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Word of editor-in-chief
Dear colleagues,

It is our great pleasure and honour to invite you to be our associates — authors and reviewers of
scientific and research papers in the Teaching Innovations periodical, issued by the University of
Belgrade, Teacher Education Faculty. The fact that our periodical has been published for thirty years, its
current rating (categorised as M52 in the list of scientific publications of the Ministry of Education, Science
and Technological Development of the Republic of Serbia) and the intention of the new editorial board to
further improve its rating through the quality of papers show that the periodical Teaching Innovations has
a long tradition based on the qualities of continuity and actuality;, and a potential to continue developing.

The Teaching Innovations periodical will be publishing systematic and original research papers
related to sciences and scientific disciplines dealing with the teaching process at all levels of pedagogical
and educational work (from pre-school pedagogical work to life-long learning) with the aim of its
improvement and modernisation.

General information about the Periodical with the Instructions for the authors and standards
for paper preparation are placed on official website of Teacher Education Faculty, University of Belgrade
(http://www.uf.bg.ac.rs/?page_id=13195).

Please note that the Periodical will be available in the electronic form (at the site of the Teacher
Education Faculty in Belgrade) starting from issue No. 1/2014.

Looking forward to successful cooperation,
Sincerely Yours,

Vera Z. Radovié, PhD,

Editor-in-chief
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Peu ypegnuxa

IlomrroBane KOJIETMHUIIE, ITIOIITOBAHE KOJIETE,

YacT HaM je 1 3a/10BO/BCTBO Ja Bac mo3oBemo fja 6yzieTe HAIV capaJHUIIN — ay TOPY Y peljeH3eH-
TV HAyYHMX U CTPYYHVX PafioBa y Yacomncy JHosayuje y HAciliasu, KOju u3aaje YIuTe/bckn Gakynrer
Yausepsurera y beorpany. UnmeHnma fa je of 0OCHMBamba 4acoIyca MPOTEK/IO TPUAECET FOIMHA, IETOB
CaJlalliby PejTVHT (Ha JIMCTY je HayYHMX Iy6nmKanuja MyHNCTapCcTBa IIpOCBeTe, HayKe U TeXHOJIOMI-
Kor passoja PCy kareropuju M52) 1 HacTojarme HOBOT ypebusadkor of6opa a KBaMTeTOM PajioBa Taj
P€jTVHT IOJVUTHE YKa3yjy Ha TO Ja 9acomnc JHosayuje y Haciiaéy Ma ByTy TpagyuLyjy, a Cy KOHTVHY-
WITET U AKTYeTHOCT HEerOBYU KBAaJIUTETH, @ CBAKAKO MOKa3yje KaKo OH Iocefyje MoTeHIuja fa n y Oy-
nyhHOoCTM Hampenyje.

Y Unosayujama hemo 06jaB/buBaTU Iper/iefHe M OPUTMHAIHE NCTPAXKMBAYKe pafloBe 3 HayKa I
Hay4YHUX AVMCUUIUIMHA KOje TPeTUPajy HacTaBHM IPOLieC Ha CBYM HMBOMMA BacIINTamba 1 00pa3oBama
(on TpeAIIKO/ICKOT BaCIIMTamba IO LIeJIOKMBOTHOT 00pa3oBamba) y /by HEroBor YHanpehema 1 Moziep-
HU3anyje.

Omure MHpOpMaLUje 0 Yacomucy ca Yy TCTBOM 3a ayTope ¥ CTaHAApAMMa 3a IPUIpeMy paja
HajIase ce Ha cajTy Yuutebckor dakynrera y beorpany (http://www.uf.bg.ac.rs/?page_id=13195).

Oo6asemrraBamo Bac fja he ox 6poja 1/2014 yaconuc 6UTH ZOCTYIIAH U Y eIeKTPOHCKOj popmu (Ha
cajTy Yunremckor pakynrera y beorpany).

Ca BepoM y YCIIeIIHY capafimy,
Cpnadas nosapas,
np Bepa K. Pagosnh

I7IaBHU 11 OATOBOPHN YPETHMK
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Word of guest editor

The history of mathematics and its uses of in mathematics education have been identified and described
many times in the last century or so. More recently, in the past decade, they have been classified and identified
both in terms of the uses in the classroom, and the uses of the history of mathematics in mathematics teacher
education and training. The various international bodies now give attention to the history of mathematics in
and of education:

1. ICME (International Congress of Mathematics Education) has a regular topic study groups — one on
the history of mathematics in education and one on the history of mathematics of education

2. HPM (History and Pedagogy of Mathematics) is a world-wide association of academics who hold
biannual meetings; once every four years meetings are held as satellite meetings to ICME and in
between those (two years into the period) it holds European Summer University. The HPM is an
associate of the International Mathematics Union and contributes to the work of the same.

3. The national academic associations such as the Canadian Society for the History of Mathematics and
the British Society for the History of Mathematics hold regular (and sometimes joint) meetings which
link colleagues from across the Atlantic.

All of these events generate a considerable scholarship which finds publishing outlets in proceedings and
in addition the three journals in the English speaking world that regularly deal with the matters of interest to us
here: the Historia Mathematica, the BSHM Bulletin (Journal of the British Society for the History of Mathematics),
and the International Journal for the History of Mathematics Education. So why do yet another special edition or
volume such as the one we have in front of us here?

Two main reasons come to mind. Redefining identities that have emerged since the collapse of the Berlin
Wall relate also to the redefining influences and ways of communicating educational policies. The history of
mathematics, and the history of mathematics education, although primarily concerned with mathematics itself,
are nevertheless coloured by the national and international contexts of societies from which they arise, and this
issue testifies to that through different interests and foci of some of the papers.

The second reason is the learning itself: learning of the children in our classrooms, teachers in training
and development, and our own learning. Our is the crucial world here - our contributors” and the contributors’
societies learning, is very much the focus of our efforts — through this issue we look at the practices and traditions
of societies that span the international mathematics education community from Japan and Indonesia, via
historical empires, to the present-day Catalonia and Serbia. But the selection itself also shows the interest that
these contributors were keen to engage with the process of communicating their experiences and knowledge via
the first English edition of the Innovations, dedicated to the teaching of mathematics.




This is then the place where we mention each of the contributions and thank the contributors for their
efforts, professionalism, extremely interesting stories, and their support for this new initiative.

The first in line is ‘History of mathematics and teaching mathematics’ by Mirko Deji¢ and Aleksandra
M. Mihalovi¢, whose paper gives interesting quantitative and qualitative data which is an outcome of a wide-
survey of teachers and their uses of the history of mathematics in their classroom. It is a great introduction to
the research in mathematics education that shows the links between competencies of mathematics teachers and
their awareness of the use of history of mathematics in primary classrooms.

On the ‘Culture of Creativity in Mathematics Education’ by Bronislaw Czarnocha gives a fascinating
account of the ways in which teachers can support creativity in the pupils, and these are not only described but
actually given in a set of principles to be used in the teaching of mathematics. Czarnocha shows us some of
the work he has developed and presented at the 38" meeting of the International Group for the Physchology of
Mathematics Education (PME) earlier in 2014 (July 15-20).

The paper that gives an overview of mathematics education in the Balkan societies I wrote based on
the research I did some years ago for my chapter on the Balkan mathematics which appeared in the Oxford
Handbook for History of Mathematics. This gives an insight into the historical framework from which Balkan
societies developed their educational practices. Both Greek and Ottoman mathematics is, in the view of the
contemporary mathematician perhaps seen as the origin of two greatest mathematical traditions, but their
mathematical education was heavily influenced and dependent on developments from the Western European
countries in the 19" century. The Serbian mathematics education is quite unique - to create a strong mathematical
culture from one school and virtually one mathematician shows some ingenuity and resilience of spirit.

Mailizar Mailizar, Manahel Alafeleq, and Linguo Fan’s article gives us an overview of the historical
overview of mathematics curriculum reform and development in modern Indonesia. One of the largest
educational systems of the world, but little known outside of the country, and certainly in Europe, this is
an interesting insight into the South-East Asian mathematical culture with all its trials and tribulations. It
shows not only differences, but similarities with other mathematical education cultures elsewhere, some of
which have been presented in this issue. The influence of US and UK mathematics educators since Indonesia’s
independence, was deeply coloured by what became known as the ‘new math; bringing with itself the same
problems that occurred in the societies from which it originated. But as with other types of viruses, so this ‘new
math’ virus seems to have been more deadly in the new career, and how Indonesia dealt with it is both to be
admired and learnt from.

Atsumi Ueda, Takuya Baba and Taketo Matsuura contributed with describing the values in Japanese
mathematics education from the perspective of open-ended approach. Japanese mathematics education is
world-renowned for the development of its open-ended approach. This paper gives an insight into what it
actually means and how it got developed — with Japanese mathematics being prominent for its success and
individuality this is an extremely valuable lesson to learn.

Karmelita Pjani¢ follows this article with the one on the ‘Origins and Products of Japanese Lesson Study.
Again, this practice that originated in Japan, has been introduced and followed throughout the world. I myself
use it in my training and development of teachers and find that its benefits are innumerable. To learn about its
origin is therefore enlightening and also offers invaluable information that sheds more light on the process of
lesson study cycle.

10



‘Mathematical And Cultural Messages From The Period Between The Two World Wars: Elin Pelin’s Story
Problems’ is an article by Iordanka Gortcheva which gives a lovely description and analysis of the mathematical
problems for the classroom developed in Bulgaria by Elin Pelin, an amateur mathematician. In contrast to
this, the chapter by Aleksandar M. Nikoli¢ on Judita Cofman, gives an additional insight into the culture of
learning mathematics in the neighbouring Serbia, during the 20™ century, and her efforts in developing support
structures for the young mathematicians of the region.

Last, but by no means least, was the contribution by Maria Rosa Massa Esteve who wrote for us about the
‘Historical activities in the mathematics classroom: Tartaglia’s Nova Scientia (1537)’. An excellent, beautifully
illustrated paper, it gives very practical ideas for the use of original sources in the classrooms. This in itself is
a skill that is worth learning, but at the end of this issue, this paper is also a call for all our current and future
contributors to look for inspiration from their local, national, and regional histories to create sources for the
classroom internationally.

We hope that we will be able to put an issue perhaps based on such future work, in a couple of years
time, and see some of our current contributors submit their work again. Olivera Djoki¢' and I very much
enjoyed working with you all and thank you very much for your contributions! We hope to see you all at some
mathematics education event.

Snezana Lawrence’, PhD, Guest Editor

1 olivera.djokic@uf.bg.ac.rs
2 s.Jawrence2@bathspa.ac.uk
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Yeogna peu iocinyjyhei ypegnuxa

Vcropuja mMaTeMaTiKe U IbeHa IPUMEHAa Y MAaTeMaTMYKOM 00pa3oBamy OfABHO CY Ipelo3HaTe Kao
Ba)XKHe, I Kao TakBe 13a cebe MMajy BelmKu Opoj HamMCcaHMUX 1 00jaB/beHUX pafoBa. Y cKopuje BpeMe (Ipe-
I[3HUje: TOKOM IIPOTeKJIe JelieHNje), UCTOpUja MaTeMaTIKe U ’heHa IIPYMeHa Y MaTeMaTM4KoM 00pa3oBamy
KTacuduKoBaHe Cy — KaKo y IOI/IeAy IPYMeHe Y YIMOHMIY, TAKO U Y TOI/IeAy UCTOpHje MaTeMaTHKe Y MaTe-
MaTHYKOM 00pasoBamy 1 ocrnocobspaBamy 6yayhux HacTaBHuKa. Pasmmunra mehynaponna Tenma nocsehyjy
Ny UCTOPUjM MaTeMaTUKe U MaTeMaTUYKor obpasoBama. HaBenymo ux.

1. MehynapongHu KoHTpec MaTeMaTM4KOr obOpasoBama (International Congress of Mathematics
Education, ICME), xoju mocenyje fiBe peffoBHe CeKIMje y KOPIyCy CBOjUX CeKIuja — jeHy moceheny
VICTOPUjU MaTeMaTuKe y 06pa3oBamy U Ipyry mocseheHy ncropujyu MaTeMaTIKor 06pasoBama.

2. Vctopuja n neparoruja maremaruke (History and Pedagogy of Mathematics, HPM) npencrasmpa
CBETCKO yZIpY>KeIbe aKa/IeMIKa KOje Ofip’)KaBa Hay4yHe CKYIIOBE je[IHOM Y JIBe TOJVHE; jeTHOM y YeTUPK
rof[He CKYII ce OfipXKaBa 3ajefHo ca MehyHapogHUM KOHIpecoM MaTeMaTH4KOT 00pas3oBama, a y
OHUM TOf[MHAaMa Kajja OH HIUje 3ajefHNYKN (IBe TOAMHe Ipe/Nociie 3ajeHNYKOr), ofip>kaBa ce EB-
poncku nerwu yHuBepsuteT (European Summer University). Vicropuja u nmemaroruja MaTeMaruke
3BaHMYHO je capafgHuk MebhyHnaponse yHuje 3a maremaruky (International Mathematics Union), unjn
paj; moMae.

