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ABSTRACT
Let G be a linear algebraic group acting linearly on a vector space
(or more generally, an affine variety) V, and let k[V1° be the corre-
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sponding algebra of invariant polynomial functions. A separating set

COMMUNICATED BY
S € k[V]C is a set of polynomials with the property that for all v, w € J.F. Queird
V), if there exists f € k[V]® separating $v$ and $w$, then there exists

KEYWORDS

f € Sseparating $vS and Sw$. In this article, we consider the action of
G = GL,(C) on the C-vector space M} of n-tuples of 2 x 2 matrices

by simultaneous conjugation. Minimal generating sets S, of(C[Mg]G

are well known and |S,| = %(n3 + 11n). In recent work, Kaygorodov
et al. [Kaygorodov |, Lopatin A, Popov Y. Separating invariants for
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closure; conjugation

2 x 2 matrices. Linear Algebra Appl. 2018;559:114-124.] showed that 2010 MATHEMATICS
. = . . . SUBJECT CLASSIFICATION
for all n > 1, S, is a minimal separating set by inclusion, i.e. that 13A50

no proper subset of S, is a separating set. This does not necessarily
mean that S, has minimum cardinality among all separating sets for
CIM3IC. Our main result shows that any separating set for CLM31°
has cardinality > 5n — 5. In particular, there is no separating set of
size dim(C[Mg]G) = 4n — 3 for n > 3. Further, S3 has indeed mini-
mum cardinality as a separating set, but for n > 4 there may exist a
smaller separating set than S,. We show that a smaller separating set
does in fact exist for all n > 5. We also prove similar results for the
left-right action of SL,(C) x SL2(C) on MJ.

1. Introduction
1.1. Matrix invariants

Let k be an infinite field and let M denote the space of d x d matrices with coefficients
in k. The linear algebraic group G := GL4(k) acts on M by conjugation. More generally
we can consider the action of G on M} by simultaneous conjugation.

The elements of/\/lZ can be viewed as n-tuples A = (A1, A, ...,Ay),orasd x d matri-
ces with entries in k”. We call these n-matrices for short. For ¢ € G we write the conjugation
action as

g-A=(gAg "l .. gAg D).
The question of determining whether a pair of matrices lie in the same G-orbit is a staple
of undergraduate linear algebra. On the other hand, the question of determining whether
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a pair of n-matrices lie in the same G-orbit for #n > 2 is the archetypal ‘wild’ problem, see,
for example [1].

There is an action of GL, (k) on M7 which commutes with the conjugation action:
namely, for h € GL,(k) and an n-matrix A = (a;;) € Mg(k™) we write h » A for the n-
matrix whose i, j entry is

(hx A)jj = h(a;) (1)

Now for1 <i,j<dand1l <k <mn,let xl(-k) denote the linear functional ./\/lg — k which
picks out the i, jth entry of Ay, and introduce generic matrices

®  ® ®
Xy Xy, .- xlg

Xk — 2'1 22' 2d
®  ® *

.xdl xdz . xdd

Then we have
KIMA =Kkx” :ij=1,...,dk=1,...,n].

The action of G on M7 induces an action of G on k[ M}] by algebra automorphisms: we
define

€ NA) =fg " A

forallg € G,f € k[M/}]and A € Mg’ The set k[Mg]G of fixed points of this action forms
a k-subalgebra. Elements of k[M[}]™ are called matrix invariants. The algebra (C[MZ]G
has been intensely studied over the years. A minimal generating set is known for arbitrary
n only in the case d < 2. We ignore d = 1 as in this case G acts trivially. For d = 2 we have
the following result [2]:

Proposition 1.1 (LeBruyn-Procesi): The following set S,, of invariants minimally generates
C[M] 1€ as an algebra:

Tr(X;),i=1,...,n.
det(X)),i=1,...n.
Tr(XiXj),1 <i<j<n
Tr(XiXjXp), 1 <i<j<k=<n

1.2. Separating invariants

Now consider a more general situation in which a linear algebraic group G defined over k
acts linearly on an affine k-variety 1. Let k[)/] denote the algebra of polynomial functions
on V. Then G acts on k[V]° according to the formula

g HW =fg . )

We denote by k[V]® the subalgebra of k[V] fixed by this action. For v, w € } and any
fe k[V]€ we have f(v) = f(w) if v € Gw, but the converse is not true in general.
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Example 1.2: Let G = GL,(C) as in Section 1.1. It’s well known that

CIMLIC = C[Tr(X,), det(X)].

(0 1\ ,,_ (0 0
1=(0 o) 4= (5 o)

do not lie in the same orbit (G fixes A’) and we have Tr(A) = Tr(A’) = 0 and det(A) =
det(A") = 0.

However, the matrices

Iff € k[V]C and f(v) # f(w), we say that f separates v and w. We say that v and w are
separated by invariants if there exists an invariant separating v and w. In case G is reduc-
tive, we have that f(v) = f(w) forall f € k[V]€ if and only if Gv N Gw # ¢ where the bar
denotes closure in the Zariski topology, see [3, Corollary 6.1] (note that in Example 1.2 we
have A’ € GA and G is reductive). In particular, the invariants separate the orbits if G is a
finite group.

One can in principle separate orbits whenever one can find an explicit generating set for
k[V]C, but this is an extremely difficult problem in general. For this reason, Derksen and
Kemper introduced the following in 2002 [4, Definition 2.3.8]:

Definition 1.3: Let S C k[V]°. We say S is a separating set for k[ V] G ifthe following holds
forallv,w € V:

s(v) =s(w) foralls € S & f(v) = f(w) forall f k[V]C.

