zVy) =3z V Iy,

(MKS5) V3az = Jz,

(MK6) Vz ATy <3(zAy),

(MK7) V-2 = -3z,

(MK8) —Vz = 3—z.

Furthermore, if T is a KAN-algebra with center ¢ and 3¢ = ¢, we refer to (T,3,c)
as a centered monadic KAN-algebra.

We denote the variety of monadic KAN-algebras by MKAN and the variety of
centered monadic KAN-algebras by MKANCc.

Lemma 4.2. Let (T,3) € MKAN. Then:

2)
3) V=1 and Y0 =0,

4) Vx <z and Wz =V,
5) V(z VVy) =V VVy,
6) V(z Ay) =V AVy,

7) IVz = Ve,

8) Vr~ < —dx,

9) I~z < Ve,

0) V(zVy) <3z VWVvy.

Proof. We only prove (5), (7) and (10).
(5): By (MK3),

YzVVy) = ~3~@V~d~y) = ~I(~zAT~y)
= ~d~zxV~dey = Yz VVy.
(7): By (MKS5) it follows that
= ~d~uz = V.

(10): By (MK6) we have V.~ 2 AT~y < I(~ zA ~y) = I ~ (2 Vy). Then,
~J~(aVy) <~ (V~azAT~vy) =~V e~V ~T e~y So, V(zVy) < Jzvvy, O

The operators ¢ and 0 can be viewed as modal operators on KAN-algebras.
The following lemma highlights the connection between these modal operators and
the monadic operators.

Lemma 4.3. Let (T,3) €¢ MKAN. Then:
(1) 03z =30z and O3z = 0.
(2) OVx =VO0x and OVz = V.

Proof. (1): By (), (5) and (MK7) we have
Oz =~ —dx =~ V—x = I ~ =z = I0x.
Similarly, by (2)), and (MKS8) we have
O3x=-~dz=-V~z=3-~z=30z.
(2): By (©), and (MKS8) we have
OV =~ Vo =~ Tz =~ I ~ Qz = V)ux.
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Analogously, by (3), (f) and (MK?7) it follows
(WNe=-~V~~~vzr=-d~zx=V-~z=Vx
and [Vx = Vzx, as desired. ([l
The following result is a consequence of Lemmas and

Lemma 4.4. Let (T,3,¢) € MKANCc. Then:
(1) Ve=c,
(2) 0Jc=0 and O3c =1,
(3) OVe =0 and OVe =1,
(4) V(zVe)=Vz Ve andV(z Ne) =V A,
(5) I(xVe)=TFxVeand Iz Ae) =Tz Ac.

Let (T,3) € MKAN. It is known that (T°,Vv,A% =% 0,1) is a pseudocom-
plemented distributive lattice (see [B, [16]). Consider the following operators on
T°:

o 30 := =h
o VO := OVa.
If 2 € T°, then 3% = 3z and Yoz = Va. This leads to the following result.

Theorem 4.5. Let (T,3) € MKAN. Then (T,3°,V°) is a monadic pseudocom-
plemented distributive lattice.

Proof. By the results developed in [16} [5] we know that T¢ is a pseudocomplemented
distributive lattice. By Lemma it follows that the operators 3% and V© are well
defined. Since ¢Fz = Iz and OVz = Vz for all 2 € T, we only prove (MB3) and
(MP14). Let z,y € T°. Then:
(MB3): By (MB3), Proposition and Lemma 4.3 we have
30(x A0 %) = 30(z A Fy) = O3z A Ty) = %2 A IOy,

(MP14): By (MP14), Proposition [2.7]and Lemma [4.3] it follows that

302 A0 VO = 03z AVY) < 03z Ay) =300z A Oy) = (x A% y).
The rest of the points are easily followed. O

Proposition 4.6. Let (Th,31), (T, 32) € MKAN. If f: Ty — Ts is a homomor-
phism in MKAN, then f°: Tl<> — T2<> defined by f°(x) = Of(x) is a homomor-
phism in MPDL.

Proof. We show that f© is compatible with 3. If 2 € T°, then by Lemma and
Proposition [2.7] we have
3010 (2) = 030 (2) = 03f(z) = 0f(3x) = f°(F2).
Analogously, V¢ f¢(x) = f0(v°z) and f© is a homomorphism in MPDL. O
If (T,3) € MKAN, then the structure (7%, v? A% =% [0]y,[1]6) is a pseudocom-
plemented distributive lattice (see [5,16]). We define on T? the following operators:
o z]p := [Fz]o,
L] VG[ZL‘]Q = [VSC}Q
Theorem 4.7. Let (T,3) € MKAN. Then (T% 3% %) is a monadic pseudocom-

plemented distributive lattice. Moreover, (T, 3% %) and (T°,3°,¥°) are isomor-
phic.



