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_ THE PARETO-TYPE DISTRIBUTION *

_Novosibirsk =
1ﬁaex,, nonparametrio;inference.
'ABSTRACT

Given a sample from the Pareto—type | distribution
P(X2x)=L(x)x~b» ,.where L(x) slowlytvaries as X-»m , we
estimate +the tail index b . For the special case L(x) =

L = const as xaﬁfhwe cohstructVésymﬁ%otically'normal esti-
mator of L |

INTRODUCTION AND RESULTS

Let X , X1 s XZ"f’ be a seqdence of independent

identically distributed random variables with distribution




@
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where'(unkhdﬁn) functibﬁ L(x).'élow1y varies ;as ;Xﬁa);’nu—
mber b is to be estimated. |
Well-known eéﬁimatSré of‘iﬁdékJ'b /haVevbeéﬁﬂintroduced
by Hill (1975),g Teugels (1985),;“5 Scorgo,Deheuvelé{Masdn
(1985), ‘M. Scorgo Horvath Revesz (1987) i Novak~;§nd_‘Utev
(1990)“1nvest1gated the ‘estimator CoET

‘ . n '
= T ln(X /N)i{X >N} / Z 1{X >N} S
=1 . -

(1) (e )P -1/b) » H(0507F) L (ned)

if and only if npg”(N)»0 (nsx) , where

g(N) = M{ln(X/N)[%=N} - b™1.
They considered also the’ situation
L(x)=Le(1+v,)
(B) R
~ L=const, vxéouas X-$00
In the assumption
(2) (1In M)Z/np»0 , g(n)(In N) » acR  (n>e)

they proved that for n-»c there holds

, 1/t :
* __ -1 n 2
(3) Ln =n N Sn exp‘ab ) —5+ L ,
n: '
where Sn: ZAi{XiZN} .
i___:_l . &
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B rpose of this- artlcle is to  generilize ' results
: of " 1)_and (3) | ’ R EERE AL I S M
; Theoren 1. If g(N)+0‘as nQ&{thequiwﬁ

B N L. )

It Yoby 8(N) — AR as mses then for mew we have

5y o Lie c1iperalz .,—‘1,%;1»:.’ -
5y 1;{(1‘:n ,1/»:?’);511"1 -,.-,;,g\..}fgne,;;,%_J(o,1,) |

oo

n_l} ~be a sequence of positive

. ./Theorem:2. Let {r.
‘“ff~numbers such that the follow1ng condltlons hold for T+

(i)fi'f£-+ oo o

(ii). TLoVYN B eR

(1i1) bzrn(a-g(N)"lh'N) > CeR N (a<cR)
(iv) " (1n M) (ap) %z 4 ocoo

(#) rﬁg(N) + deR

Then for n-m we haVe
.2 2 '
(6) rn( Ln/L - 1) = #(B+C+D;b“c®) ,

1/t '
- 3. _ -1 n 2
where D = -2ab°d , Ln = n ~N Sn exp(e/tn),




(&) {n(ln n)

Note that assumption (2) suffices (1)-(v) .

Let us consider special cases

(8)  ve=oe™ U imoy
()  vy=oHy T (mo
() v, =0 x)7") (D
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fullfilled - for

s X mln{l/g(N) Y }/(lnN) Hence,f convergence

with the follow1ng rate of rng;;f‘:

b}l/z/(ln lhvn) 'm_N(n)_(ln n —-blnln n)

(6) " holds

Z6
(b) "*nﬁ7(b+%ﬂ)7tin’h)' N(n) X n

() (Pt | N(n) X (n(ln n)

- PROOFS

Proof of theorem 1. Let

Y, = 1{xi2N}‘ 2y = Y In(X/N)

There follows from the definition (A) that

(&3] .
M exp(itZy) =1 + [ (™% - 1)P(Z, edz)
O

1/(b+2ﬂ)

-2f3

EA

+O(1)ﬂr
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S ' i oo v i
ATy T =+ it et yP(Zlky)dy : e e

1 + 1tpy(b-1t)71

where

C8(N,t) = [ e L(Ne”)/L(N) -1} Vay
o T
A'remérkable faét'isﬁthat

(8) . &N = [ {LNeY)/L(N) - 1}e PYay
. : ' : o T y o '

© Moexp{it(S;mp)} =

(10) _ -o= exp{néN(eit~1-it) + O(npgtz)}

First aséertion of theorem 1 follows from (7),(9),(10).

Lét us proof that for n-»w

: n
b . = Y.b~
(11) j:1{zJ Y b

It is easy to sece that'ﬁ(ll) entails (5)

1 172 H(0;b~

2

- PyE(N) ] (npy)” )

Similarly to (7) we derive

1

(12) M oexp( it(Z - Yb7L) )

= 1+ py[-t%/20% iteit/bg(N:t)w+AO(t§)]

.
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The convergence (9) follows from (7) and (12)

| P?¢9£;Qf theorem 1 completed.

Reméfkv It is easy to see that assertions of theorem 1
and corollary remain true if we substitute' g(N)Sl/2 “for A

Proof of theorem 2. There follows from the definition
(3) that . R

‘fﬁ\(13)

<nPN explaty” + (- piin W) “(divg) -

Hence, it!is-suffioient,to proVe-that'for”gn+¢fﬂthere~holdsl

T r In(L_ /L) = S (BHOHD; b202)’

where Thii{SnEnpN/Z} . Note that
| n
| wpln(s,/mpyg) - 7y E)(Ypom)/my | S
o N - n : 2.
(9 = 2{ 151 (Y37Py)/nPy }

There follows from (10),(13),(14),(1i),(1i1), (iv) that we need
only to argue the convergence

-2 - _ 2.2 |
rn(atn + (tn - b)'ln N) = WIC+D,b>o ) {(n->o0)

One derivesfrom (7),(12),(iv)-(v) that for n-»eo
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i =
'*:n(tﬁ'“‘b{;" ‘

brry 3E1(Z4- Vb TRe(N)py) npy N
s - : - —— -b"d.
’ Henee,"Adr (t—z— bz) — D as nso . : X

- Now our purpose is to sho

sy s w'(d-b‘zéz)‘

'éiTaking into account (7) (12) (iv) (v), - one cén}seeAthat it
: is sufflolent to prove the convergence ' ‘

11’1

{’bZr {a - (npN) b (z - Y b )(ln N)}
i=1
(18) s H(C;b2e2) (nso0)

There follows from (12) and (iv) that
2. .4 > o -1
b%r (In N);£.(2;- YiD —8(N)py)/npy =
: .2 2
(17) <+ A(0;b%c”) . (n->c0)

The assertion (16) follows form (17) and (iii)

Theorem 2 is proved.
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