Separating sets of invariants have been an area of much recent interest. In general they
have nicer properties and are easier to construct than generating sets. For example, if G is
a finite group acting on a vector space V, then the set of invariants of degree < |G| is a sep-
arating set [4, Theorem 3.9.14]. This is also true for generating invariants if char(k) = 0
[5], [6] but fails for generating invariants in the modular case. Separating sets for the rings
of invariants k[ V], where k is a field of characteristic p and Cp the cyclic group of order p
and V is indecomposable were constructed in [7]. Corresponding sets of generating invari-
ants are known only when dim(V) < 10 [8]. For the (non-reductive) linear algebraic group
G, of a field of characteristic zero, separating sets for k[V]Ca for arbitary indecomposable
linear representations V were constructed in [9]. These results were extended to decompos-
able representations in [10]. Even for indecomposable representations, generating sets are
known only where dim(V) < 8 [11]. Finally, for an arbitrary (i.e. non-linear) G,-variety
V), the algebra of invariants k[1]®« may not be finitely generated, but it is known that there
must exist a finite separating set [12] and finite separating sets have been constructed for
many examples where k[V]C« is infinitely generated [13, 14].

Let S be a separating set for k[V]© consisting of homogeneous polynomials. The subal-
gebrak[S] of k[V]© generated by S is called a separating algebra. By [15, Proposition 3.2.3],
the quotient fields of k[S] and k[V]¢ have the same transcendence degree over k. Then
by [16, Proposition 2.3(b)], we get that dim(k[S]) = dim(k[V]9). Consequently, the size
of a separating set is bounded below by the dimension of k[V]©. A separating set whose
size equals the dimension of k[V]C is sometimes called a polynomial separating set,
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n dim((C[M’z’]G) N4 |Snl Lower bound Upper bound
2 5 5 5 5 1
3 9 10 10 10 19
4 13 18 18 15 27
5 17 27 30 20 35
6 21 37 47 25 43
7 25 48 70 30 51
8 29 60 100 35 59

because it necessarily generates a polynomial subalgebra of k[V]¢. On the other hand,
there always exists a separating set of size < 2dim(k[V]®) + 1, albeit such a separating
set may necessarily contain non-homogeneous polynomials; see [17, Theorem 5.3] for a
proof.

1.3. Statement of results

We return to the notation of Section 1.1. Recently, Kaygorodov et al. [18] showed that
Sy is a minimal separating set for C[M#]C by inclusion , i.e. no proper subset of S, is a
separating set. (The authors also considered the problem over fields of finite characteristic,
but we will not). Note that this does not necessarily mean that S,, has minimal cardinality
as a separating set. Our main results are as follows:

Theorem 1.4: Let n > 2 and suppose that S C C[M35]C is a separating set. Then |S| >
5n— 5.

We will see in Section 2 that dim((C[/\/lg‘]G)=4n—3 for n>2, and that
dim(C[M;]¢ = 1). Thus the previous theorem implies

Corollary 1.5: Letn > 3. Then there does not exist a polynomial separating set for C[M3]C.

The cardinality of S, is %(n3 + 11n). For n > 7 this exceeds the upper bound
2 dim((C[Mg’]G) +1=28n—5.S0 S, does not have minimal cardinality for n > 7. We
also prove

Theorem 1.6: Let n > 3. Then there exists a separating set, S, for C[M316 with cardinality
%(n2 + 9n — 16). S, consists of homogeneous polynomials.

The following table compares our lower bound 51—5 with the dimension of C[M g]G
and the sizes of S, and S, and the known upper bound 8xn—5 for small values of n:

In particular, our results imply that S3 is indeed a separating set of minimal cardinality,
but that 4 may not be so, and S, for n > 5 is not. Note, however, that our separating set S,
may not have minimum cardinality for n > 4 either and certainly does not have minimum
cardinality for n > 8.

1.4. Structure of the paper

This paper is organized as follows. In Section 2, we define the separating variety for the
action of a linear algebraic group on an affine variety. We explain how the geometry of the
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separating variety places obstructions on the existence of small separating sets, using ideas
found primarily in the work of Dufresne and others [14, 19, 20]. In Section 3, we gather the
results we need on matrix invariants and compute a decomposition of the separating variety
for 2 x 2 matrix invariants into irreducible components. We then compute the dimension
of these components and prove our main results on lower bounds. In Section 4, we show
how to construct the smaller separating sets S),. In Section 5, we prove similar results for
the algebra of matrix semi-invariants.

2. Invariants of algebraic groups and the separating variety

In this section, we return to the situation and notation of Section 1.2. We note that G also
acts (by the same formula (2)) on the field k(V) of rational functions )V — k. We denote
the field of rational functions invariant under this action by k(V)C.

The following is a well-known consequence of a theorem of Rosenlicht: see [21,
Corollary of Lemma 2.4] for a modern proof.

Proposition 2.1: In the above setting, we have

trdeg, (k(V)©) = dim(V) — dim(G) + mi)1)1 dim(G,),
ve
where G, denotes the stabilizer of a point v € V.
The following is also well known. For lack of a reference, we provide a proof:

Proposition 2.2: Suppose there exists no non-trivial character G — k*. Then
Quot(k[V]%) = k(V)°.

Proof: 1t is clear that the right-hand side contains the left. So let % e k(V)¢. We may
assume f; and f, are coprime in k[)]. Now for any ¢ € G we have

h_sh

hogh
Then since f; and f, are coprime and the action of G preserves degree, we must have
g Nh=2efug o= A2

for some constant A, € k. Moreover, one sees easily that the assignment ¢ — A, is a
homomorphism G — k*. Since there exists no non-trivial character G — k* we get that
fi.fo € k[V]C as required. |

Corollary 2.3: Suppose there exists no non-trivial character G — k*. Then

dim(k[V]¢) = dim(V) — dim(G) + mi\r}l dim(G,).