3. HanyonanHa akafieMcKa yApyXKemwa, Kao mTo cy KaHaficko [ApylITBO 3a MCTOPMjy MaTeMaTMKe
(Canadian Society for the History of Mathematics) u bpurancko ApyImTBo 3a MCTOpPUjy MaTeMaTuKe
(British Society for the History of Mathematics), ogp>xaBajy pemoBHe (oHeKaJ U 3ajeHNYKe) CKYIIO-
Be KOjI [T0Be3Yjy Kojere peko ATIaHTHKA.

CBa 0oBa Te/ra CBOjMIM PaJIOM /1ajy BENMKM JOIIPUHOC Y BUAY IYO/INKOBAaHNX M3/jathba, KAo IITO Cy 300pHM-
1M Ca HayYHMX CKYIIOBa, Te TPU Hay4YHa YacoIca 3a NCTPaKMBade ca eHIIECKOT TOBOPHOT HOApPYYja Y UMjUM
pajgoBuMa ce obpalyjy nurama on nHTepeca 3a Hac: Vcitiopuja maitiemaiiuxe (Historia Mathematica), Yacotiuc
dputtianckoi gpywitiéa 3a uciiopujy mammemaitiuxe (Journal of the British Society for the History of Mathematics,
BSHM Bulletin) u Mehynapoghu uacotiuc 3a ucitiopujy mamiemaimiuukoi odpazosarwa (International Journal for
the History of Mathematics Education). Mo>xeMo fia TOCTaBMMO NUTambe — OTKYJ OHZIA ToTpeba 3a joll jeTHUM
U3lalbeM Kao ILITO je moceOHO usfame dacomuca Muosayuje y Hacimiasu (Teaching Innovations), xoje cToju
mpex Hama?

Hagemhemo nBa pasnora.

IIpomeHa MpeHTHUTETa KOja ce IojaBM/Ia HAaKOH IaZia bepamHCKoOr 3uja OGHOCK ce U Ha IIPOMEHY yTH-
I1aja 1 Ha4lHA KOMYHMKaIje 00pa3oBHUX ONMUTHKA. VICTOpMja MaTeMaTIKe M UCTOpMja MaTeMaTU4KoT 0Opa-
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30Bamba, MaJla Ce IPBEHCTBEHO HaBe CaMOM MAaTeMaTUKOM, MIAK Cy 06ojeHe HaloHaMHUM 1 MehyHapogHuM
APYIITBEHMM KOHTEKCTUMA U3 KOjUX HACTAjy, a Hall Temaill HEKMM Of CBOjUX pajioBa CBEJJOYM Y IPUJIOT TOME
— TO MOXKEMO Y3€TH 3a IIPBU Pa3JIor.

Ipyru pasyor je camo y4emwe — yueme Koje ce OfjByja y HalllM y4MOHMIIaMa, yuere Oynyhux HacTaB-
HIKa KOji ce 00y4aBajy 3a I10cao y bIMa, Kao U Hallle COIICTBEHO yuemwe. OBJie je K/byYHO MOCTIefibe — YIeHe
ayropa Temailia, anu ¥ CBUX YWIAHOBA APYIITBA KOje yul, a y GOKYCYy HalIMX HANopa exu crefehe: opum Te-
Maiiom carjiefiaBaMo Ipakce ¥ Tpajuiyje IpylITaBa Koje o0yxBarajy MehyHapoaHy 3ajefHIIY MaTeMaTUIKOT
obpasoBama of JanaHa 1 VH/j0He3uje, IpeKo BeNMMKMX IapCcTaBa, o AaHaiumwe Katamonuje n Cpbuje. Takobe,
caM u360p panoBa y Temailiy IOKasyje MHTepeCcoBame ayTopa Koju Cy OMIN CIIpeMHM Ja ce YK/byde y Ipo-
1jeC IIpeHolIeba CBOjMX MICKYCTaBa I 3Hamba IPeKo IIPBOT eHITIECKOT M3/jatba yaconca VMHosayuje y Haciiasu
(Teaching Innovations) nocseheHor mMaTeMaTM4koM 00pa3oBaby.

JlaheMo KpaTtak OIuC CBaKoT pajia M MICKOPUCTUTY IIPV/IMKY Jja 3aXBa/IMIMO ay TOPUMA Ha BUXOBOM TpY-
Iy 1 IpodeCcoHann3My KOju Cy IoKa3am B0k je Tematii HacTajao, Ha OATOBOPHOM IPUCTYITY M3Y3€THO 3aHM-
M/BVMBMM IIpO6/IeMMMa KOjiiMa ce y paioBuMa 6aBe, Kao 1 Ha IOAPILIIM KOjy Cy HaM Npy>kxunu fa Temait, Kao
HOBA MHUIIVjaTNBA, yI/Iefja CBET/IOCT JlaHa.

I[IpBu unanak y Temaifiy HOCU HacnoB ,,/IcTopuja MaTeMaTnKe 1 HacTaBa MaTeMaTyke Mupka Jlejuha n
Anekcanppe M. Muxamrosuh. OH JoHOCK 3aHMM/bMBE KBAHTUTATHUBHE ¥ KBa/IMTAaTVBHE MOfjaTKe IPUKYIUbe-
He MCTINTHBAbEeM MUIIbeha HACTABHMKA O YIIOTPeOy CTOpHMje MaTeMaTuKe y y4noHuIu. Ped je o ommmaHOM
YBOJY y UCTpaXKVMBake MaTeMaTMIKOT 00pa3oBama Koje Iokasyje Be3y nsmely koMmnereHIja HacTaBHIKA Ma-
TeMAaTVKe U IBIXO0Be CBECTH O IIPYMEHN UCTOPMje MaTeMaTHKe Y HaCTaBM.

Ynanak ,,O KyITypy KpeaTMBHOCTM Y MaTeMaTn4koM obpasoBamy BponucraBa YapHoxe faje 3anm-
B/bYjyhu IIpe/ior Kako HaCTaBHMIIM MOTY Aa MOAP>Ke KPEeaTUBHOCT CBOjUX YYEHMKA — He CAMO OIIICOM KaKO
61 ce TO MOIIO M3BeCTH y yunoHuIy Beh popMy/cameM CKyIla IPUHIUIIA KOjJ MOTY Jia ce KOPMCTe Y HacTa-
BM Y KOjOj HACTaBHMIM ITOACTUYY Pa3BOj KpeaTMBHOCTH yoruTe. YapHoXa IpuKasyje HeKe off CKOpO IpeficTa-
B/bEHVX pe3y/ITaTa UCTpaXKMBama Ha 38. cacTaHKy MehyHapojiHe rpyIie 3a IICUXOJIOTMjy MaTeMaTHIKOT o6pa-
3oBama (PME) y 2014. rogmun (15-20. jyna), npeucnnTyjyhn nx Ha Hay4HOj OCHOBIL.

YraHak Koju faje Iperies; MaTeMaTUIKor obpasoBama Ha BamkaHy Hanucana caM Ha OCHOBY MICTPaXKH-
Bama KOje caM M3BeJIa IIpe HeKOIMKO TOfMHA 1 KOji je 06jaB/beH Kao MOITIaB/be O MaTeMaTuiu Ha bankany y
Oxcgpopgckom tpupyunuxy 3a uciiopujy matiemaitiuxe (The Oxford Handbook of the History of Mathematics).
Ibume ce ocTBapyje yBUJ y MCTOpPMjCKe OKBMpe GaTKaHCKMX HApofia, KOju Cy pasBMjamy CBoje 0Opa3oBHe
npakce. Tako ce ¥ rpyKa ¥ OTOMAaHCKa MaTeMaTHKa, 10 MUALI/beby CaBPEMEHNX MaTeMaTuyapa, Bujie Kao JiBe
Be/MKe MaTeMaTHIKe TPaJyiiije Ha OBOM IIPOCTOPY KOje Cy CHaXKHO yTHIla/le HA MaTeMaTU4Ko 0OpasoBame
Oa/KaHCKMX HapoJia, a Koje ¢y y 19. BeKy 3aBMcmIIe Off 3allaffHNX eBPOICKUX 3eMasba. [Toce6HO MaTeMaTIKO
obpasoBame Ha bankany cTBopuo je y Cpbuju jaky MaTeMaTH4Ky KyATypy YHYTap jefjHe IIKOJIe I jeffHOT Ma-
TEMATUYKOT Te€HMja KOjU je MCIIO/bYO MHTEIUIEHTaH M elaCTUYaH IyX.

Unanak ayropa Mamnmmnsapa Mamwmsapa, Manaxen Anadenek u JInanryo ®ana fjaje HaM MCTOPUjCKU
nperes; peopMe HaCTaBHOT IporpaMa MaTeMaTuKe U HeroB pasBoj y caBpeMeHO] VIHoHesuju. JemaH of
HajBehux 00pa3oBHUX CHUCTEMa y CBETY, a/ll Majio IIO3HAT BaH 3eM/be, MocebHo y EBpony, naje saHUM/bMB
YBUJL Y MaTeMaTU4Ky KYITYPY jyrOUCTOYHe A3uje, ca CBUM CBOjUM NpEeNCINTUBABUMA U nToTenkohama. OH
II0Ka3yje He caMo pas/yke Beh M CIMYHOCTY ca IPYIMM KYATypaMa MaTeMaTU4YKOT 00pa3oBama, Off KOjUX Cy
HeKe IpefcTaB/beHe Y oBoM lemaitiy. CBe off yTuIlaja MaTeMaTMYKKX Iefarora n3 CjemumbeHnx AMepUIKIX
HOp>xaBa u Bennke bpurannje no npornamema HesaBucHOCTY VIHA0HE3Mje 61710 je TYOOKO 060jeHO OHUM ILITO
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je TIoCTao IMOo3HATO Kao ,HOBA MaTeMaTHKa“, Koja je coboM HOCH/Ia CTe mpobiemMe KOji Cy ce JielaBamm y
ApPYIITBMMA 13 KOjUX Cy HPOMCTEK/IN. AJIM Kao ¥ KOJ, APYTUX BMPYCA, TAKO je U 0Baj BUPYC ,,HOBA MaTeMaTH-
Ka“ CMPTOHOCHUjM y HOBOM O0/INYjy; HauVMH Ha Koju ce VHToHesmja 60puia ca BUM jecTe 3a [UBJbeHe I U3 Te
6opbe ce MOXe JOCTa HAYYNUTY O TOMe KaKO Ce ca TAKBUM IIPo6/IeMoM Tpeba HOCUTHL.

Anymn Yepa, Takyja Ba6a n Takero Mamypa fanu cy cBoj gonpunoc Temailiy aHanusupajyhu Bpen-
HOCTY jaIIaHCKOT MaTeMaTHYKOT 00pa3oBama 113 NepCHeKTIBe OTBOPEHOT IPKCTYIIA. JalaHCKO MaTeMaTU4KoO
o0pa3oBarme CBETCKM je IPMU3HATO Ko IMOKpeTady pa3Boja OBOT NMpUCTyIA. YIaHak faje YBUJ Y TO IITA 3aIpa-
BO 3HA4YM IIOMEHYTU OTBOPEHU IPUCTYII X KAKO C€ OH Pa3Byjao — jallaHCKa MaTeMaTUKa y BENMKOj MepH je 3a-
CITy>KHa 3a ETOB YCIIEX U IeroBe 0COOEHOCTI, O YeMy CBEOYM OBaj paj.

Kapmennra ITjannh nperxopsu uwiaHak mpaTtu cBojuM ,,IIopekiio 1 mponsBop jamaHcke CTyamje qaca’™.
IIpakca noHuka y Janany ommcaHa je u npahena mmpom csera. Kopucrua caM je y o6ynu u ycaBpluaBamy
CBOjMX CTyfAeHara, Oymyhyx HacTaBHMKA, M CMaTpaM Ja Cy HbeHe IPeJHOCTY BULIECTPYKe. YKOMMKO JKeTnTe
Jla casHaTe BUIIle O IIOPEKITy jallaHCKe CTyaMje yaca, KapMennTuH paz faje Henpouewuse MHopMaluje Koje
OCBeT/baBajy caM LUKIYC CTyAMje Jaca’

»MaTeMaTuike ¥ KyATypHe IOpykKe 13 Imepuopa mnaMmely mBa cBeTcka paTa: mpo6meMm TeKCTyalTHUX
3agaTaka Emnna IlennHa® ynanak je Jopmanke ToueBe xoju maje fo6ap onuc u neny aHaaM3y MaTeMaTHYKUX
npob6nema pasBujeHux y byrapckoj 3a yunonuny Ennna Ilennna, maTematnyapa amarepa. Hacynpot Tome,
TekcT Anekcanapa M. Hukommha o Jynutn IJodman npyska gomaTHu YBUA Y KYITYpY ydema MaTeMaTuKe
y cycennoj Cpbuju y 20. Beky, 1 Oenexu HbeHe Halope y Be3U ca pa3BojeM CTPYKTYpHe HMOApPIIKe MIAfUM
MaTeMaTU4YapyMa y PEeTMOHY.