MONADIC PSEUDOCOMPLEMENTED DISTRIBUTIVE LATTICES 11

Proof. Tt is easy to prove that T is a monadic pseudocomplemented distributive
lattice. We know that the map ¢: 7% — T given by ¢([z]g) := Ox is an isomor-
phism between the pseudocomplemented distributive lattices 7% and T [5]. We see
that ¢ is compatible with the monadic operators. By Lemma and Proposition
27 we have

p(F[2]o) = p([3zls) = 03z = 030z = I%¢([]o).

In an analogous way it is proved that o(V?[z]s) = V¢ ([x]g), as desired. O

If f: Ty — Ty is a morphism between two monadic KAN-algebras (T7,3;) and
(Ty,3s), then the map f¥: T — T¥ defined by f%([z]¢) = [f(7)]e is a morphism be-
tween monadic pseudocomplemented distributive lattices. Therefore, 6 is a functor
from MKAN to MPDL.

Let (T,3,¢) € MKANc. Consider C(T) := {xz € T : x > ¢}. Then the structure
(C(T),V, N, =% ¢, 1), where =°x := -z V ¢, is a pseudocomplemented distributive
lattice (see [5]). We have the following result.

Theorem 4.8. Let (T,3,¢) € MKANc. Then (C(T),3,V) is a monadic pseu-
docomplemented distributive lattice. Moreover, (C(T),3,V) and (T°,3°,¥°) are
isomorphic.

Proof. By Lemma[f.4) we have 3z = 3z V ¢ and Vo = Va V¢ for all 2 € C(T). Thus,
it is easy to prove (MB1)-(MB8) and (MP9)-(MP14).

Let h: T® — C(T) be the map defined by h(z) := 2 V c¢. We will show that h
commutes with the monadic operators. If 2 € T, then by Lemma we have

h(3%z) = Oz Ve =3(z V) = 3h(x).

Analogously, h(Vx) = Vh(x). So, (C(T),3,V) and (T, 3°,V°) are isomorphic. [J

Let (T,3,¢),(S,3,¢) € MKANec. If f: T — S is a homomorphism of centered
monadic KAN-algebras, then C(f): C(T) — C(S) defined by C(f)(z) = f(z) is
a homomorphism of monadic pseudocomplemented distributive lattices. Therefore
the assignments T+ C(T') and f — C(f) determine a functor C' from MKANc
to MPDL.

5. CONSTRUCTIONS FOR MONADIC KAN-ALGEBRAS

5.1. Kalman’s construction. In [26], Kalman’s construction was extended to the
context of Heyting algebras, leading to a categorical equivalence between Heyting
algebras and centered Nelson algebras. This construction was further generalized in
[16] to the setting of pseudocomplemented distributive lattices and centered KAN-
algebras. In this subsection, we extend these results to the monadic setting.

Let (A,3,¥) € MPDL. Consider the set

K(A):={(z,y) e Ax A: ANy =0}
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with the following operations on K(A):

(a,b) V (d,e) := (aVd,bAe)
(a,b) A (d,e) = (aNnd,bVe),
~(a,b) = (ba),
=(a,b) = (a*,a),
0k := (0,1),
g = (1,0),
cxg = (0,0).
By the results developed in [I6] we have that (K(A),V,A,~,—,ck,0k,1k) is a

centered KAN-algebra. So, the order on K(A) is given by (a,b) < (d,e) if and only
if @ < d and e <b. We define on K(A) the following operators:

Ik (a,b) = (Ja,Vb) and Vg (a,b) = (Va,3b).
Then we have Vi (a,b) =~ Jx ~ (a,b). Indeed,

Vi(a,b) = (Va,3b)
= ~ (3,Va)
= ~ HK(b, (l)
= ~3dg ~ (a,b).

We have the following result.
Theorem 5.1. Let (A,3,V) € MPDL. Then (K(A),3x) € MKANCc.

Proof. Let (a,b), (d,e) € K(A). First we see that Jx is well-defined. Since (a,b) €

K (A) we have aAb = 0. Then by (MP14) it follows that JaAVb < I(aAb) =30 =0,

i.e., Jk(a,b) € K(A). Analogously, we have Vi (a,b) € K(A).