We note that this applies in particular when G = SL,(C).
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The main tool in our proofs will be the separating variety. This was introduced by
Kemper in [22]:

Definition 2.4:
Sey = {(r,w) € V*: f(v) = f(w) forall f € k[V]°).

In other words, the separating variety is the subvariety of V2 consisting of pairs of points
which are not separated by any invariant.

We define I,y to be the ideal of k[V?] consisting of the polynomial functions which
vanish on Sg,p. Clearly this is a radical ideal. Then a separating set can be characterized
as a subset S C k[V]¢ which cuts out the separating variety in V2, in other words (see [19,
Theorem 2.1])

Proposition 2.5: S C k[V]C is a separating set if and only if
V12(8(8) = Sgv-
where § : k[V] — k[V?] = k[V] ® k[V] is defined by
d)=10f—-fRL

Equivalently, via the Nullstellensatz, S is a separating set if and only if

Vv (S(f) :f S S) = IG,V-

Consequently the size of a separating set for )V is bounded below by the minimum number
of generators of I up to radical, that is, the minimum number of elements generating
any ideal whose radical is Iy (this is sometimes called the arithmetic rank of Ig ). We
then find, using Krull’s height theorem (see, e.g. [23, Theorem 10.2]) that :

Proposition 2.6: Let S C k[V]® by a separating set. Then |S| > codimy»(C) for all
irreducible components C of Sg,.

Therefore, to use Proposition 2.6 to find lower bounds for separating sets, we must
decompose Sg,y into irreducible components. As a first step, we observe that the separating
variety contains the following subvariety, which we call the graph of the action:

Definition 2.7:
Fgy ={(v,gv):veV,geGhL
If G is connected and reductive, then I'gy is an irreducible component of Sgy. Its

dimension is easily seen to equal dim(}) + dim(G) — min{dim(G,) : v € V}, and we note
that in case there is no nontrivial character G — C* that

dim (Tgy) = 2dim(V) — dim(k[V]°). 3)

However, the separating variety may have extra components and some of these may
have smaller dimension. These components are an obstruction to the existence of small
separating sets.
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Stronger obstructions may be obtained by taking a closer look at the geometry of Sg,y.
Recall that a Noetherian topological space V is said to be connected in dimension k if the fol-
lowing holds: for each closed subvariety Z € V) with dimension < k, the complement V' \ Z
is connected. If the same holds for all Z € V with codimy (Z) > k, we say that V is con-
nected in codimension k. Note that if V is equidimensional, or all irreducible components
of V intersect nontrivially then we have dim(Z) = dim(V) — codimy (Z); consequently V
is connected in dimension k if and only if it is connected in codimension dim(}) —

Now we recall Grothendieck’s connectedness theorem (see [24, Exposé XIII,
Theorem 2.1]): suppose (R, m) is a complete local ring of dimension 7 such that Spec(R)
is connected in dimension k <#, and let f1,f2,...,f; € m. Then Spec(R/(f1,f2 - ... fr)) is
connected in dimension k—r.

The idea is to apply this to V? = Spec(k[Vz]). Of course, k[V?] is graded-local but not
a comp/let\e ring, but we can bring the connectedness back from that of the completion

Spec(k[V?]) using some ideas of Reimers [25] to obtain the following:

Proposition 2.8: Suppose Sgy is not connected in codimension k, and let S € k[V]° be a
separating set. Suppose further that all irreducible components of Sg,y intersect nontrivially,
and that there does not exist a non-trivial character G — k*. Then |S| > dim(k[V]) + k.

Proof: Set R =Kk[V?]. Let S C k[V]C be a separating set of size r and let ] = (§(f) : f €
S)R. By Proposition 2.5, Sgy = Spec(R/]).

Now let m be the maximal ideal of R and let R denote the m-adic completion of R. As
V2 is normal, we have that Spec(/R\) is irreducible, and hence connected in dimension d for
alld < dlm(Spec(R)) = 2n. Applying the connectedness theorem with d = 2n—1 shows
that Spec(R/ ]R) is connected in dimension 2n—1—r.

Since R / ] R is also the completion of R/J at the maximal ideal m/J, it follows from the
proof of [25, Lemma 4.3] that Spec((R/])m/;) is connected in dimension 2n—1—r, and
from [25, Proposition 4.4] that Spec(R/]) = Sg,y is connected in dimension 2n—1—r too.
Further since

dim(Sgy) > dim(Tgy) = 2n — dim(k[V]%)

and all irreducible components intersect nontrivially we get that Sg v is connected in codi-
mension 1 4 r — dim(k[V]). Since Sg ) is not connected in codimension k we must have
that

k <1+ r—dim(k[V]),
ie. that r > dim(k[V]) + k as required. [ |

3. Invariants of 2 x 2 matrices

We begin this section by fixing some notation and simplifying our problem as much as
possible. As we will be considering only 2 x 2 matrices, we drop some subscripts, writing
M = M, etc. Observe that the action of GL,(C) on M" is not faithful - the kernel is
the subgroup of scalar matrices. Therefore we have a faithful action of SL,(C) on M"
and C[M"G2© = C[M")32(O) Gince it is enough to study this action, we write G :=
SL,(C) from now on.
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We fix the notation for some subgroups of G: the torus

T::{(é t01>:te(C*},
v (b #)ouec],
B::{(f) tf‘l):tec*,ue«:}.

Next observe that M is not an indecomposable representation of G, we have
M=V CI
where V denotes the set of trace-zero matrices in M, I the 2 x 2 identity matrix and G acts
trivially on CI. It is now easy to see that
CIM"® =CV"°@C[Tr(X) :i=1,...,n].