Ilocnenmu, anu He U HajMambe BaKaH, jecTe 4iaHak Mapuje Pose Mace EcreBe, Koja je Hammcana 3a
Hac pajj HaclIoBa ,,JIcTopmjcKke aKTMBHOCTY Ha YacoBMMa MaTeMaruke: Tapraeuna Nova Scientia (1537).“ On-
JIMYaH, €TI0 WIYCTPOBAH pafi, KOjy HYAY IIPaKTUYHe Mjeje 3a Kopuirheme OpUrMHATHIX UCTOPUjCKIX U3BO-
pay yunonui. Ped je o BelITuHM Koja je caMa II0 ceOy BpeliHa y4erba, a/lv Ha Kpajy OBOT M3Jama paj Mapuje
Pose Takobe nosuBa cBe Haue cafalbe u Oynyhe ayrope na Haby nHCIIMpanjy y CB0joj TOKa/IHOj, HAlMOHAI-
HOj, ¥ peTMOHA/THOj UCTOPM)jI, KO 1 [la CTBOPE U3BOPE 32 YIMOHNYKY IIPAKCY, KOjU MOTY /ia IOCTAaHy IIpefMe-
TOM MebhyHapOfHNX MCTpaXXBamba MaTeMaTHIKOr 06pa3oBama.

Hapmamo ce f1a je oBaj cenmjanau 6poj gacomca JMrosauuje y naciiasu (Teaching Innovations) oTBopuo
nojbe 3a Oyayhy capanmy ca MehyHapopHUM HcTpakuBaYMMa y 06/1acTyi MaTeMaTIKor o6pasopama. Takobe,
Bepyjemo fa hemo 3a HeKONMKO rofHa BUIETH HeKe Off HalllMX CapajiHNKa ca IhUXOBJM HOBMM PaJIOBUMA, Te
na hemo mohn fa ce BpaTumo uctiM wm cnmaHuM nutamuma. Omusepa Hoknh' u ja cMo Beoma yxusane y
pajly ca BaMa ¥ CTOTa jOIII jeTHOM >Ke/MMO Jja BaM 3aXBa/IMIMO Ha fiparoljeHoM ponpuHocy! Hagamo ce ma hemo
Bac CBe BUJIETV ¥ Ha HEKOM of mpepcTojehnx forabaja koju cy mocseheHy MareMaTakoM 06pas3oBamby.

gp Crexcana Jlopenc®, iociiyjyhu ypegruk

1 olivera.djokic@uf.bg.ac.rs
2 s.Jawrence2@bathspa.ac.uk

14




Teaching Innovations, 2014, Volume 27, Issue 3, pp. 15-30

UDC 51(091)(497.11)
371.3:51

lF— Mirko Deji¢', PhD

Received: 14 September 2014
Accepted: 25 October 2014

FJ Belgrade, Serbia

Aleksandra M. Mihajlovi¢, PhD

lFJ Teacher Education Faculty, University of Belgrade,

Survey Paper

Faculty of Pedagogical Sciences, University of Kragujevac,

Jagodina, Serbia

History of Mathematics and
Teaching Mathematics

Abstract: The paper discusses the possibilities of using contents of history of mathematics as a supporting

strategy in the teaching of mathematics. There is plenty of research that promotes using historical content in
mathematics lessons, but only a few of them are of empirical nature. We will give the brief overview of some
studies and consider different possibilities of integrating contents of history of mathematics into the teaching and
learning process. Moreover, we will point out some benefits of using the history of mathematics such as: increasing
students’ motivation, decreasing anxiety related to the subject, building positive attitude towards mathematics,
better understanding and development of mathematical concepts, changing the students’ perception about
mathematics, development of multicultural approach to the subject, more chances for individual work and
learning by discovery, helping students to understand the role and importance of mathematics in society etc.
Furthermore, we are analyzing the current state of mathematical education in Serbia and some other countries
from the aspect of integrating the contents of the history of mathematics into teaching. The main goal of this
paper is to investigate the teachers’ beliefs and attitudes about possibilities of using history of mathematics in
their practice. Based on the results of the inquiry we will suggest possible ways of how to include and use the
history of mathematics in mathematics classrooms.

Key words: history of mathematics, teaching mathematics, beliefs and attitudes of teachers.

Significance of History of Mathematics

“Mathematics is one of the oldest of sciences; it
is also one of the most active; for its strength is the vig-
our of perpetual youth.”

Andrew Russell Forsyth (1858-1942)

1 mirko.dejic@gmail.com

Mathematics is a human creation, which has
been developing for more than four thousand years.
It emerged as a response to different social and eco-
nomic needs of civilizations such as Babylon, Egyp-
tian, Indian, Chinese, Greek, Roman, to name but a
few. In earlier civilizations, the solution to mathe-
matical types of problems lied in empirical research,
whereas in later periods deductive theoretical meth-
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ods were applied (Karaduman, 2010). Historical de-
velopment of mathematics stresses that mathemat-
ics as a science has always been connected to eco-
nomic and social context and development of so-
ciety. Modern society is more than ever dependent
upon technological changes and phases of its de-
velopment cannot be imagined without mathemat-
ics. If we look at the development of other sciences
such as physics, chemistry or biology, we may notice
that mathematics played an important role in each
of them. Thus, we can say that, as understanding of
the world is based on scientific theories, mathemat-
ics represents an important part of human cultural
and scientific heritage.

Some scientists recognize only the cultural
side of studying history of mathematics (Gnedenko,
1963). They do not recognize other benefits which
we will discuss shortly, and place the history of
mathematics in the historical science. In their opin-
ion, new knowledge and ideas do not rely on the
past, the past can only prevent progress, and many
theories are out of date. This view of the history of
mathematics states that a progress comes only with
new ideas which did not exist in the past, and that
the study of the past is not necessary in the study of
mathematics.

If we open a historical book or textbook used
in educational settings in Serbia, we shall rarely find
anything about a mathematician or historical de-
scription of a mathematics discovery. One may gen-
eralise that, on the grand scale, in the history of phi-
losophy, only mathematicians of the ancient world
and their works are described in any depth. Fortu-
nately, many great mathematicians understood the
necessity of studying the history of mathematics
(ibidem).

Our belief is that it is necessary for a man to
know what provoked the development of mathe-
matical ideas, which methods of study was used in
the past and how the problems that were posed were
solved. Answers to these issues do not have only cul-
tural and historical significance, but are important

for the development of contemporary science. Char-
acteristics of mathematics of a certain epoch, but
also of contemporary mathematics, can be under-
stood only in the context of mathematical achieve-
ments of the past. One example is how the fifth Eu-
clid’s postulate paved the path to the new non-Eu-
clid’s geometries, and they in turn formed the foun-
dation for creating more abstract mathematical con-
structions and axiomatic-deduction systems. A few
other examples about the nature of mathematics: in
Ancient Greece mathematics was a science about
spatial and quantitative relations, but today struc-
tures are dominant and the subject of the research
is far wider. The term limit and function have been
previously connected to mathematical analysis, but
today these concepts have exceeded this application.
But both measure theory and integration have their
deep roots in ancient mathematics. What we are try-
ing to say is that, to know mathematics, one needs
to know its history; as Newton expressed metaphor-
ically he had seen further than others by standing
upon the shoulders of giants.

It seems therefore that to learn mathemat-
ics, it is significant to follow the historical chang-
es in mathematics. Besides knowing historical path
of ideas, concepts and facts, which help us to form
methodological path, we can create the basis for bet-
ter understanding of contemporary concepts and
views in mathematics, which will modernize me-
thodical directions, which have been frequently out-
dated.

In the teaching process, special attention
should be given to developing positive attitudes of
students towards mathematics (Ma&Kishor, 1997,
Akinsola&Olowojaiye, 2008, Memnun&Akkaya,
2012). One of the ways to achieve this is to show and
convince the students that mathematical knowledge
can make their life easier and improve it. But most
importantly, a common sense tells us that Math-
ematics teaching should be organized in the envi-
ronment in which students will eagerly acquire new
knowledge by their own intellectual efforts and abil-
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ities. One of the pedagogical tools for achieving
these goals is history of Mathematics, and we will
now look at how we use this tool in our work.

Significance and role of History
of Mathematics in teaching

One of the reasons we use history of math-
ematics in the teaching and learning of the subject
is that we believe that if mathematical theories are
seen only through their final formulation, without
historical interpretations, students can gain a wrong
impression about mathematics: they seem to then
see it as an artificial creation, which serves men-
tal imagination, but has no connection to practi-
cal work or real-life contexts. This can be overcome
when students, through historical facts, understand
that mathematics from its foundation up to now has
played one of the most significant roles in all are-
as of human life. Students can gain an insight into
mathematical concepts in a deeper and more inter-
esting way and from many examples from the past
can understand that mathematics is not an isolated
discipline (Carter, 2006 according to Goktepe, Oz-
demir, 2013).

The idea of using history of mathematics in
mathematical education is not new. More than a
century ago, Zeuthen (Furinghetti, Radford, 2002)
wrote a book on the history of mathematics aimed
for teachers. Zeuthen considered history of math-
ematics to be an integral part of general education
of teachers. Almost at the same time, in 1894, Flo-
rian Cajori noticed in history of mathematics an in-
spirational source of information for teachers (Kara-
duman, 2010). Freudenthal (1981) thought that in-
troducing the history of mathematics into the ed-
ucation of mathematics teachers would provide a
background to their mathematical knowledge (Law-
rence, 2009). As a starting point towards more seri-
ous scientific studies, we can determine the founda-
tion of the working group for History and Pedagogy
of Mathematics in 1972 at the Second International

Congress on Mathematical Education (ICME), and
the foundation of the International Study Group on
Relations between History and Pedagogy of Math-
ematics in 1976 (Furinghetti, 2005). In the last 20
years the awareness of important role and appli-
cation of history of mathematics in the process of
teaching and learning has been increasing (Gok-
tepe, Ozdemir, 2013). Mathematical Association of
America founded The Institute about the History
of Mathematics and Its Use in Teaching (IHTM) in
1995. At the meeting of the International Congress
on Mathematics Education (ICME) in 1996, the sig-
nificance of the history of mathematics in motiva-
tion of students and using mathematics in teach-
ing activities was stressed. Moreover, at the Interna-
tional Teaching Mathematics Conference (ICTM-2)
in 2002 a special panel section was organized with
the title The Role of the History of Mathematics in
Mathematics Education.

Integrating history of mathematics into the
teaching practice helps students understand that
mathematics is not fixed and final system of knowl-
edge, but that it represents live developmental pro-
cess, which is closely linked to other branches of sci-
ence (Karaduman, 2010). In pedagogical sense, stu-
dents form a scientific view of the world and become
aware of the fact that mathematics always has an im-
portant role in the development of entire culture of a
certain epoch. Through genesis of a certain concept,
students realize that mathematical truths are under-
stood or discovered through usually a very long and
hard work. History of mathematics helps students
understand that errors, doubts, intuitive reasoning,
discussions and alternative approaches are not only
legitimate, but an integral part of mathematics in
the making (Tzanakis & Arcavi, 2000, Paschos T. et
al., 2004). History of Mathematics represents an in-
separable part of mathematics (Goktepe, Ozdemir,
2013).

There are many studies that promote using
history in mathematics classes, and they point at the
advantages it brings. Wilson & Chauvot (2000) talk
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about four main benefits of using history of math-
ematics in the classroom. According to them, its in-
tegration into teaching sharpens problem solving
skills, makes the basis for better understanding the
contents, helps students make different mathemati-
cal connections and enlightens the connection be-
tween mathematics and society (according to Burns
B., 2010). Bidwell (1993) points out that history of
mathematics gives mathematics human dimen-
sion (according to Kaye E., 2008). Marshall & Rich
(2000) stress that history of mathematics enriches
mathematical curriculum and demystifies mathe-
matics, showing that it is the human creation (ac-
cording to Roscoe, 2010). Jankvist (ibidem) talks
about other advantages of using history of mathe-
matics through increased motivation (through cre-
ating interest for the subject), and decreased intimi-
dation (through understanding that mathematics is
a human creation and that its creators also had to
make a great effort in order to come to cognition).
According to him, the use of history of mathemat-
ics can show students new perspectives on the dis-
cipline and enable them to have better insight into
specific mathematical contents. On the other hand,
the history of Mathematics can serve the teacher
as a guide through difficulties, which students face
when learning a certain mathematical topic. Those
difficulties are often similar to those which were en-
countered through some historical development of
certain concepts.