(MK1): By (MB1) and (MB5) we have 3k (0,1) = (30,V1) = (0,1).

(MK2): Since ¢ < Ja and Vb < b by (MB2) and (MB6), respectively, we have
(a,b) < (Ja,¥d) = Ik (a,b).

(MK3): By (MB3) and (MBT) it follows

k((a,b) NIk(d,e)) = Fx(aA3Td,bVVe)
= (JaATd, VbV Ve)
—  (3a,Vb) A (3d, Ve)
= EIK(a,b)/\EIK(d,e).

(MK4): We have by (MB4) and (MB8) that

Ik ((a,0) V(d,e)) = (3(aVd),V(bAe))
= (JaV 3Id,VbAVe)
(3a, ¥b) V (3d, Ve)

= 3k(a,b) VvV Ik(d,e).

y (MP9) and (MP10), Vi 3k (a,b) = (V3a, V) = (3a,¥b) = Ik (a,b).
y (MP13) and (MP14) it follows

Vi (a,b) A3k (d,e)

(MK5): B
(MK6): B
(Va A3d,3bV Ve)
(F(and),¥Y(bVe))
dx(and,bVe)

Ik ((a,b) A (d,e)).

VANl
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(MKT7): By Lemma (1) we have

Vk—(a,b) = (Va*,3a)
= ((30)",3a)
= —(3a,Vb)
= —dg (a7 b)
(MKS8): By Lemma [3.5] (2) it follows that
Vg(a,b) = ((Va)*,Va)
= (da*,Va)
= 3dk(a*,a)
= E|K—|((L, b)
Finally, by (MB1) and Lemma [3.3] (1), we have 3 (0,0) = (30,V0) = (0,0) and the
structure (K (A),3k) is a centered monadic KAN-algebra. O

Remark 5.2. Let (A,3,¥) € MPDL. Since (K(A),3k) is a centered monadic
KAN-algebra, then we note that if (a,b) € K(A) we have

O(a,b) =~ =(a,b) =~ (a*,a) = (a,a")
and

O(a,b) = = ~ (a,b) = =(b,a) = (b*,b).
Then K(A)°® = {(a,a*): a € A} and K(A)P = {(b*,b): b € A}.

We denote by MPDL the category whose objects are monadic pseudocomple-
mented distributive lattices and by MIKKANC the category whose objects are cen-
tered monadic KAN-algebras. In both cases, the morphisms are the corresponding
algebra homomorphisms. Furthermore, if (A4,3,V) and (B,3,V) are two monadic
pseudocomplemented distributive lattices and h: A — B is a morphism in MIPDL,
then it is easy to see that the map K(h): K(A) — K(B) defined by K(h)(z,y) =
(h(z), h(y)) is a morphism in MKANC. It is evident that these assignments estab-
lish a functor K from MPDL to MKANC. Moreover, if (T,3) and (S,3) are two
centered monadic KAN-algebras and f: T — S is a homomorphism of monadic
centered KAN-algebras, then C(f): C(T) — C(S) defined by C(f)(z) = f(z) is a
homomorphism of monadic pseudocomplemented distributive lattices. Is clear that
the assignments T'— C(T') and f — C(f) determine a functor C' from MKANC to
MIPDL.

Lemma 5.3. Let (A,3,¥) € MPDL. Then the map o: A — C(K(A)) defined by
a(z) := (x,0) is an isomorphism in MPDL.

Proof. We only prove that « is compatible with the existential and universal quan-
tifiers. If z € A, then by Lemma (1) and (MB1) we have

a(3z) = (3z,0) = (32, V¥0) = Ik (z,0) = Ixa(x)
and
a(Vz) = (Vx,0) = (Vz,30) = Vi (2,0) = Vra(z)

as claimed. O

Lemma 5.4. Let (T,3,¢) € MKANc. Then the map f: T — K(C(T)) defined
by B(x) == (zVec,~x V) is an isomorphism in MKANC.
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Proof. We only prove that § commutes with the existential quantifier. Let z € T
Then by Lemma |4.4]
B(3x) (FzVe,~3JzVe)
= (FzVeVr~zVe)
(F(zVe),¥Y(~ax V)
x(xVe,~zVe)

Therefore, (T, 3) and (K(C(T)),3k) are isomorphic. O

Remark 5.5. The isomorphism (3 from Lemma[5.]] also commutes with the uni-
versal quantifier V. This follows from the fact that 5 commutes with ~ and with 3,
together with equation .