Note also that V is fixed by the commuting action of GL, on M as defined in (1).
A generic element A € V" will be written as (A}, Az, ..., A,) where

(b o«
o %)

A generic element (A,A’) € V" x V" will be written with A as above and A’ =
(A}, A%, ..., A)) where
74 c
A= ( P ) .
! a; -V

Throughout we write g - A for the conjugation action of g € SL; on A € M. We use the
notation h x A for the commuting action of h € GL,.

From this point onwards, X; etc. represent generic trace-zero matrices of coordinate
functions on V. It is now easy to see that Tr(Xiz) = —2det(X;). Consequently, Proposi-
tion 1.1 implies:

the unipotent subgroup

and the Borel subgroup

]G

Proposition 3.1: The following set E, of invariants minimally generates C[V"]% as an
algebra:
o fjji= Tr(Xin),l <i<j=<n
o i =Tr(XiXjXp),1<i<j<k=<n
We note for future reference that
G G
tijk = bi bj by|. (4)
ai aj ag

This implies that ¢ = sgn(0)s (o (jo (k) for any permutation o of i, j, k, and that ¢;;; = 0
for all 4, j, etc.
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The dimension of C[V"]% is 3n—3 for n > 2. To see this note that there exists a trace-free
n-matrix A whose stabilizer is the finite group +I: take

10 0 1
(o )=

for i > 2. The result now follows from Corollary 2.3. Note that this also implies that
dim(C[M™]C%) = 4n — 3 for n > 2 as stated in the introduction.

The discussion above shows that our main results for C[M"]C are equivalent to the
following:

Proposition 3.2: Let n > 2 and suppose that S € C[V"]C is a separating set. Then |S| >
4n — 5.

Proposition 3.3: Letn > 3. Then there exists a separating set S € C[V"]° with cardinality
%(n2 + 7n — 16).

We will need to consider certain subspaces of V: let W denote the B-subspace of upper
triangular matrices in V. Further, define

C:={AA)eW'xW": b=V foralli=1,...,n},
C':={(AA)e W' x W' b= —bforalli=1,...,n},
Co:={(AA)e W'x W":bj=b,=0foralli=1,...,n}.

The above are subspaces of V" x V", which are fixed under the diagonal action of GL,,.
Since the action commutes with the conjugation action of G, the same is true of the orbit
subsets (G x G) -C, (G x G) -C' and (G x G) - Cy.

Note that U = G,(C), the additive group of C. The linear representation theory of this
group is well known: each indecomposable module is isomorphic to §”(V), where V is
the restriction of the natural two-dimensional CG-module, and S” represents symmetric
powers. One usually studies the so-called ‘basic’ G,-actions: these are the G,(C)-modules

Vi:= (vo,vl,...,v,-) :ieN
on which u € C acts via the formula
L
uevy, = Z j—!vi_j
j=0

and it can be shown that V; = $(V). In our case, a direct calculation shows that V = V,
as a U-module.

The separating variety for arbitrary linear representations of G,(C) was considered by
Dufresne and Kraft: in our case we have V" = V§B " as U-modules, and from a careful
reading of [26, Theorem 7.5, Lemma 7.6] we obtain:

Proposition 3.4: (i) We have Sy y» = T'yy» UC.
(ii)) Tyyn =Tyyn uc.
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In particular, Cy C Ty yn.

Note also that T = G,,(C), the multiplicative group of C. The representation theory of
this group is very straightforward; the indecomposable modules are all one-dimensional,
isomorphic to W, for some z € Z where W, = (v) and the action of t € T is given by

tev =1t

Now it’s easy to see that V = Vo @ Vo @ V2 @ V_,. Moreover, WV is a direct summand of
V isomorphicto Vo @ Vo & V5.

The separating variety for arbitary linear actions of algebraic tori GX, was considered
by Dufresne and Jeffries. In our case, the action is particularly simple, and from careful
reading of [27, Lemma 3.5], we obtain:

Proposition 3.5: (i) We have Styy» = C.
(i) (A,A’) € Ty ifand onlyif (A, A’) € C and in addition cic]/- = ¢jc;foralll <i,j < n.

Our goal in this section is to describe the separating variety Sg . As observed in the
previous section, one irreducible component is given by the Zariski closure of the graph

Ty = {(A,g-A):A eV geG)

but there may be more. The description of Sgy» as the set of pairs of #n-matrices whose
orbit closures intersect makes it clear that the separating variety is fixed by the action of
G x G. It is also clear that '~ is fixed by the action of G x G. The commuting action
of GL, on V" induces a diagonal action on V" x V" which commutes with the action of
G x G. The following simple observations are crucial:

Lemma 3.6: Suppose (A,A’) € Tgyn. Then (hx A,hx A') € T'yn forall h € GL,.

Proof: Let (A,A’) € I'gyn. Then there exist morphisms A : C* — V", ¢ : C* — Gsuch
that

1 I 1 .
A= }1_1)1(1) A),A = }Lr)r(l)g(t) A(b).
Let h € GL,, then
hx A= }in%(h *A(),hxA = }in})h *(g(t) - A®t) =. tlin})g(t) - (hx A(1))).

Lemma 3.7: Let (A,A’) € Sgyn and let h € GL,,. Then (hx A,hx A’) € Sgyn.

Proof: The action of GL, on V" induces an action on C[V"]: we define
(hx)A) =f(h 1 % A)

for h € GL,,f € C[V"] and A € V". If f € C[V"]°, then so is h * f for all h € GL,,. Now
suppose (A, A’) € Sgyn. Let h € GL, and f € C[V"]C. Then we have

fhxA)=H 5f)A) =R« f)A) =f(hxA)
which shows that (hx A,hx A’) € Sgy» as required. |
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These observations allow us to apply a sort of simultaneous column-reduction to
elements of C and C’. In more detail, to every pair (A,A’) € C or C' we assign a 3 x n
matrix

by by, --- b,
maa=\c1 ¢ - ). (5)
C’l C/z .. C;’l

Denote the minor of mp o/ obtained by taking only the ith, jth and kth columns by
Ajik(A, A"). Finally we define

C:={(AA) € C:rk(mpp) <2)

and
C' = {(A,A") € C :tk(my ) < 2}.