Gnedenko (Gnedenko, 1996, p. 132) men-
tions following reasons of why history of mathemat-
ics should be studied:

1. History of mathematics gives us a wide per-
spective of development of mathematics itself, de-
velopment of its concepts and problems, connec-
tion to the praxis, tendencies for generalization and
proving scientific assumptions

2. History of mathematics is a part of general
history which tells us how mankind was made to de-
velop mathematics and to use its results

3. History of mathematics is one of the pre-
requisites for further development of contemporary
mathematics

4. It is the basis of scientific methodology and
one of the most significant sources of the analysis of
cognitive processes

5. History of mathematics contributes to im-
proving mathematics teaching

6. History of mathematics is integral part of
general human culture.

Many studies, by their results, support the
fact that integration of history of mathematics in
classes influences students’ achievements, their in-
terests and attitudes. Marshall (2000) noticed that
using history of mathematics in classes had a pos-
itive effect on attitudes of students of secondary
schools towards learning mathematics (Goktepe,
Ozdemir, 2013). Idikut (2007) made an experimen-
tal research with the seventh grade students (ibi-
dem). The main aim of this research was to examine
the effect of using history of mathematics as a ped-
agogical tool on attitudes and achievements of stu-
dents. The results have shown that there has been no
effect on students’ attitudes and the level of cogni-
tion, but that there was a positive effect on students’
achievement in mathematics classes. Karaduman
(2010) performed an experimental research in par-
allel groups with 90 students of primary school (age
10, 11 and 12); students of the experimental group
received differentiated instruction and used teach-
ing material with contents from the history of math-
ematics. Post-test results showed that experimental
programme had positive effect on students’ achieve-
ment, ie. that students of the experimental group
had statistically better results than the students of
the control group.

Considering the fact that a teacher is the
one who plans, prepares and performs mathemat-
ics teaching, his/her role must not be neglected in
the teaching process. To which extent and in which
ways the history of mathematics will be integrated
into teaching depend on attitudes and readiness of
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teachers. Ho (2008) conducted survey among teach-
ers of Singapure schools. According to the results,
the author points out three, according to him, sig-
nificant aspects of using history of mathematics in
teaching: potentials, limitations and risks. Accord-
ing to him, most of the teachers do not recognize
potentials for using historical approach (contribu-
tion to better understanding of the topic, creating
a more favourable environment for learning, devel-
oping more positive attitudes of both teachers and
students). Main limitations, according to teachers,
are lack of teacher training in this respect, the lack
of time in the curriculum, and the difficulties in as-
sessing the knowledge of students. As to the risks
inherent in using history in the teaching of math-
ematics, most teachers point out they are worried
to overstress historical content in comparison to the
mathematical, and their possible inability to create
mathematical connections in a short time that les-
son gives to presentation of such ideas.

In this paper, we wanted to examine the cur-
rent state of affairs in relation to the use of history of
mathematics in primary schools in Serbia, formed
by teachers’ perceptions.

Research Methodology

The main research interest of this paper was
to examine the current state in lower grades of the
primary schools in Serbia concerning the use of
the history of mathematics in teaching as well as
the attitudes and willingness of teachers to include
such content into their work. The aim was realized
through the following research tasks:

e To determine to what extent teachers had
the opportunity during their schooling to
learn some history of mathematics

e To determine to what extent teachers in

their current work use the history of math-
ematics

e To examine what sources teachers use to
learn about the history of mathematics, and
what sources they use in the classrooms?

¢ To investigate the readiness of teachers to
introduce into their work the history of
mathematics

e Researching beliefs of teachers about the
role, significance and possibilities of using
history of mathematics in teaching.

The general hypothesis of the research is that
teachers in elementary mathematics teaching do not
use contents of history of mathematics to any great
extent.

The survey technique was used in the em-
pirical research, and a questionnaire was created to
examine the beliefs and attitudes of teachers about
application of the history of mathematics in the
teaching of the subject. The questionnaire consist-
ed of two parts. The first part included demographic
characteristics of a chosen sample (such as the ge-
ographical location of the school in which teach-
ers work, their work experience and level of educa-
tion). The second part consisted of 9 questions, i.e.
7 questions of the closed type and two five-point
Likert scales (the first scale had six and the second
one nine items). Data collected by the questionnaire
were analysed quantitatively. The statistical analyses
included methods of descriptive statistics (frequen-
cy, percentage, mean, standard deviation, coefficient
of variation) and x* test. The independent variables
in the data analysis were the level (degree) of educa-
tion?, working experience, and the geographical lo-
cation of the school.

The research was conducted during the
school year 2012/2013 and included the sample of
112 teachers from five areas of the Republic of Serbia

2 Before 1993 primary teachers in Serbia studied at the Teacher
Training Colleges (post-secondary schools). In 1993 the Assem-
bly of the Republic of Serbia adopted law on establishing teacher
training faculties. According to this classification teachers who
graduated from colleges have 6™ level of education, and teachers
who graduated from faculties have 7" level of education.
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(Jagodina, Rekovac, Kragujevac, Beograd, Vrsac).
Structure of the sample, according to the degree of
education was given in the table 1.

Table 1. Structure of the sample in relation to the
degree of education

6" level | 7™ level Total
Number of teachers 80 32 112
Percentage (%) 24.1 75.9 100

Structure of samples in relation to the geo-
graphical location of schools in which interviewees
work was given in table 2.

tion, although a greater percentage replied that they
had the chance to get to know some of the history
of mathematics during their secondary education,
26.8% to be precise. 69.6% of the total number of
teachers interviewed had experience of the history
of mathematics during their university education.

Through this analysis, we could see that there
is statistically a significant difference in relation to
the education of teachers (y*=5,326, df=1, p=0,021),
and this is shown in the table below:

Table 4. Distribution of replies of teachers in
relation to education

) . I had the opportunity to get
Table 2. Structure of the sample in relation to the to know contents of history
geographical location of the school of Mathematics during uni-
Urban Rural Total versity or college studies
no yes
Number of teachers 27 85 112 6hlevel | F 13 14
Percentage (%) 714 28.6 100 Level | (under- | o 1| g 1o 51.9%
of | graduate)
Structure of samples in relation to working educa-| 7"level | F 21 64
i is given in the table 3. ti tgrad-
experience is given in the table ion (p(;sa;ger)a % 24.7% 75 30
Table 3. Structure of the sample in relation to the F 31 3
working experience Total
EXP ot % | 304% 69.6%

Numbers of years of working experience

0-10| 11-20 | 21-30 |31and more | Total
Frequency 26 33 38 15 112
P
er(c(;)r)ltage 232] 295 | 339 134 |100.0

The data analysis of the research is specially
going to be focused on replies in which statistically
significant differences were shown, according to in-
dependent variables.

Results of the research

1. The first task of the research was to exam-
ine whether teachers during their schooling had
the chance to get to know enough of the history of
Mathematics so that could meaningfully employ it
in their teaching. Only 6.3% teachers responded to
have met with such content in their primary educa-

There is a greater percentage of teachers with
the 7™ level of education in comparison to those
with the 6" level, who had opportunity to get to
know the contents of history of mathematics during
studies. Low value of the phi coefficient (©=0.218,
p=0.021) indicates that there is low association be-
tween the level of education of teachers and experi-
ence of the history of mathematics during their uni-
versity education.

2. Almost a fifth of the total number of teach-
ers 19.8% replied that they used almost always or
frequently some content from the history of math-
ematics. 59.5% of the total number use them rare-
ly, whereas one fifth, 20.1% does not use them at
all. We compared this with the previous results —
whether teachers had opportunity to learn about
the history of mathematics in their own education.
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Teachers who learnt some history of mathematics
during their own studies use it all the time or fre-
quently in their teaching work in higher percent-
age (22, 1%), in comparison to those who did not
have such experience (14.7%). However, it has been
shown that there is no statistically significant differ-
ence (x*=4.198, df=2, p=0.123).

We found that there is statistically significant
difference when it comes to the geographical loca-
tion of the school (y’=14.590, df=2, p=0.001). There
are a greater number of teachers of urban schools
who use the history of mathematics in their work
(21.5%), compared to 15.6% of teachers in rural
schools (table 5). In addition, only 11.4% of teach-
ers of urban schools replied that they almost never
use history, whereas the percentage of rural schools’
teachers were greater (43.8%). Cramer’s V coefli-
cient (V=0.363, p=0.01) suggests a moderate cor-

3. We wanted to examine which sources of in-
formation teachers use to find appropriate contents
from the history of mathematics. Replies of teach-
ers indicate that the greatest percentage of teach-
ers finds such content by using secondary literature
50.9%, 37.5% from the Internet, and 19.6% from tel-
evision. It has been shown that there is statistically
significant difference (y*=7.812, df=1, p=0.005) con-
cerning the level of education of teachers (table 6).
44.7% of teachers with the level seven use the Inter-
net for finding historical content, whilst only 14.8%
of teachers with level six do this. However, low value
of the phi coefficient (0=0.264, p=0.005) shows that
there is low association between the level of educa-
tion of teachers and using internet for finding con-
tents from the history of mathematics.

Table 6. Distribution of teachers’ replies according
to the level of education

relation between the geographical location of the 1 find contents from the history
school and the use of history mathematics in teach- of Mathematics by using the
ing. Possible reasons might be that rural schools li- Internet
braries are usually poorly equipped comparing to no yes
urban schools’ libraries. Furthermore internet is still Levelof | 6" | F 23 4
less available in some rural areas. education | level | % 85.2% 14.8%
th
Table 5. Distribution of teachers’ replies in relation s 47 38
. ) level | % 55.3% 44.7%
to the geographical location of the school . -0 e
i Total
In my work, I'use History of ota % 62.5% 37 5%
Mathematics contents
almost always | rarely | almost 4. We asked the teachers what kind of con-
and often never tents and activities from the history of Mathematics
Geogr aRhl‘ Urban f 107 513 09 they use in their classes. Distribution of replies was
cal location % 21.5%| 67.1%| 11.4% shown in table 7.
of the Rural | F 5 13 14
school % 15.6%| 40.6%| 43.8% Table 7. Distribution of teachers’ replies to question 4
Total F 22 66 23 In my classes I use: f | %
% 19.8%] 59.5%| 20.7% Stories about famous mathematicians 41 | 36.6
Anecdotes 38 133.9

It is interesting to note that the history of
mathematics content is used by teachers who have
greater working experience (more than 20 years of
working experience) 26.9%, whereas this is done by
13.6% of those who work less than 20 years. Never-
theless, this difference has not been shown to be sta-
tistically significant (y?=3.106, df=1, p=0.078).

History of development and origin of some

1.
mathematical symbols 35313
History of development and origin of some
. 26 | 23.2
mathematical concepts
Something else 6 | 54
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As in table 7, the greatest percentage of teach-
ers use stories about famous mathematicians and an-
ecdotes from the history of mathematics. Teachers
from urban schools use stories from life of the well-
known mathematicians around 42.5%, in compari-
son to those from the rural schools 21.9% (*=4,190,
df=1, p=0,041, C=0,190). Distribution of the teach-
ers replies is seen in table 8.

Table 8. Distribution of teachers’ replies in relation
to the geographical location of the school

I use stories about famous
mathematicians in my work
no yes
F 46 34
i b
Geographical | urban 7 ™5, 5 2.5
location of
the school | rural F 25 ’
% 78.1 21.9
F 71 41
Total % 63.4 36.6

The situation is similar when it comes to us-
ing anecdotes (y*=4,604, df=1, p=0,032, C=0,199).
40% of teachers of urban schools use the anecdotes,
and only 18.8% of teachers of rural schools do this
(table 9). Since most teachers use literature as a main
source of information, the reason might be that li-
braries of the rural schools are less equipped than li-
braries of the urban schools.

Table 9. Distribution of teachers’ replies in relation
to the surrounding in which the school is situated

I use anecdotes in my work

no yes

Geographical F 48 32

1 grap urban - 60.0 40.0

ocation of

F 26 6

the school | rural o7 3 18.8
F 74 38

Total % 66.1 33.9

It has been shown that there is a greater per-
centage of teachers with university education 41.2%
who use anecdotes in comparison to teachers with
college education 11.1% (%?=8,263, df=1, p=0,004,

C=0,262). Comparing these results with the results
from the previous questions, we can say that one of
the possible reasons can be that teachers, who com-
pleted university studies, had learnt more of the his-
tory of mathematics than those who graduated at
the college.