By the results established in this subsection, we prove the following theorem.

Theorem 5.6. The functors K and C' establish a categorical equivalence between
MPDL and MKANC with natural isomorphism o and 3.

We conclude this subsection by presenting an example that highlights the moti-
vation behind studying monadic pseudocomplemented distributive lattices.

Let T € KAN. In [I6], the authors introduced the notion of a weak quantifier
as a map 2: T — T satisfying the following conditions:

) Q0 =0,

) Qz < —x,

) ~Qz A Qy) = =(Qz A Qy),
) QzVy) =QxVQy,

) —Qx =~ Qu,

) Qx=Q ~ —x.

For A € PDL and an existential quantifier 3 on A, that is, 3 satisfies (MB1)-
(MB4), we can define on K(A) the operator Q5: K(A) — K(A) by

(6) Q3(a,b) = (Ja, (3a)¥).

It was shown in [I6] that Q3 is a weak quantifier on the KAN-algebra K (A).

On the other hand, given (A, 3,V) € MPDL, since 3 is an existential quantifier
on A, we can construct a weak quantifier Q3 on K(A) as defined in @ However,
this operator does not coincide with the operator Ik defined on K (A), as illustrated
by the following example.

Example 5.7. We consider the monadic pseudocomplemented distributive lattice
(A,3,V) from Remark . Applying Kalman’s construction yields the centered
KAN-algebra K(A) = {(0,1),(0,a), (0,0), (a,0),(1,0)}, illustrated by the Hasse di-
agram below, together with the associated strong and weak negations shown in the
table.
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(1,0)

(a,O) (x,y) ~ (I7y) _‘(I,y)
(1,0) (0,1) (0,1)
(a,0) | (0,a) | (0,a)

(0,0) 0,00 (0,00 | (1,0
(0,a) | (a,0) | (1,0)

(0,a) O, [ (1,0) | (1,0)

(0,1)

Thus, taking into account the definitions given in[6l we obtain the operators Q3 and
dx as shown in the following table:

(.13, y) Bl (.13, y) E (x7 y)
(1,0) (1,0) (1,0)
(a,0) | (1,0) (1,0)
(0,0) (0,0) (0,1)
(0,a) | (0,a) (0,1)
(0,1) (0,1) (0,1)

5.2. Monteiro’s construction. Monteiro’s construction shows that, given a Nel-
son algebra, one can obtain a centered Nelson algebra. A similar process was
established for KAN-algebras in [B]. In this subsection, we extend this result to the
monadic setting.

Let (T,3) € MKAN. Consider the set

M(T) = {(z,y) e T® x T : 2 <y}
with the following operations on M (T'):

(a,b)U(d,e) = (aVvd,0O(bVe)),
(a,b)N(d,e) = (Oland),bAne),
B(a,b) = (~b,~a),
®(a,b) = (O—a,~ a),

Op == (0,0),
1y = (1,1),
cy = (0,1).

By the results in [5], (M(T),U,N, B, ®, car,Oar, 1as) is a centered KAN-algebra.
The order on M (T) is given by (a,b) C (d,e) if and only if a < d and b < e. We
define on M (T') the following operators:

Ir(a,b) = (Fa,3b) and Vur(a,b) = (Va,Vb).
It is easy to prove that Vs (a,b) = B3y B (a,b).

Theorem 5.8. Let (T,3) € MKAN. Then (M(T),3y) € MKANc. Moreover,
(T, 3) is isomorphic to a subalgebra of (M(T),3nr).

Proof. Let (a,b) € M(T). Then Qa = a, 0b =b and a < b. Hence, by Lemma
we have ¢Ja = Ja, 030 = Ib and Ja < TFb. Thus, Ips(a,b) € M(T'). Therefore, I
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is well-defined. Now, we proceed to prove that the conditions (MK1)-(MKS8) are
satisfied. To this end, let (a,b), (d,e) € M(T).
(MK1): By (MB1), 3,(0,0) = (20,30) = (0,0).
(MK2): By (MB2), (a,b) C (Ja,3b) = In(a,d).
(MK3): From Lemma (1) and (MB3) we have
I ((a,b) N 3In(dye)) = I (OlaAId),bA Je)
= (30(aA3Id),3(bATe))
= (0(3aA3d),3bA3e)
= (3a,3b) N (3d, 3e)
= HM(a, b) N HM(d, 6).