Then we have:

Lemma 3.8: The following are equivalent:

(i) rk(mpa) <2
(i) Ajk(A,A) =0foralll <i<j<k<mn
(iii) There exists h € GL,, such that (h* A;) = (hx A}) = 0 foralli > 3.

Proof: The equivalence of (i) and (ii) is well known. Let E;;(1) denote the elementary
matrix with A in position i, j, I’s on the diagonal and 0’s elsewhere. The action of E;;(1) on
(A, A’) is to replace A; and A} by A; + 1A;j and A + AAJ/. respectively. The effect on m a/
is to replace the ith column with the ith column plus A times the jth column. The sequence
of column operations which place 14 4/ in column echelon form produce (hx A, h x A”)
of the form claimed. |

Now we consider the G-orbit structure of ). The following result is key to obtaining a
decomposition of the separating variety Sg,yn:

Lemma 3.9: Suppose A € V" \ G- W?". Then G - A is closed

Proof: We use the Hilbert-Mumford criterion [28]. Let A : C* — G be a one-parameter
subgroup. The Hilbert-Mumford weight of A with respect to A is the unique smallest
integer w (A, A) such that

}in% AN - A)

exists. A is stable (i.e. has closed orbit and finite stabilizer) if and only if (A, 1) > 0 for all
one-parameter subgroups A of G. Now each one-parameter subgroup of G is of the form

t 0

for some g € G. Letting e € G denote the identity, it follows that A is stable if and only if
n(g-AA.) >0forallg e G.
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Let ¢ € G and suppose g - A ¢ W". Writing g - A = A’, we see that a; # 0 for some
i=1,...,n Therefore (g - A, A,) =2 > 0. Since g was arbitrary we conclude that A is
stable, and in particular G - A is closed. |

Remark 3.10: One can complete the analysis of orbit closures in V": it turns out that G - A
is not closed if and only if A € G- W" \ {0} where 0 represents the n-matrix consisting
entirely of zero matrices. See [29, Proposition 8.9] for a proof in a more general case.

An n-matrix with all traces equal to zero belongs to G - WW" if and only if there exists g €
G such that g - A; is upper triangular for all 7. Such matrices may be called simultaneously
(upper) -triangularizable. Since an matrix is upper triangularizable if and only if it is lower
triangularizable via the action of
0 1
(5 o)

we usually speak simply of simultaneously triangularizable matrices.
Simultaneous triangularization of 2 x 2 matrices was studied by Florentino [30]. He
showed that arbitrary (i.e. not trace-free) n-matrices are upper triangularizable if and only

if
Tr(A;AjAx) = Tr(AcAjA;)
foralli<j<kand
det(A;Aj — AjA;) =0
for all i <j. But for tracefree matrices, Equation (4) implies that
Tr(A;AjAL) = — Tr(AgAjA).
Further, for tracefree matrices we can show
det(AjA; — AjA;) = 4det(A;) det(4)) — Tr(A;A)*.
It follows that G - YW" is the subvariety of V" cut out by the set of polynomials

{tijkzl§i<j<k§n}U{tiit]j—t1-2j:1§i<j§n}.
In particular, this shows that G - W" is closed. It is also irreducible, being the orbit of a
connected algebraic group on a vector space. As a first step towards a decomposition of
Sg, v we have the following.

Lemma 3.11: Sgy =Ty U (G- W" x G- W™ NSgyn). Moreover, Tgyn and (G -
W™ x G- W™ N Sgyn are closed and T g yn is irreducible.

Proof: Let (A,A’) € Sgy». Then G-ANG-A'#@. Unless Ac G-W" and A’ € G-
W™, then by Lemma 3.9, the orbit of either A or A’ is closed and (A,A’) € Tgyn (if
both orbits are closed, (A,A’) € I'gyn). This shows that Sgyn € Tgyn U (G- W x
G- W™ NSgyn). Clearlym is closed and irreducible. (G- W" x G- W"™) N Sg,yn is
closed as it is the intersection of two closed sets. |
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The following Lemma describes (G - W" x G - W") N Sgy» as a union of sets. Note
that at this stage we do not know whether (G- W" x G- W") N Sgyn is irreducible, as
the sets on the right hand side may not themselves be closed.

Lemma 3.12: We have
(G-W'xG-WHNSgyn =(GxG)-CUGxG)-C.

Proof: Suppose (A,A") € V" x W"). Then since det(A;) = det(A}) for all i we get b; =
+b;. Further, since for each i # j

2bib; = Tr(AiA)) = Tr(AJA)) = 2b}b)] 6)

we have that b; = b} for each i or b; = —b] for each i. This shows that (A,A") e CUC'.
Since (A,A’) € Sgynifandonly (¢- A,g" - A') € Sgyn forall g,¢’ € G we get that

G W'xG-WHNSgv=(GxG)-CUGxG)-C
as required. |

Lemma 3.13: Foralln > 2 we have (G x G) - C' C T'gyn.

Proof: As I'gyn is stabilized by the action of G X G, it is enough to show that C’ C ' yn,
and this follows from Proposition 3.4 (ii): we have

C' S Tywn S Tgyr
as required. |

Combining Lemmas 3.11-3.13 we obtain a decomposition

Sgyr =Tgyn U (G x G)-C. (7)

Note that the stabilizer of the action of G x G on C is B x B, so the dimension of
(GxG)-Cis

dim(C) + 2 dim(G) — 2dim(B) = 3n + 2.