5. Replying on the question whether the “His-
tory of Mathematics contents should be included
into the teaching curriculum of Mathematics in pri-
mary schools”, most of the teachers had positive re-
ply: 48.1%, whereas 32.4% was not sure and 19.4%
responded negatively. This question was affirma-
tively answered by a greater percentage of teach-
ers who have been working less than 20 years at
schools (54.4%) in comparison to those who have
been working more than 20 years (41.5%). Howev-
er, this difference has not been shown to be statisti-
cally significant (y’=5.310, df=2, p=0.070). In addi-
tion, there is a higher percentage of teachers with
university education (51.9%) who have affirmative
replies in comparison to those with college educa-
tion (37%). Nevertheless, testing teachers’ replies ac-
cording to this independent variable, there was no
statistically significant difference (y*=2.853, df=2,
p=0.240).

6. When asked whether they were ready to in-
clude contents from the history of mathematics into
their work to a greater extent, most of the teach-
ers gave positive replies 79.3% (13.5% responds
that that they are ready to include these contents,
and 65.8% reply that they are ready to include them
occasionally). There is no significant difference ac-
cording to any independent variable: concerning
the level of education of teachers (x*=1.523, df=3,
p=0.677), concerning the geographical location of
school (y*=6.748, df=3, p=0.080), concerning the
working experience (y’=1.516, df=3, p=0.679).

7. The main aim of this question was to exam-
ine the attitude of teachers about the significance of
using contents of history of mathematics in teach-
ing. Table 10 presents each of the item codes used in
the first Likert’s scale.
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Table 10. Definition of the Likert’s scale item codes
Code

Items

Contents from the history of Mathemat-
ics offer teachers opportunities to motivate
students

Cl1

Contents from the history of Mathemat-
ics offer teachers opportunities to provoke
curiosity

C2

Contents from the history of Mathemat-
ics offer teachers opportunities towiden
students’ knowledge

C3

Contents from the history of Mathematics
offer teachers opportunities to make con-
nections between Mathematics and every-
day life

C4

Contents from the history of Mathemat-
ics offer teachers opportunities to connect
Mathematics and other fields and teaching
subjects

C5

Contents from the history of Mathematics
offer teachers opportunities to make some
mathematical contents closer to students

C6

Table 11. Distribution of teachers’ replies to question 7

Results show that, in general, the attitudes of
teachers in regards to the possibilities to use the his-
tory of mathematics in mathematics teaching were
positive and homogeneous, and this is encouraging.
The overall average for the Means of teachers’ atti-
tudes toward the possibilities to use history contents
was M=4.12 and standard deviation SD = 0.88. Co-
efficient of variation value (C = 21.40) indicates that
teachers’ attitude towards possibilities to use histo-
ry contents in mathematics teaching is relatively the
same.

Most of the teachers believe that contents
from the history of mathematics help their stu-
dents to understand better some mathematical con-
tents, enable them to expand their knowledge, pro-
voke their curiosity and give them opportunity to
connect mathematical contents with learning and
teaching of other subjects and everyday life. In ad-
dition, most of the teachers responded that contents
from the history of mathematics help them to mo-
tivate students (this statement is approved totally or
partially by 72.4% teachers, but there is a number
of those who are not sure 8.9% and who disagree

2 § Standard Coeflicient of
Ttem N ‘i Y - = %: Mean Deviation Variation
= 5]
Codes = . 2 g .5 -g © = (M) (SD) C)
5 £ ] g £ s 8 ks v
< o o < O [aPERSYS) S
—_ S — —_ QO — —
2 10 10 49 32 24.98
1 112 3.96 0.
c 1.8% 8.9% 8.9% 43.8% 28.6% ? »
3 8 2 44 1 23.65
C2 112 4.22 1.00
2.7% 7.1% 1.8% 39.3% 5.5%
0 6 9 54 ] 19.30
112 4.1 .
€3 0% 5.4% 8.0% 48.2% 3.9% 6 0.80
1 7 10 51 6 21.76
C4 112 4.09 0.89
0.9% 6.3% 8.9% 45.5% 2.1%
0 4 12 59 3
112 4.12 . 18.
5 0% 3.6% 10.7% 52.7% 9.5% 0.75 8.09
0 5 15 44 4
Cé6 112 4.18 0.84 20.14
0% 4.5% 13.4% 39.3% 9.3%
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10.7%). It has not been found whether the attitudes
about the advantages and importance of using the
history of mathematics in teaching were determined
by years of working experience, educational degree,
and geographical location of the school.

8. One more issue we have dealt with in this
research was to investigate causes that affect the use
of the contents of history of mathematics in teach-
ing. When creating Likert’s scale, we used some
items that Siu (2007) used in his research. Siu ex-
amined opinion of mathematics teachers about the
possible reasons for not using the history of math-
ematics in the classroom. He created the list of 16
unfavourable factors. We adjusted eight items, from
the instrument which was used by Siu, for our scale
aimed at primary teachers.® Table 12 presents each
of the item codes used in the Likert’s scale.

Table 12. Definition of the Likert’s scale item codes

Code Items

I do not use contents from history of Math-
ematics in my classes, because there is not
enough literature about their application in
classes

I do not have enough time to use contents
HM2 |from history of Mathematics because of the
compulsory curriculum

Students do not have enough general knowl-
HM3 |edge, so that they can understand and appreci-
ate contents from the history of Mathematic
Using contents from the history of Mathemat-
HM4 |ics does not influence better students” achieve-
ment

I am not sufficiently trained for using contents
of the history of Mathematics in teaching
Students do not like contents from the history
of Mathematics

Contents from the history of Mathematics are
boring for students

Using contents from the history of Mathemat-
ics can only confuse students

Contents from the history of Mathematics do
not have connection to Mathematics

HM1

HM5

HM6

HM7

HMS8

HM9

3 Ttems 1, 2, 3, 4, 5, 6, 7 and 9 (table 11) are modified items
from the questionnaire used by Siu (2007).

Values of the calculated statistical parameters
(mean, standard deviation, coeflicient of variation)
show that teachers believe that the greatest obsta-
cle for using history of mathematics in teaching are
the insufficient use of appropriate literature and lack
of time (table 13). Nevertheless, values of the coef-
ficient of variation show that attitudes of teachers
on these issues are heterogeneous; 54.5% of teach-
ers think they haven't got enough time for historical
research, but more than half of the teachers, 50.9%,
agree with the statement that there is not enough lit-
erature, whilst the second half of our population is
not sure or disagrees. Siu (2007) got similar results:
53% of mathematics teachers see the problem in in-
sufficient time in the classes, and 50% think that the
problem is the lack of literature and adequate teach-
ing materials. It is interesting that 46.5% of teachers
disagree (totally or partially) with the statement that
they are not sufficiently trained for using the history
of mathematics in teaching, 19.6% are not sure, and
26.8% agree with this statement. (Siu in his research
came to the result that 78% of mathematics teachers
think that they lack adequate training for using his-
torical content). In relation to this issue then, the at-
titudes of teachers are heterogeneous.

It is encouraging to find that, for example, the
primary teachers in our survey negatively marked
the statement that the history of Mathematics does
not have any connection to mathematics. Yet, de-
spite the fact that 70.6% of teachers totally or par-
tially disagree with this statement, there is a small-
er percentage of those who are not sure (14.3%),
and those who think that the history of mathemat-
ics has nothing to do with mathematics make the
rest: 6.3%. When it comes to the teachers of math-
ematics, Sui (2007) finds that this statement is not
approved by 87.49%. Primary teachers are divided
in their opinion about the statement that using con-
tents from the history of mathematics does not in-
fluence pupils’ achievement for the better. The great-
est percentage is given to those who say they are not
certain in this respect: 27.7%. Siu came to the simi-
lar results.
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Table 13. Distribution of teachers’ replies to question 8

B . o Standard | Coefficient of
Item © = o o = o = Mean . . .
N > 0 S o 9 o < > 0 % Deviation Variation
code S| En| 5 20 | T B = (M)
sg| &5 | E£| 52| 52 S (SD) (Cy)
S5l -8 | S8 SR 28 Z
f 9 17 20 38 19 9
HMI1 | 103 3.40 1.22 3577
% 8.0 15.2 17.9 33.9 17.0 8
f 19 12 12 44 17 8 41.81
HM2 | 104 3.27 1.37
% 17.0 10.7 10.7 39.3 15.2 7.1
f 21 26 16 31 10 8
HM3 | 104 2.84 1.32 46.37
% 18.8 23.2 14.3 27.7 8.9 7.1
f 22 20 31 22 10 7
HM4 | 105 2.79 1.26 45.19
% 19.6 17.9 27.7 19.6 8.9 6.3
f 33 19 22 28 2 8
HMS5 | 104 2.49 1.25 >0.05
% 29.5 17.0 19.6 25.0 1.8 7.1
f 40 20 24 13 3 12
HM6 | 100 2.19 1.19 >4.18
% 35.7 17.9 21.4 11.6 2.7 10.7
f 49 19 20 12 4 8
HM7 | 104 2.07 1.22 >8.86
% 43.8 17.0 17.9 10.7 3.6 7.1
f 48 17 21 16 0 10
HMS8 | 102 2.05 1.15 2595
% 42.9 15.2 18.8 14.3 0 8.9
f 61 18 16 7 0 10
HM9 | 102 1.70 0.97 5736
% 54.5 16.1 14.3 6.3 0 8.9

The statement that contents from the history
of mathematics can only confuse pupils in the class-
rooms is completely and partially disapproved by
58.1% of teachers. Similarly, most of the teachers to-
tally or partially disagree that contents of the history
of mathematics is boring for their pupils (60.8%),
that pupils do not like it (53.6%), or that pupils
themselves do not have enough general knowledge
in order to understand and appreciate such content
(42%). Considering the values of the coefficient of
variation, we can conclude that attitudes of teachers
are heterogeneous for these questions. Siu finds that
36% of mathematics teachers believe that students
do not have enough general knowledge to appreci-
ate historical contents.

Replies of teachers to these questions were
compared to the replies on the question to which ex-
tent they use the content from the history of Math-
ematics in their work. The greatest percentage of
teachers 57.8% who almost never or rarely use such
content replied that this was because they did not
have enough time in their lessons due to the need
to cover the compulsory programme. 52.4% replied
that they did not have access to relevant literature.

9. Considering the fact that one of the forms
of compulsory professional development of teach-
ers is attending accredited seminars, we wanted to
examine whether the teachers would like some of
the topics at this seminar to be devoted to possibili-
ties of applying history of mathematics in primary
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teaching. The greatest percentage of the total num-
ber of teachers replied affirmatively, 68.8%. Some
teachers were not sure, 12.5% and 18.8% of them re-
sponded negatively. We compared answers to these
questions to replies to the previous question.

Most of the teachers (58.3%) who said they
wanted to hear more about the history of mathe-
matics in seminars replied that the reason they do
not use more of history in their lessons was the lack
of literature and lack of time during regular classes.
About one half of these teachers, 56.2% think that
they are trained, and 15.1% are not sure, whereas
28.8% think that they are not sufficiently trained to
include such content in their work.

Concluding remarks

It is very important for future primary school
teachers and mathematics teachers to get to know
the genesis of mathematical concepts and state-
ments and many studies and research point at this
(Schubring et all., 2000, Deji¢, Egeri¢, 2010, Gok-
tepe, Ozdemir, 2013). In teaching and learning of
mathematics, students often form certain math-
ematical concepts in the way these concepts have
been themselves formed: direct counting, measur-
ing, observation, etc. of the real objects. Of course,
the students do not go through the complete histori-
cal development (which sometimes lasts for centu-
ries) in learning the certain mathematical concepts,
but use shorter routes which can be facilitated by
appropriate methodological transformation of the
mathematical contents (Deji¢, Egeri¢, 2010).

In mathematics teaching in the lower grades
of the primary school and later, teachers can use
facts from the history of mathematics to get students
interested in the topic they teach. Telling appropri-
ate anecdotes about great mathematicians, contrib-
utes to pedagogical work by example in the best pos-
sible way. There is a general agreement that famous
historical anecdotes are effective in order to break
monotony and make the class more interesting (Ho,

2008). If children like a mathematician, they may
get interested in his/her work more. Gauss was only
9 when he managed to add numbers from 1 to 100
in a very short time. For primary pupils it can be
very interesting to understand in which way he did
this. Thales managed to measure the height of Che-
ops pyramid by using its shadow, and was known as
one of the seven wise man of Greece, both of these
facts can be easily used in the classroom to engage
children. Various measuring in nature can lead chil-
dren to forming the concept of length, area or vol-
ume, in the same way the ancient Egyptians did this
living on the Nile River. For example, similarly to
the ancient Egyptians, students can get the right an-
gle with the aid of a rope with knots. Bidwell (1993)
stresses that history of mathematics can be used in
teaching in three ways: anecdotal display, injecting
anecdotal material as the course is presented, and
teaching topics in the way they have been developed
through the history (Haverhals, Roscoe, 2010).