(MK4): By Lemma[1.3] (1) and (MB4),
I ((a,b) U (d,e))

(3(av d),I00V e))
= (JaVv3Id,0(3V Ie))
(3a,3b) U (3d, Fe)
Inr(a,b) U3 (d,e).

(MKS5): By (MK5) we have V3 (a,b) = (V3a, V3b) = (Ja,3b) = Ins(a, d).
(MK6): From Lemma [4.3] (1) and (MB4) it follows that

(O(Ya A 3d), Vb A Fe)
(03(and),3(bAe))
(FO(and),3(bAe))
I (Oland),bNe)
I ((a,b) N (d,e)).

VM(a,b) N HM(CZ, 6)

I

(MK7): By Lemma (2) and (MKT),
Vv ® (a,b) = (VO—a,V~a)
= (OV—a,~ Ja)
= (Oﬁﬂa, ~ 3&)
= @3]\4(0,, b)

(MKS): From Lemma [4.3| (1) and (MKS), we have

®Va(a,b) = (0—-Va,~ Va)
= (Oﬂﬁa, d~ (L)
= (E|<>—|a, I~ a)
= dy® (CL, b)

From the results in [5], we know that 7T is isomorphic to a subalgebra of M(T)
via the map 6: T — M(T) given by d(z) = (Ox,0x). We now show that J is
compatible with the existential quantifier. By Lemma we have

0(Fz) = (QFx,03z) = (F0z, I0x) = I (Ox, Ox) = Ipr(6(x)).
Therefore, (T, 3) is isomorphic to a subalgebra of (M (T'), 3as). O

Let MKAN denote the category of monadic KAN-algebras where morphisms
are the corresponding algebra homomorphisms. Notably, if (T, 3) and (T, 3) are
centered monadic KAN-algebras and f: 77 — T5 is a morphism in MIKAN, then
f necessarily preserves the center. Indeed, we have f(¢) = f(~ ¢) =~ f(¢) and
thus, by the uniqueness of the center, f(¢) = ¢. Therefore, MKANC is a full
subcategory of MIKAN. Additionally, if f: T} — T5 is a morphism in MIKAN, then
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M(f): M(T1) — M(T3) defined by M(f)(z,y) = (f(x), f(y)) for all (z,) € M(T})
is a morphism in MKANC. By Theorem M is a functor from the category
MKAN to MKANC.

Now, we explore the relationship between Kalman’s construction and Monteiro’s
construction.

Theorem 5.9. Let (T,3) € MKAN. Then the centered monadic KAN-algebras
(M(T),3n) and (K(T),3%) are isomorphic.

Proof. By the results established in [5], M (T) is isomorphic to K (T°) via the map
t: M(T) — K(T?) defined by t(z,y) = (z,~ ). It only remains to prove that ¢
commutes with the existential quantifier. Let (a,b) € M(T). Then ¢a = a, b = b,
and a < b. Therefore, by Lemma [1.3]

t(3m(a,b) =

|
TRTTTD
<
S
<
<
2

i.e., t(3ns(a,b)) = I%t(a, b). O

Corollary 5.10. Let (T,3) € MKANc. Then the monadic centered KAN-algebras
(T,3) and (M(T),3n) are isomorphic.

Proof. This follows from the results in [5] and Theorem 5.9 O

5.3. Sendlewski’s construction. In order to generalize the construction given
by Sendlewski in [24], the authors of [I6] studied the variety of KAN-algebras and
their connection with pairs consisting of a pseudocomplemented distributive lattice
and a Boolean filter. They showed that if A is a pseudocomplemented distributive
lattice and F' C A is a Boolean filter, then the set

K(AF):={(a,b)ec AxA:anb=0and aVbe F}

endowed with the same operations as K (A), constitutes the universe of an algebra
in KAN. Conversely, given any T' € KAN, there exists a congruence 6 with respect
to the operations V, A, and — such that T? is a pseudocomplemented distributive
lattice and the quotient set T+ /6, where

TH:={xeT:0x=1}

is a Boolean filter (see [16]).

We denote by PDLLF the category whose objects are pairs (A, F), where A is
an object of the category PDL and F' is a Boolean filter of A. The morphisms
f: (A F) —» (A F') are morphisms f: A — A’ in PDL such that f(F) C F’.
Therefore, by the results given in [16], there is a categorical equivalence between
the category PDLF and the category KAN.