By Equation (3), the dimension of I'g y» is

dim(V") + dim(G) = 3n + 3.

So there are two possibilities: either(G x G) -C € I'gy» and hence Sgy» has a sin-
gle irreducible component, or else Sgy» has two irreducible components of different
dimensions.

The following result is key in our proof of Proposition 3.2.

Proposition 3.14: Forn > 2 we have (G x G) -CNT gy = (G x G) - C.

Note that ior n = 2 this implies that (G x G) -C C I'g,y» and hence (G x G) - C C
['G,yn, since C = C. Therefore it follows that S; 2 is irreducible.
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Proofi We begin by showing that (G x G) - C C (G x G) - C N Tgyn. Itis clear that (G x
G) - g C (G x G) - C and since ' is fixed by the action of G x G it is enough to show
that C € Tgyn. R
Let (A,A’) € C. By Lemma 3.6, it is enough to show that there exists h € GL, with
(hx A,hx A’) € TGyn. Therefore by Lemma 3.8 we may assume A; = A} = 0 for i > 3.
Suppose that there exists i such that b; = b} # 0, without loss of generality i = 1. Set

1 4 -4
() F)e( ).

7 / bl 0
gAl_gAl_<0 _bl 5

and (g - Az, g’ - A}) are upper triangular with equal diagonal entries. By Proposition 3.5,

Then

(g-Ag-A) el CTgyn.

Therefore (A, A’) € T'g,yn as required.
Hence we may assume b; = b; = 0 fori = 1, 2. But in that case

(A,A") € Cy S Tyyn S Tgyn

where the first inclusion comes from Proposition 3.4. R
To prove the converse it is enough to show that C N T'gy» € C. So, let (A,A") e CN
[g,yn. Thus there exist morphisms g : C* — G, and A : C* — V" such that

lim A(t) = A, lim(g(¢) - A(t)) = A/,
t—0 t—0

where we abuse notation by using A for a function and its limit. Also let A’(¢) := (g(¢t) -
A(t)) for all t € C*. Note that although a; = a} = 0 for all i and b; = b} we do not have
ai(t) = aj(t) = 0 or b;(t) = b(t) for all t in general. Write

_ (w(@®)  x(b)
0= (y(t) z(t))'
Let 1 <i<j<k<mn Write a(t),b(t),c(t) and ¢'(¢) for the row vectors (a;(), aj(t),

ai(1)),(bi(1), bj (1), bi(1)), (ci(1) ¢j(1), c(1)) and (ci(1), ¢(1), € (1)) respectively with anal-
ogous notation for their limits, and consider

b
Ajk(AA) = |c|.
c/
On the one hand this is
b(t)
lim | c(¥)
t—0

(1)
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b(t)
= lim c(t)
O hx(t)z(Ob(E) — x(£)%a(t) + z(t)2c(t)
b(t)
= —lim x(£)? |c(t)|.
t— a(t)

using row operations and the facts that b(f) — b, c(t) — ¢, ¢/(t) —> ¢’ as t — 0. But we
also have b’(t) — b, so that

b'(t)
Ajjk(A, A = }Lm c(t)
d
2x(1)y(B)b(t) — w(t)x(t)a(t) + y(H)z(t)c(t)
= lim c(t)
Ol 2x(z(Hb(E) — x(H)2a(t) + z(H)2c(t)

2x()y(Hb(t) — w(t)x()a(t)
= lim c(t)
01 22()b(H)x(t) — x(t)a(t)

Noting that w(t)z(t) — x(#)y(t) = 1 for all t € C*, this is equal to

2(w(t)z(t) — 1)b(t) — w(t)x(t)a(t)
lim c(t)
=0 22(Hb(H)x(t) — x(t)%a(t)

2w(B)z(t) — Db(E) — w(D)x(t)a(t)
= lim x(¢) c(t)

=0 22(H)b(t) — x(Da(t)
w(t)(2z(H)b(t) — x(Da(t)) — 2b(t)
= lim x(¢) c(t)

=0 22(H)b(t) — x(Da(t)

—2b(t)
= lim x(¢) c(t)

0 z(b(t) — x(Da(t)
b(t)
c(t)
a(t)

= lim 2x(t)?

t—0

This shows that A (A, A") = 0 as required, and therefore (A, A’) € C. |

Example 3.15: Let n > 3 and define a pair of n-matrices:

10 11 11
e R e O S ).
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and

, (1 0 , (1 0 , (1 1
ai=(o 2= 5)a=( )

with A; = A} = 0 for all i > 3. Then rk(my /) = 3, and so Proposition 3.14 above shows
that (A,A’) € (G x G) - C \ T'gyn. Thus, for n > 3, Sgy» has two irreducible compo-
nents.

We obtain the following immediate Corollary, from which Corollary 1.5 also follows:
Corollary 3.16: Let n > 3 and suppose S € C[V"] is a separating set. Then |S| > 3n — 2.

Proof: For n > 3 we have shown that Sg» has two irreducible components. The compo-
nent I'gyn has dimension 37 4 3, i.e. codimension 3n—3 in V" x V", while (G- W" x G -
W™ N Sgyn has dimension 3n 4 2, i.e. codimension 3n—2 in V" x V". The result now
follows from Proposition 2.6. |

To obtain the stronger bound in Proposition 3.2, we need to compute the dimension of
(G x G) - C N T'gyn. We are not able to find a complete description of (G x G) - C; but for
our purposes the following is enough.