Results of our research show that whilst
teachers have a positive attitude towards the history
of mathematics they don't integrate it into teaching
much. The most common reasons are lack of appro-
priate literature and methodological guidelines, and
lack of time due to the delivery of the compulsory
curriculum. Unfortunately, despite the positive at-
titude of majority of teachers who took part in this
research, a certain number of them were reluctant to
use historical contents in their teaching, or were not
sure of the effects of such approach (some believed
that they would bore their pupils, others that that
pupils would not like such approach, and some that
the use of history of mathematics in mathematics
teaching does not influence achievements of pupils).
It was encouraging, for us, to find that during their
studies at the teacher training institutions, teachers
reported having met with some content from the
history of mathematics.

On the other hand, the history of math-
ematics cannot be found in our curriculum, and
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it is not mentioned in many textbooks. Results
of our research show that there is at least an in-
terest of teachers to participate in accredited
seminars which would cover the topics about
the inclusion of the history of mathematics in
teaching. Unfortunately, such programmes do
not currently exist. Mathematical society Archi-
medes has been organising different seminars
for teachers of mathematics and sometimes they
present topics relating to the history of mathe-
matics. Also, Serbian mathematical congress-
es, held every fourth year, have a section for the
topics on teaching and the history of mathemat-
ics. So although not enough attention has so far
been paid to the connection between the his-
tory of mathematics and mathematics teaching
in our country, we believe that this can be im-
proved. One of the ways is to organise seminars
by professional associations in which teachers
would be educated how to use history of math-
ematics in their teaching. Journals for students
and teachers could contain topics from the his-
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@akynTeT NeJarolIKMX HayKa, YHuBep3uteT y Kparyjesiy
VcTopuja maTeMaTiiKe M HAacCTaBa MaTeMaTHKe

Y oBom papny 6aBuhemo ce MoryhHocTMMa IpyMeHe cafip)kaja MCTOpHje MaTeMaTyKe Kao IOJpIIKe
HacTaBy MareMaTuke. IlocToju Bemuky 6poj MCTpakyBama KOja IPOMOBMINY KOpuinheme MCTOPUjCKUX
cajipkaja Ha 4acOBMMa MaTeMaryKe, ajai je Mamu Opoj BUX eMIMpUjcKor Kapakrepa. Y pany hemo paru
KpaTak IIpuKa3 HEeKUX NCTpaKMBama, ykasaheMo Ha pasmrumre MOryhHOCTM YK/byurBama cafipXaja
VICTOpYje MaTeMaTyKe y HacTaBy M MCTaKHyheMo Heke IPeTHOCTN BMXOBOT Kopuinhema, nomyT: nosehama
MOTMBALlMj€ YIeHNKa, CMamblBarba CTPaxa Off IpeaMeTa, XyMaHu3alyje MaTeMaTUKe, M3TPajiibe IO3UTUBHOT
CTaBa IpeMa MaTeMaTUIN, Oo/ber pasyMeBama MaTeMaTHKe ¥ pas3Boja MaTeMAaTWYKMX IIOjMOBA, IIPOMeHe
nepUennuje y4eHMKa O MaTeMaTWUIM, pasBMjarba MYATUMKYATYPAaTHOr IPUCTYIA, IpPyXXamba y4eHUIuMa
MoryhHOCTI) [ja CaMOCTaTHO MICTPaXKyjy, OO/ber cxBaTama y/Iore ¥ BXKHOCTH MaTeMaTHKe Yy APYLITBY UTH.
Takobe, ana;mmaupahemo cutyanujy y MareMaTakoM 06pa3oBarmby y HEKMM APYIMM 3emsbaMa u y Cpouju
Ca acIleKTa MHTETpalMje cafipykaja MCTOpUje MaTeMATHKe y HAcTaBy. [JTaBHO MCTPaXKMBaYKO MHTEPECOBAIbE
HaIIleT pajia OfTHOCUIIO ce Ha yTBphuBame mocrojeher crama y HYDKMM pa3peiiMa OCHOBHE IIKOJIE TT0 TUTAbY
Kopuinhema cafipykaja MICTOpMje MaTeMaTyKe y HaCTaBM, Kao M CTaBOBA U CIIPEMHOCTH yuuTesba fia y Behoj Mepn
Y CBOj HACTAaBHM paji YK/byde oBe cappkaje. OCHOBHU Lk pajja OMIIO je MCINMTHBAbe MUI/bEHha M CTaBOBA
yunTe/ba o MoryhHocTMa Kopuinhema cajip)kaja MCTOpMje MaTeMaTiKe Y HacTaBHOM pafy. Ommira XunoTesa
CIIPOBENEHOT UCTPAXKNMBAIba je JIa YIUTE/b) Y MOYETHOj HACTABM MaTeMaTVKe He KOPUCTE Y JOBO/bHOj MepU
cafipxkaje ucTopuje MaTeMatuke. VcTpaxxuBame je ClipoBeieHO mKoncke 2012/2013. ropuHe 1 06yXBaTuiIo je
Y30paK Off CTO IBaHAECT yuuTesba 13 net onmrriHa Perrybnuke Cp6uje. 3a npukymbame mogaTaka KopumheHna
je TeXHMKa aHKeTVpama. Pe3ylTaTy MCTpakuBama II0OKa3amu Cy jia, 6e3 0631pa Ha unmeHnny ga sehnna
y4uTe/ba MMa MIO3UTHBAH CTaB IpeMa Kopumhemy MCTOpHje MaTeMaTIKe y HaCTaBM, MIIAK, TO y 3HATHO MabeM
IPOILIEHTY NpMMemyjy y npakcy. Hajuemmhy pasmosm cy Hemocrarak ofrobapajyhmx Kmura M MeTORVYKNX
YIyTCTaBa, Kao ¥ HeJOBO/LHO BpeMeHa 360r peanmsanuje obasesHor mporpama. ITokasamo ce jja mocroju
MHTEPECOBabe YIUTE/ha [ja CE€ Ha aKPEIUTOBAHMM CEMMHAPMMa BIUIIE XK€ IMOCBETH IMPUMEHN UCTOpUje
MaTeMaTuke y HacTasy. Tpebamo 61 cafpskaje MCTOpMje MaTeMaTKe YK/bYIUTI U Y YACOMNCE 3a YUCHMKe, i
¥ 32 HACTaBHMKe, 2 HAPOUYNTY MKy Tpeba 00paTUTH IpK NMCalby MaTeMaTUYKNX YIIOEHNKa.

Kmyune peuu: vicropuja MaTeMaTyKe, HaCTaBa MaTeMaTVKe, MUIIbekbe U CTABOBYU yUUTe/ba.
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Abstract: Culture of creativity in mathematics education is grounded in definitions of creativity which
underline our research and efforts of its classroom facilitation. However, the statement “there is no single,
authoritative perspective or definition of creativity in mathematics education” (Mann, 2006; Sriraman, 2005;
Leikin, 2011, Kattou et al., 2011) leaves practitioners without an idenifiable viewpoint in teaching. Therefore
culture of creativity in mathematics education doesn’t have solid foundations conflating, among other things,
a research into creativity with research into giftedness. Prabhu and Czarnocha (2014) have argued at PME
38 for the acceptance of bisociation of Koestler’s Act of Creation, that is a spontaneous leap of insight’ as
the authoritative definition of creativity. The paper presents this bisociation theory of an “Aha!” moment and
identifies this moment as one during which mind can focus and eliminate inhibiting habits of mind. The paper
explores cultural values brought forth by the new definitions of creativity such as its democratization, the unity
of creativity, motivation in learning, and the simultaneity of attention. The examples and methods of classroom
facilitation are henceforth presented. The distinction between bisociative and associative thinking shows and

introduces the concept of simultaneity of attention as new type of attention in learning (Mason, 2008).

Key words: creativity, bisociation, Aha moment’, simultaneity of attention.

Introduction

The elementary meaning of the term culture’
is probably about the way people do things. The
Oxford English Dictionary looks upon culture as
“arts and other manifestations of human intellectu-
al achievement regarded collectively”. Thus ‘culture’
can denote both processes of cultivation as well as
their results, the objects of cultivation could encom-
pass such activities as growing plants, customs, arts

1 bczarnocha@hostos.cuny.edu

and, as is of interest to us, results of human intellec-
tual achievements.

Of our primary interest in this paper is the
definition of culture of creativity in mathematics ed-
ucation and the efforts in its facilitation in the class-
room. We here reflect on the statement (quite pos-
sibly accepted within the profession that “there is
no single, authoritative perspective or definition of
creativity in mathematics education”) (Mann, 2006;
Sriraman, 2005; Leikin, 2011, Kattou et al., 2011).
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The Wallas (1926) definition of creativity
based on the Gestalt* theories postulates the follow-
ing general process of preparation, incubation, il-
lumination and verufication

The second definition measures the prod-
ucts of creativity through Torrance Tests of Crea-
tive Thinking (1974). It involves simple tests of di-
vergent thinking and other problem-solving skills,
which are scored on:

e Fluency - The total number of interpret-
able, meaningful and relevant ideas gener-
ated in response to the stimulus.

e Originality - The statistical rarity of the
responses among the test subjects.

e FElaboration — The amount of detail in the
responses.

Leikin (2007) and Silver (1997) transformed
creativity to fluency, flexibility and originality mak-
ing the definition one of the bases for understanding
creativity in mathematics education. While the Wal-
las’ definition focuses on the psychological neigh-
borhood of the creative insight, the Torrance defini-
tion addresses the quantity and rarity of its products.
Neither of these definitions focuses on the creative
act itself as the spontaneous insight - the content of
the ‘Aha moment, or of the ‘Eureka’ experience. This
kind of absence of focused balance in existing litera-
ture makes researchers working in the area of math-
ematical creativity to reflect about the absence of
‘authoritative definition of creativity’. Together with
that absence comes the ‘looseness’ of our culture of
mathematical creativity, and this in itself might have

2 The idea of Gestalt has its roots in theories by Johann Wolf-
gang von Goethe and Ernst Mach. Max Wertheimer is to be
credited as the founder of the movement of Gestalt psychology.
The concept of Gestalt itself was first introduced in contempo-
rary philosophy and psychology by Ehrenfels in his work Uber
Gestaltqualititen (On the Qualities of Form, 1890). The central
principle of gestalt psychological theory is that the mind forms
a global whole with self-organizing tendencies. This principle
maintains that the human mind considers objects in their en-
tirety before, or in parallel with, perception of their individual
parts; suggesting the whole is greater than the sum of its parts.

negative impact upon nurturing creativity in math-
ematics classrooms, and beyond.

In fact, the investigation by Leikin (2009: 129-
143) indicates that the design of instruction and re-
search based on the Torrance tests of Creative Think-
ing actually lowers the creativity. The authors point,
we believe correctly, to the fluency and flexibility as
the carriers of the habit which diminished the origi-
nality of student “when students become more flu-
ent they have less chance to be original” This com-
plementary relationship between fluency and flex-
ibility on one hand and creativity on the other hand,
determines attitudes when conducting the research
into creativity based on definition, because such ap-
proach may result in undesired lowering of creativ-
ity while impacting negatively on culture of the field.

Culture of creativity in the field corresponds
to the value we attach to the creativity itself. The ab-
sence of the ‘authoritative approach or definition of
creativity’ in mathematics education reflects the am-
biguities contained in the value of creativity as val-
ued by mathematics educators. It is time then to
look for such a definition of creativity in mathemat-
ics that places its understanding on firmer, unam-
biguous foundation.

Bisociation

The theory developed by Arthur Koestler in
his 1964 work, Act of Creation, gives us such defi-
nition. It builds on our understanding of creativi-
ty on the basis of a thorough inquiry into the ‘Aha
moment’ - a bisociative leap of insight, the very site
of creativity according to Sriramana (2005). Arthur
Koestler defines ‘bisociation” as “the spontaneous
flash of insight, which...connects the previously un-
connected frames of reference and makes us experi-
ence reality at several planes at once... ” (Koestler,
1964: 45). Koestler clarifies the meaning of "insight’,
by invoking Thorpe’s 1956 definition of insight “an
immediate perception of relations” (Koestler, 1964:
548). Koestler also refers to Koffkas (Koftka, 1935)
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understanding of insight as the “interconnection

based on properties of these things in themselves”
(Koestler, 1964: 584). In the words of Koestler:

“The pattern... is, the perceiving into situ-

ation or Idea, L, in two self-consistent but habitu-

ally incompatible frames of reference, M, and M,

The event L, in which the two intersect, is made

to vibrate simultaneously on two different wave-

lengths, as it were. While this unusual situation

lasts, L is not merely linked to one associative con-

text, but bisociated with two.” (Koestler, 1964: 35)

Consequently, the creative leap or “an imme-
diate perception of relations” can take place only if
we are participating in at least two different frames
of thinking, or matrices of discourse. The following
quote, taken from Einstein’s autobiographical notes
(Schilpp, 1949:7) informs us how, in general, this
“immediate perception of relations” takes place in
the mind of the scientist, in agreement with Koes-
tler’s definition:

“What exactly is thinking? When at the re-
ception of sense impressions, a memory picture
emerges, this is not yet thinking, and when such
pictures form series, each member of which calls
for another, this too is not yet thinking. When
however, a certain picture turns up in many of
such series then - precisely through such a return
- it becomes an ordering element for such a series,
in that it connects series, which in themselves are
unconnected, such an element becomes an instru-
ment, a concept.” (Koestler, 1964: 7)

Cultural Values of Bisociation

Bisociation has the power, together with
the construction of the schema of a new concept
through “the immediate perception of relations”, to
transform a habit into originality in agreement with
the Koestler’s battle cry “The act of creation is the
act of liberation - it’s the defeat of habit by origi-
nality!” (Koestler, 1964: 96). Thus bisociation plays a
dual role, that of a cognitive reorganizer and that of
an effective liberator from a habit - it’s planting dou-

ble roots for creativity. The confirmation of the role
as the affective liberation can be glimpsed from the
research of Liljedahl, (Liljedahl, 2009: 213) “Aha ex-
perience has a helpful and strongly transformative
effect on a student’s beliefs and attitudes towards
mathematics..”. The Unity of Cognitive Reorgani-
zation with Affective Liberation is the characteristic
quality of the Act of Creation - one of the new cen-
tral cultural values brought forth by the new defini-
tion of creativity in mathematics.