Denote by MIPDILF the category whose objects are pairs consisting of an algebra
(A,3,V) € MPDL and a monadic Boolean filter F' of A. The morphisms of MIPDLF
are the morphisms of PDILF that preserve the respective monadic operators.
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Proposition 5.11. Let (A,3,V) € MPDL and let F C A be a monadic Boolean
filter. Then (K(A,F),3k) € MKAN. Moreover, K extends to a functor from
MPDLF to MKAN.

Proof. Let (a,b) € K(A,F). Then aAb=0and aVb e F. Since F is a monadic
Boolean filter it follows V(a V b) € F. By Lemma (10) we have Ya v 3b € F.
Moreover, by axioms (MK6) and (MK1), we obtain Va A 3b = 0. Hence, 3k (a,b) €
K (A, F) and therefore 3k is well-defined. On the other hand, similarly to the proof
of Theorem [5.1} it can be shown that Jx satisfies the conditions (MK1)-(MKS).
Therefore, it only remains to prove that K is functorial.

Let f: (A,3,V,F) — (A",3,V', F’) be a morphism in MPDLF. For each (a,b) €
K(A, F) we have

K(f)(3xk(a,b))

|
=
—~
LU %
S~—
—
LU
8
55

o
L W
—~

~

Q

S~—"

~

—~

S

=
S— N —

as desired. O

Remark 5.12. Let (A,3,V) € MPDL and let FF C A be a monadic Boolean filter.
Then, by Theorems and we have (K(A, F)/0,3% %) € MPDL, where
the monadic operators 39, and V9, are defined by

Fi ([(a,b)]o) = [(Fa,Vb)]e and Vi ([(a,b)]s) = [(Va, Tb)]p.
Lemma 5.13. Let (A,3,V) € MPDL and let F C A be a monadic Boolean fil-
ter. Then the map g~ ': A — K(A, F)/0 defined by g~ (x) := [(z,2%)]s is an
isomorphism.

Proof. Taking into account the results of [16], it remains to show that g—! preserves
the monadic operators 3 and V. Let a € A. By Lemma (1) we have

9" (3a) [(3a, (3a)")]e
[(Fa,Va*)]o
El?([(aa a*))]O

and by Lemma (2),
g~ (Va)

Il
—=
< <
SRS
Ll —

<C
Q* S
~— —
— ¥
D —

£

Il
<
N%
—

e

IS
2
.

1

Therefore, g~ is an isomorphism. O

Lemma 5.14. Let (T,3) € MKAN. Then (K(T% T*/0),3k) € MKAN.

Proof. First we show that T/ is a monadic Boolean filter. It is clear that T /6
is a Boolean filter (see [16, Lemma 2.14]). To prove that it is monadic, we must
show that it is closed under the operator V. Let x € TF. Then Oz = 1 and by
Lemmas and it follows that (OVxz = Vz = V1 = 1. Hence, Yz € T" and
T /6 is a monadic Boolean filter. By Proposition and Theorem {4.7| the result
follows. (]



MONADIC PSEUDOCOMPLEMENTED DISTRIBUTIVE LATTICES 19
Lemma 5.15. Let (T,3) € MKAN. Then the map p: T — K(T%,T%/0) defined
by p(z) = ([z]a, [~ x]p) is an isomorphism.

Proof. From the results of [16], it remains to show that p commutes with the oper-
ator 3. Indeed,

p(Fx) = ([3z]p, [~ Iz]p)
= ([Fz]p, [V~ z]p)
= (39[33}9, VO[N x]a)
= 3% ([z]o, [~ xlo)
= Jr(),
which completes the proof. (I

Remark 5.16. If T, 7" € MKAN and f: T — T' is a morphism in MKAN, then
f0:T1% = T'/0 given by fO([x)g) = [f(x)]e is a morphism in MPDLF.

Theorem 5.17. The categories MPDLF and MKAN are categorically equivalent.

CONCLUSIONS AND FUTURE WORK

In this work, we have introduced and studied the variety of monadic pseudo-
complemented distributive lattices, thereby extending the classical framework of
monadic Boolean algebras to a broader non-Boolean context. We have established
several fundamental properties, presented a Glivenko-type theorem, and described
a categorical equivalence with classes of centered monadic KAN-algebras. Fur-
thermore, we have generalized various classical constructions — such as those of
Kalman, Monteiro, and Sendlewski — to the monadic setting, and we have clarified
the relationships among these three constructions.

Future research may proceed along several directions. For example, it would
be interesting to investigate the representation theory and dualities for monadic
pseudocomplemented distributive lattices. Another promising line of research con-
cerns the study of further classes of quantifiers or alternative monadic operators in
related varieties, such as Stone algebras.
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