Lemma 3.17:
(GxG)-CS(GxG)-CUGxXG)-C.
Proof: Suppose (A,A) e (GxG)-C\(GxG)-C. As (GxG)-CC(G-W"xG-
W™ N Sg,yr and the latter is closed, we have
AA)E(GXG) -CS(G-W'xGWHNSeyn =(GxG)-CUGxG)-C,

with the final equality coming from Lemma 3.12. Therefore (A, A’) € (G x G) - C'. Since
(Gx G)-C,(Gx G)-Cand (G x G) - C'areall fixed by the action of (G x G), itis enough
to show that

C'NGxG-CccC.
So, suppose (A, A’) € (G x G) - C N C'; we aim to show that rk(mp a/) < 2.
Let1 <i <j < k < n,and write b, cand ¢ for the row vectors (b;, bj, b, (ci, ¢j, ck) and
(c; c]/-, CL) respectively. Since (A, A’) € (G x G) - C, there exist morphisms g,¢’ : C* — G,
and Z,Z' : C* — C such that

lim g(r) - Z(t) = A, lim /(1) - Z'(t) = A"
t— t—

_(w x®\ . (W(®) K@
so= (5 0)s0= (% H):

_(BO  v® N L (BB v®
Z’“)‘< 0 —ﬂz(t))’zl(t)_< 0 —kzm)

forl=1,...,n,whereZ = (Z1,2,,...,2Z,) and Z' is similar.

Write

and



LINEAR AND MULTILINEAR ALGEBRA 405

Now writing B, y and y’ for the row vectors (8, Bj, Bx)» (vi» vj» vk) and (/s yj/, Yo
respectively and evaluating g(#) - Z(t) shows that

b = lim(w(H)z()B(1) — wH)y(O)y (1) + (YO B (D)) ©
and
¢ = lim (=2x(Ow(HB (1) + W)y (1)). (10)
Meanwhile, evaluating ¢’ (¢) - Z'(¢) shows that
b = lim(—w'(HZ (OB + W' (1) By (1) — x(D)y(HB(®) (11)
and
¢ = lim(=2¢'(Ow' (DB (1) + ' (7Y (1)). (12)

Now using (9), (10) and (12) we have

w®z(®)B @) — wy®Oy @) +x@)y()B (1)
—2w()x(H)B(E) + w(t)*y (1)
—2w ()X () B(1) + W (1) *p (1)

B(t) + 2x(t)y(H)BE) — w(t)y(®)y ()

—2x(HB () +wt)y ()
=2X' (B + W By ()

where we use the fact that w(t)z(t) — x(#)y(t) = 1forall t € C* in the first row. Now using
row operations to simplify the determinant we get

Ajk(A, A = lim

t—0

= lim w(t)w (t)
t—0

B
Aji(AA) = lim w()w (1) | 22O () +w(D)Y ()
=2X'()B) +w ()Y (t)
B()
= }in}) w(t)*w (D% |y t)|.

On the other hand, using (10)-(12) gives us

—w (D2 (OBE) +w ()Y Oy (1) — X' 1)y (DB ()
—2w(H)x)B(E) + w(t)2y (t)
—2w ()X (B (1) + W ()*y (1)

—B(t) — 2x' ()Y (HB () + W ()Y )y (1)
—2x()B@) +w)y (1)
=2X' (OB + w (Dy (D)

where we use the fact that w'(¢)2/(¥) — x/(t)y/(t) = 1 for all t € C* in the first row. Now
using row operations to simplify the determinant we get

—B()
—2x(OB(1) + wDy (1)
=2 (OB +w ()Y (1)

Ajk(A,A) = lim

= lim w(t)w/(t)
t—0

Ajjk(A,A) = hm w(OW (t)
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—B(®)
= lim w(t)*w ()% | (1)
t— y/(t)

This shows that Ajx(A,A’) = 0. Since this applies to all 1 <i<j<k<n we get
rk(mp a’) < 2 asrequired, i.e. (A,A") € C'. [ |

Corollary 3.18: We have

(GxG)-CS(GxG) -CNTgm C(GxG)-CUGxG)-C.

Proof: The first inclusion follows from Proposition 3.14 and the fact that the middle term
is closed. For the second we have

(GxG) - CNTgy C((GxG)-CU(GxG)-C)NTgym
by Lemma 3.17,
=(GxG)-CUTgyN(GxG)-C)
by Proposition 3.14,
—(GxG) -CUGxG)-C
since
(GxG)-C'C(GxG)-C CTgym
by Lemma 3.13. u

Notice that C and C’ are both fixed by B x B, since Ajjk is B x B semi-invariant for all i,
j» k on both C and C’, and both C and C’ are B x B-modules. Therefore we have

dim((G x G) - C) = diim(C) + 2 dim(G) — 2 dim(B) = dim(C) + 2.

Now it’s easy to see that C is isomorphic to the variety of 3 x n matrices with
rank at most 2, which is well known to have dimension 2#n + 2. Therefore we have
dim((G x G) - é\) = 2n + 4. Exactly the same argument also shows dim((G x G) - c’ ) =
2n + 4. Now Corollary 3.18 above shows that

dim((G x G) -CNTgyn) =2n+ 4.

Consequently, since dim(Sgn) = 6n — (3n — 3) = 3n + 3, we get that Sgy» is con-
nected in codimension n—1 but not in codimension n—2. We also note that Sgy» contains
just two components and these have non-trivial intersection. By Proposition 2.8, for any
separating set S € C[V"]¢ we have

IS| > dim(C[V' N’ +n—2=3n—3+n—2=4n—5.

This completes the proof of Proposition 3.2 and Theorem 1.4 follows immediately.
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4. Smaller separating sets
In this section, we will show that for n > 5 there exist smaller separating sets for Cpym©
than S,,. The aim is to prove Proposition 3.3; Theorem 1.6 will follow immediately.