The second new central cultural value brought
forth by bisociation is the emphasis on the Democ-
ratization of Creativity. The quest for the democra-
tization of creativity is the response to the seeming
preoccupation of educational profession with the
creativity of gifted children. There are two recent-
ly published excellent collections of papers, deal-
ing with creativity in mathematics education (Srira-
man and Lee, 2011; Leikin et al., 2009). Both collec-
tions join the issue of creativity with the education
of gifted students, implicitly indicating that the in-
terest in creativity of all learners of mathematics is
not the central focus of the field. There can be sev-
eral reasons for such a restrictive focus on creativity:
it could be due to the efforts of globalization® so that
“the winds are changing” (Sriraman and Lee, 2011:
2) or it could be that our understanding of the crea-
tive process is not sufficiently sharp to allow for the
effective focus of research on the mathematical crea-
tivity by all students including, of course, the gifted.
The proposed definition of creativity as the “sponta-
neous leap of insight,” brings forward the ‘Aha mo-
ment,, easily observable within a general population,
as the basis on which to investigate the creativity of
all students. Both, the investigation into creativity
and its facilitation for all rest on two following ob-
servations.

3 In approximate terms, globalization implies the free-
dom of capital, which is attracted by high rate of profit.
Translated into didactic of mathematics education, capi-
tal is interested in new profitable discoveries, what leads
to interest in giftedness as condition which promises
higher than standard achievements and related profits.
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1. Statement of Hadamard (Hadamard, 1945:
104): “Between the work of the student
who tries to solve a problem in geometry
or algebra and a work of invention, one can
say that there is only the difference of de-
gree, the difference of a level, both works
being of similar nature”

2. Koestler “minor subjective bisociation
processes...are the vehicle of untutored
learning” (Koestler, 1964: 658).

Since minor subjective bisociations are the
standard vehicle of self-learning experienced by
everyone, and since their nature is similar to that of
the mature mathematical inventor, we can therefore
view bisociation as the process that underlies crea-
tivity in mathematics for all - this suggests its use-
fulness in defining creativity in general.

The method of facilitating creativity in the
classroom is suggested by the essential component
of its definition “..connects previously unconnect-
ed frames of reference and makes us experience re-
ality on several planes at ones” (Koestler, 1964:45). It
suggests organization of learning environment along
the interface of at least two intuitively (or better, ha-
bitually) unconnected frameworks such as geomet-
rical line and real numbers, simultaneous discus-
sion of several different representations of fractions
in the context of operations (Prabhu et al., 2014) or
along elementary algebra/ESL interface (Czarnocha,
2014a). Working along such bisociative frameworks
increases the probability of “leaps of insight” both by
students and teachers (examples below).

Moreover, since according to Koestler “mi-
nor subjective bisociation processes are the vehicle
of untutored learning” (Koestler, 1964: 658) we need
to create classroom conditions which approximate
conditions of untutored learning which is best ob-
tained by the discovery (or inquiry leading to dis-
covery). Hence, the nature of bisociation provides
a theoretical justification for the discovery method
developed to its natural completion by the Texas

Discovery method of R. L. Moore in US (Majavier,
1999).

Below we provide three classroom examples
of such pedagogy. The first one was constructed
and implemented by Prabhu (Prabhu, 2014) in her
classes of statistics and algebra. It used the notion of
Koestler triptych and its aim was to consciously fo-
cus student attention on the interface between two
related concepts to bring forth the “hidden analogy”
between them.

Bisociative Facilitation of Creativity

Design of Triptych — Based Assignments

The Act of Creation (Koestler, 1964:45) defines
bisociation, that is, “the creative leap [of insight],
which connects previously unconnected frames of
reference and makes us experience reality at several
planes at once” Consequently, the creative leap of
insight, or bisociation, can take place only if we are
considering at least two different frames of reference
or discourse.

How do we facilitate this process? Koestler
offers a suggestion in the form of a triptych, which
consists of “three panels...indicating three domains
of creativity which shade into each other without
sharp boundaries: Humour, Discovery and Art”
(Koestler, 1964: 27).

4 Discovery method of teaching consists in creating learn-
ing environment which allows for student discovery of cho-
sen mathematical concepts. Texan Discovery method general-
izes that approach to full curriculum of graduate courses such
as calculus, point set topology, euclidean and non-euclidean ge-
ometry e.t.c. A full course of Freshman calculus of the Texan
discovery method might be a set of circa 150 axioms and theo-
rems to prove, which leads the student to the discovery of all
fundamental concepts of that subject. The level of student en-
gagement parallel the engagement of participants in post gradu-
ate research seminars in European universities.

34



On the Culture of Creativity in Mathematics Education

Ridden mmlbg —

o - .
Rty 5{"’“@ . Joe Ly,
. 515 . tw‘z@
w'ﬂﬁ — soctalanalysis
. q"'?é&oy..
saﬂﬂ’ . .:navar@ —_
50 o™ w’“‘-’b;,_
P e . schematisation sty
PPyt . N
@ wondpuzle L o .
e
P gl
. . . Wep,
1 — discovering” | &

Figure 1. Koestler Triptych

Each such triptych stands for a pattern of cre-
ative activity, for instance:

Comic Comparison < Objective Analogy <> Poetic Image

The first is intended to make us laugh, the sec-
ond to make us understand, and the third to make
us marvel. The creative process to be initiated in
our developmental and introductory mathematics
urgently needs to address the emotional climate of
learners, and here is where the first panel of the trip-
tych comes into play - humour. Having found hu-
mour and the bearings of the concept in question,
the connections within it have to be explored fur-
ther to “discover” the concept in detail, and, finally,

to take the students’ individual breakthroughs to a
level where their discovery is sublimated® to Art.

Here’s an example of the triptych assignment
used by V. Prabhu (Prabhu, 2014) in her Introduc-
tory Statistics class:

Trailblazer <> Outlier < Originality
< Sampling <
<> Probability <
< Confidence Interval <
<> Law of Large Numbers <«

Lurker/Lurking Variable < Correlation < Causation

The triptych below is an example of student
work:

Trailblazer < OUTLIER < Original

Random < SAMPLING < Gambling

Chance < PROBABILITY < Lottery
Lurking Variable < CORRELATION < Causation
Testing < CONFIDENCE INTERVALS < Results
Sample Mean <> LAW OF LARGENUMBERS <> Probability

Triptych assignments facilitate student aware-
ness of connections between relevant concepts and,
thus, further support understanding. However, what
maybe even more important is the accompany-
ing discussions that help break the ‘cannot do’ hab-
it and transform it into original creativity; below is
the triptych completed by a student from a develop-
mental algebra class:

Number < Ratio < Division
Part-Whole < Fraction < Decimal
Particularity < Abstraction < Generality
Number < Variable <« Function

Multiplication < Exponent < Power

5 Sublime transformation of scientific discovery to art means
its artistic refinement, which inspire admiration or awe. For
example the conceptual art of the sixties and seventies was
the sublimation of mathematical concepts of geometry, World
Trade Centre towers built in the seventies represented, among
others, sublimation of straight line.
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The use of triptychs brings back the game and
puzzle-like aspects inherent in mathematics into the
mathematics classroom. What is the connection be-
tween the stated concepts? What other concepts
could be connected to the given concepts? Given
the largely computational nature of the elementa-
ry classes, and the students’ habit of remembering
pieces of formulas from previous exposures to the
subject, a forum for making sense and exploring
meaning is created to help connect prior knowledge
with new synthesized reasoned exploration. The
question ‘how), answered by the computations, is
augmented with the ‘why’ through the use of math-
ematical triptychs (Prabhu, 2014).

The second example reports the presence of
the ‘Aha moment’ during the discussion of the pro-
cess of solving a linear equation between two class-
mates (Poland, 3™ grade). Originally interpreted
with the help of metonymy?, it is an example of biso-
ciation between perceptual and logical frames of
thinking.

Perceptual-logical Resonance

The investigations into perceptual-logical res-
onance have been carried on by the group of teach-
er-researcher around Roberto Tortora and Maria
Mellone from Federico Segundo University in Na-
ples (Iannece et al., 2005). The example of the reso-
nance has been provided by Polish educators, Wacek
Zawadowski and Celina Kadej (Kadej, 1999) and it
has been organized on the principles of Theory of
Resonance developed by the author (Czarnocha,
2014b; Prabhu and Czarnocha, 2014).

An elephant - or what use can be made of
metonymy?

Linear equations with one unknown can be
solved by students in the elementary school in Po-

6 Metonymy is a sudden change of meaning of the word or
a symbol; here from “elephant” meaning itself to “elephant”
meaning an unknown.

land. Those are simple equations and students often
formulate them by themselves while solving word
problems. Sometimes the problems lead to equa-
tions a bit more complex than the elementary addi-
tive equations of the typex + a =b.

I have had an opportunity to listen to the dis-
cussion of two enthusiastic students in third grade
of the elementary school solving a standard word
problem: The sum of two numbers is 76. One of the
numbers is 12 more than the other. Find both num-
bers. It was a problem from a Semadeni’s set of prob-
lems for the 3™ grade (Semadeni, 1987) and one had
to solve it using equations and that’s where the dif-
ficulty appeared:

Two pupils P & B’s dialogue is given below.
Pupil named P wrote the equation: x + (x+12) = 76.
To solve it was a bit of a problem for him, but still he
dealt with it. He drew an interval and then a follow-
ing dialog had taken place:

P: That is that number: he extended this in-
terval by almost the same length, and the another
one like that.

And this is that number plus 12

B: and this all together is equal to 76...

P: No, this is an equation, d’you understand...
B: could not accept it...

B: Why did you draw this interval? You don't
know yet what it’s supposed to be?

P: That’s not important.
B: Why 76
P: ‘cause that’s what is in the problem

B: that x, that x add 12 and that’s supposed to
be 76..2

P: Look instead of x there is a little square in
the book (P showed the little square in the book).

B: Aha, but here, here is written something
else.

P: But it could be as here. And now I am in-
putting a number into this square.
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B: A number?! Why into the square?

P: No, it’s into the window. Into this window I
input the number which comes out here.

B: But here is a square (B insisted).

P: It’s not a square but a window, and one in-
puts the numbers into that window.

B: How so?

P: Two windows are equal 64, one window is
equal 32. Well, now, you subtract 12 from both sides,
and you see that the two windows are equal to 64.

B: But are there numbers in the windows?
P: Two windows are 64, so one window is 32
B: Window!?

P: That’s right, a window. Look here: an ele-
phant and an elephant is equal 64. Therefore what
is one elephant equal to? Two elephants are equal
64. So, one elephant is equal to what?

B: An elephant? Hmm, I see. One elephant
equals 32. I understand now... so now the equa-
tion...

P: If two elephants are equal 60, then one el-
ephant is equal what?

B: An elephant?, ok, one elephant equals 30. I
see it now.....Now equation.............. aaaaaaa

Thinking about that dialog one can have sev-
eral questions: Why an elephant in P’s thinking?
Why window didn’t work for B neither did line in-
terval but an elephant worked? Where did the ele-
phant come from?

There were two statutes on the bookshelf, a
piggy and an elephant. P chose the elephant, ready
to be taken as a symbol of some mental object. An
elephant was used as an adequate symbol of a men-
tal object, which often is called an x, but it doesn’t
have to.

It’s a fascinating example of the ‘Aha moment,
where the bisociative framework is made up of the
perceptual frame within which came the elephant,
and of the logical frame of solving linear equations.