We begin by noting that, for n > 4, C[V"]€ is not a polynomial ring; for n > 2 its dimen-
sion is 4n—3 and the minimum number of algebra generators is %(n3 + 5n). Relations
between the generators of C[M"]¢ were completely described by Drensky [31], but we do
not need a complete description here. The following is a translation of one kind of relation
from [31] to the trace-zero setting:

tip  tig lir
liktpgr = =3 |bp Lo b (13)
thp  tkq ke

forl<i<j<k<mnl<p<gq<r<n,n> 4 Thiscanalsobeshown directly using (4)
and standard properties of determinants.

For the rest of this section, assume n > 3. Now suppose that A, A’ are trace-zero
n-matrices and that Tr(A;A;) = Tr(AéAJ/-) for all 1 <i <j < n. The relation (13) above
with i = p, j = g, r = k tells us immediately that Tr(A;A;Ax) = £ Tr(A;AJ’.A;C) forall 1 <
i <j < k < n. Applying the same relation with arbitrary i, j, k, p, g, r shows that either
Tr(AjAjAx) = Tr(A;AJ’.A;C) foralll <i<j<k<norTr(A;AjAy) = — Tr(AgA]’.A;{) for all
I<i<j<k<n.

Further, suppose f € @15i<j<k§n Ctijk. Then f(A) = £f(A"). If f(A) =f(A") #0
thenfor 1 <i < j < k < nwehave

i (A) _ 1 (A)
f@a)y " @)

tijk(A) = = tijk(A")

since tyf € Clt;j: 1 <i<j<n].
From the above discussion we deduce:

Lemma 4.1: Let §' = {tjj: 1 <i<j<n}UF where F C @, ;_jj<, Clijr. Then S' is a
separating set for C[V"1 if and only if for all A € V" we have

f(A) =0forallf € F = tjx(A) =0foralll <i<j<k=<n

Given A € V" we may form a 3 x n matrix My as follows:

Cl C2 o« oo Cn
Mpa=|b1 by --- by
al az PR an

The values of #;x(A) are the maximal minors of this matrix. Let Y be a generic 3 x n
matrix and let I be the ideal of C[Y] generated by its 3 x 3 minors. Choosing a set F as
in Lemma 4.1 is equivalent to choosing a set of linear combinations of 3 x 3 minors gen-
erating an ideal of C[Y] whose radical is the same as the radical of I (in fact, I is a radical
ideal). [32, Lemma 5.9] describes how to do this, and Proposition 5.20, Corollary 5.21 and
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Proposition 5.22 [loc. cit.] show that 3n—8 linear combinations suffice. Concretely, let [ijk]
denote the minor corresponding to columns i, j, kin Y; choose ey, . . ., e,, ¥ = 3n—8 where

e = Z Lijk [ijk]
1<i<j<k=<n
fori=1,...,r. Set

fi= D ikt

1<i<j<k<n

forl=1,...,r. Then
S={tj:1<i<j<nmpuffi:l=1,...,1}

is a separating set for C[V"]¢. The cardinality of this set is
n 1,
n+ 5 +3n—8=z(n + 7n — 16).

This completes the proof of Proposition 3.3; Theorem 1.6 now follows immediately from
the remarks at the beginning of Section 3.

5. Matrix semi-invariants

In this section, we consider the action of a different but related group on M7: let H :=
SL; x SL,. This acts on an n-matrix A according to the formula

(h1,hp) - A = (AR, L hiAshy Y, i Ahy ).

Generating sets for the algebras of invariants C[M}]H are known, see [33]. More recently,
Domokos [34] showed that the following set S, of invariants are a separating set for
(C[./\/IZ]H which is minimal by inclusion (we retain the notation of Section 1):

o det(Xp):1<i<m
° <X1|X]> = Tr(X;) TI‘(XJ') — TI‘(Xin) 1 <i <j <mn
o EXiXiXpX):1<i<j<k<l=n

Here & (X;X; X X)) is the coefficient of a;ajaxa; in the determinant

a;X; anj
aXp  aiX)

e CIM3][ai, aj, ax, ar].

n

4

separating set is minimal by inclusion does not mean that it has minimal cardinality.
In this section, we prove the following:

The size of this separating set is n + (;) + ( ) We note once again that the fact that this

Theorem 5.1: Let S € C[M4]H be a separating set. Then |S| > 5n — 10.
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n dim(C[M31H) 1Sn] Lower bound
2 3 3 3
3 6 6 6
4 10 " 10
5 14 20 15
6 18 36 20

The dimension of C[M4]H for n > 3 is dim(M}%) — dim(H) = 4n — 6. This follows
from Proposition 2.3 because there exist 3-matrices whose stabilizer in H is the finite group
{(£I, £D)}. Contrastingly, dim(C[M}]H) = 8 — 6 + 1 = 3, since every 2-matrix has at
least a one-dimensional stabilizer, and dim(C[M;]¥) = 4 — 6 + 3 = 1 since the stabilizer
of any matrix has dimension at least 3. So, our result implies that for n > 5 there does not
exist a polynomial separating set for the action of H on M.

The proof is a straightforward application of a result of Domokos: for n > 1 consider
the morphism o : M — M4™! given by

O’(Al,Az, e ,An) = (Al,Az, e ,AH,I)
where I is the 2 x 2 identity matrix. By [35, Proposition 4.1], the induced morphism
o* : CIMPHH = Cmp©

is surjective (the reference has G = GL; but the algebras of invariants are the same). This
can be used to show that for any separating set S C C[MZ'H]H, o*(S) C C[MQ]G isa
separating set, see [34, Corollary 6.3]. Now Theorem 5.1 follows immediately from this
observation and Theorem 1.4.

The table below compares this lower bound with the size of the separating set given in
this section.

Note that in the case n = 4 we cannot rule out the existence of a polynomial separating
set with these methods. In a forthcoming paper, we plan to compute the separating variety
for this action directly and thereby sharpen these lower bounds.
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