More examples of the process can be found in Baker
(2014b).

The domain of the function v X + 3

The following example is from the remedial
class of intermediate mathematics. The domain of
the function 4/ X + 3 is at the center of the dialog.

Consider the square root domain question in
the classroom of a teacher researcher, demonstrat-
ing the interaction between student and instructor,
in which the latter is able to get the student engaged
in the thinking process and hence to facilitate stu-
dent creativity.

Note that it is the spontaneous responses of
the student from which the teacher-researcher cre-
ates/determines the next set of questions, thus bal-
ancing two frames of reference, his/her own math-
ematical knowledge and the direction taken by the
student. Similarly the student has her own train of
thought and prompted by the teacher-researcher’s
questions, she must now balance two frames of ref-
erence to determine her next response. The analy-
sis of the dialog is conducted with the help of biso-
ciation theory and Piaget and Garcia Triad in Baker
(2014a).

The problem starts with the function f(x) =
VX +3

0. The teacher asked the students during the
review: “Can all real values of be used for the do-
main of the functiony X +3?”

1. Student: “No, negative X ’s cannot be used”
(The student habitually confuses the general rule
which states that for the function 4/X only positive-
valued can be used as the domain of definition, with
the particular application of this rule to ¥ X +3.)

2. Teacher: “How about X =-57?”
3. Student: “No good”

4. Teacher: “How about X =—4 27
5. Student: “No good either”
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6. Teacher: “How about X =-3?”

7. Student, after a minute of thought: “It
works here”

8. Teacher: “How about X =-27?”
9. Student: “It works here too.”
A moment later

10. Student adds:” Those X’s which are
smaller than — 3 can’t be used here” (Elimination
of the habit through original creative generaliza-
tion.)

11. Teacher: “How about g(x) =4/ X —1?”

12. Student, after a minute of thought: “Small-
er than 1 can’t be used”

13. Teacher: “In that case, how about h(x) =
VvX-a?

14. Student: “Smaller than “@” can’t be
used.”’(Second creative generalization)

Koestler defines a matrix as, “any pattern of
behaviour governed by a code of fixed rules,” (Koes-
tler, 1964: 38) and, in statement (1) above, the limi-
tations of the students’ internal matrix, or problem
representation, are demonstrated. The teacher, ad-
justing to the students’ limited matrix provides two
examples (lines (6) and (8)) that provide a perturba-
tion, or a catalyst, for cognitive conflict and change.
Recall that, as Von Glasersfeld (1989: 127) writes,
“..perturbation is one of the conditions that set the
stage for cognitive change”.

In lines (6)-(9) the student reflects upon the
results of the solution activity. Through the compar-
ison of the results (records) they abstract a pattern,
X “the learners’ mental comparisons of the records
allows for recognition of patterns” (Simon et al.,
2004). Thus, in this example the synthesis of the stu-
dent’s matrix for substitution and evaluation of alge-
braic expressions with their limited matrix of what
constitutes an appropriate domain for radical func-
tions (bisociation) resulted in the cognitive growth
demonstrated in line (10).

In lines (11) and (12), the perturbation
brought about by the teacher’s questions, leads the
student to enter the second stage of the Piaget &
Garcia’s Triad. The student understood that the pre-
viously learned matrix or domain concept of radi-
cal functions, with proper modifications, extended
to this example. They student was then able to reflect
upon this pattern and abstract a general structural
relationship in line (14), characteristic of the third
stage of the Triad (Piaget & Garcia, 1983).

We propose the method of scaffolding pre-
sented above as the teaching-research inspired guid-
ed discovery method of creating a bridge between
Koestler’s insistence on the “un-tutored’ nature of
bisociation with Vygotsky emphasis on the socially
structured nature of learning environment.

Bisociation and Simultaneity of Attention

Bisociation theory helps us to clarify cer-
tain ambiguities present in the professional discus-
sion of mathematics creativity. The discussion here
is grounded in the important Koestler’s distinction
between two kinds of thinking, progress in under-
standing reached through bisociation and exercise
of understanding reached through the explanation
of the particular case, through examining or using
the coda formed by past experiences, both of which
are defined below. Progress in understanding ob-
tained through bisociation requires a new structure
of attention which hasn't been discerned before in
the field of mathematics education: that is the si-
multaneous attention towards two different frames
of thinking. Identification of the simultaneity of at-
tention as underlying bisociation brings us closer to
the discussions of simultaneity in physics, both in
Relativity theory and in the foundations of Quan-
tum Mechanics. One may conjecture that similarly
to the recognition of the fundamental character of
simultaneity in physics, further research will dem-
onstrate the fundamental nature of simultaneity of
attention in the process of learning.
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1. The standard division of creativity into ab-
solute and relative’ is misleading because
it seems to suggest an essential difference
between the two. Similarly, in each intel-
lectual domain the tools and the language
through which creativity is expressed vary,
but the process of insight through bisocia-
tion is exactly the same. (See Section Cul-
tural Values of Bisociation)

2. Situating the definition of creativity in the
illumination stage of the Wallas defini-
tion itself provides a new perspective upon
questions raised in recent discussions on
the subject. In particular, Sriraman et al.,
(2011: 121) assertion can be qualified:

...when a person decides or thinks about reforming
a network of concepts to improve it even for peda-
gogical reasons though new mathematics is not pro-
duced, the person is engaged in a creative mathe-
matical activity”.

Whether the process described above is or is
not a creative mathematical activity can be decided
on the basis of Koestler’s distinction between pro-
gress of understanding - the acquisition of new in-
sights, and the exercise of understanding - the expla-
nation of particular events (p.619). Progress in un-
derstanding is achieved by the formulation of new
codes through the modification and integration of
existing codes by methods of empirical induction,
abstraction and discrimination, bisociation.

The exercise or application of understand-
ing to the explanation of particular events then be-
comes an act of subsuming the particular event un-
der the codes formed by past experience. To say that
“we have understood a phenomenon means that we
have recognized one or more of its relevant relation-
al features as particular instances of more general or
familiar relations, which have been previously ab-
stracted and encoded” (Koestler, 1964: 619).

7 Absolute creativity has a value at large, e.g. creativity of
Sheakspire or Einstein; the relative creativity has a subjective
value for an individual.

If for example, I decide to design the devel-
opmental course of arithmetic/algebra based on my
knowledge of the relationship between arithmetic
and algebra (generalization and particularization),
which involves the redesign of the curriculum, that
is of ‘the network of concepts, I am engaged in the
exercise of understanding of mathematics, distinctly
different from creative progress of understanding in
mathematics. It may however, depending on the ini-
tial knowledge of the teacher, be a creative activity in
pedagogical meta-mathematics, that is understand-
ing mathematics from the teaching point of view -
the content of professional craft knowledge.

The bisociation theory, in which on the one
hand, creativity is “an immediate perception of
relation(s)”, and on the other it is the affective cat-
alyzer of the transformation of habit into original-
ity, interacts well with MST methodology (Leikin,
2009). It predicts the absence of the difference be-
tween absolute and relative creativity observed
by authors of the experiment. Moreover, the ob-
served fall in the expression of originality reported
by Leikin (2009), as well as the correlation between
creativity and originality is natural in the context of
the relationship between habit, creativity and origi-
nality — a point made explicit in the often quoted
Koestler’s assertion “Creativity is the Defeat of the
Habit by Originality”. The authors point correctly to
the fluency and flexibility as the carriers of the hab-
it which diminished the originality of student sub-
jects “...when students become more fluent they
have less chance to be original” (Leikin, 2009: 129-
143). This apparently complementary relationship
between fluency and creativity dictates an utmost
care in conducting the research into creativity with
the help of the definition which includes fluency, be-
cause it may result in undesired lowering of creativ-
ity. And that we don’t want, especially in the ‘under-
served communities. This observation brings in the
old question to the fore: What is the optimal com-
position of fluency and creativity in the preparation
of teachers of mathematics, as well as in classroom
teaching?
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1. The same distinction between the progress

in understanding and the exercise of un-
derstanding, helps us to clarify interpreta-
tion of an ‘Aha moment’ by recent presen-
tation of Palatnik and Koichu (2014). The
authors discuss the occurrence of the ‘Aha
moment’ in the process of generalization
of the numerical pattern obtained from
calculating the maximal number of pieces
that can be gotten from cutting a circle by
straight lines as a function of the number
of lines. There is an ambiguity in assigning
the timing of the ‘Aha moment, which we
want to address from the bisociative point
of view. We quote an extensive excerpt of
their discussion:

. Ron took the lead. In his words: “I was

stuck in one to six. And I just thought...six
divided by two gives three. I just thought
there’s three here, but I could not find the
exact connection [to 22]. I do not know
why, but I multiplied it by seven, and voila
- I got the result”

. One of these [Ron’s] attempts began from

computations 6:3=2 and 3x7=21. Ron real-
ized that in the second computation is not
just a factor that turns 3 into 21, but also a
number following 6 in the vertical pattern.
He noticed (not exactly in these words) the
following regularity: when a number from
the left column is divided by 2 and the re-
sult of division is multiplied by the number
following the initial number, the result dif-
fers from the number in the right column
by one. He observed this regularity when
trying to convert 6 into 22, and almost im-
mediately saw that the procedure works
also for converting 4 into 11 and 5 into 16.
He observed that even when division by
2 returns a fractional result (5:2=2.5), the
entire procedure still works. The aha-expe-
rience occurred at this moment.

4. The bisociation theory suggests that the
Ahamoment took place a bit earlier, namely
exactly at the moment when Ron observed
the bisociative framework contained in the
realization that 7 in the second computa-
tion is not just a factor that turns 3 into 21,
but also a number following 6 in the vertical
pattern. That was the spontaneous leap of
insight, the progress in understanding of
the problem by connecting two different
frames - two different numerical patterns.
The following computations quoted by the
authors were already the result of the exer-
cise of understanding reached in this Aha
moment. We point out that partial respon-
sibility for the absence of focus on that step
as the fundamental one by the authors is
borne by the Mason’s theory of shifts of at-
tention (Mason, 2008), which doesn’t dis-
cern explicitly the simultaneity structure of
attention needed for the bisociative leap of
insight.

The introduction of the structure of simul-
taneity of attention raises some new research ques-
tions such as: What is the possible scope of simul-
taneous attention both in content and in time? One
could also ask whether the scope of simultaneous at-
tention is the same as the scope of the attention fo-
cused on a single object. If it is not the same, what
is the dynamics through which attention focused on
single objects transforms into the simultaneous at-
tention upon both of them at once?

Measurement of Creativity

One of the chief reasons for the recent interest
in Thorrace definition of creativity is its quantitative
nature, which is therefore easily measurable. Fluen-
cy is measured by “the total number of interpretable,
meaningful and relevant ideas generated in response
to the stimulus”; while flexibility has been evaluated
by “the number of non-repeating solutions” in stu-
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dents solution spaces. However, both, Koestler’s the-
ory of bisociation as well as the empirical results ob-
tained by co-workers of Leikin (2009), Anat Levav-
Waynberg and Raisa Guberman suggest that, the in-
crease of flexibility and fluency, diminishes original-
ity, and consequently creativity. Taking into account
that, accordingly to Koestler Creativity is “the defeat
of habit by originality”, it follows that the develop-
ment of habits to increase the number of solutions
works against creativity itself. It follows that Torrace
definition does not measure creativity, but the com-
position of creativity with the habit, conflating the
measurement of creativity itself former.

Piaget-based APOS (Arnon et al, 2014: 66)
theory of the conceptual mathematical development
as explained by Baker (2014b) in which he had co-
ordinated Koestler’s bisociation theory with APOS
theory, found out that interiorization and encapsu-
lation, two basic reflective abstractions of APOS ad-
mit a bisociative framework. This implies that both
of them can be realized through an ‘Aha moment,
a spontaneous leap of insight. Consequently the
measurement of the creativity involved in the Aha
moment could be the degree to which the particu-
lar reflective abstraction contributes to the develop-
ment of the concept in question. We will obtain this
way an answer to the question - How much did cre-
ativity of the ‘Aha moment’ contributed to learner’s
conceptual development?, and therefore to the pro-
gress of mathematical understanding.

Teaching-Research - the bisociative framework
for teaching

The search for bisociative frameworks that is
for two different, habitually incompatible (in Koes-
tler’s words) matrices of experience, using Koestler’s
description, leads are directly to the teaching-re-
search methodology which underlie this paper. The
original discovery of bisociation by Prabhu (2014)
has taken place in the context of the teaching ex-
periment Problem Solving in Remedial Mathematics:
Jumpstart to Reform conducted in 2010/2011with the

help of Teaching-Research/NYCity Model (Czarno-
cha, 2014c). Teaching-Research NYCity (TR/NY-
City) Model is a methodology for classroom inves-
tigation of students’ learning processes conducted
simultaneously with teaching by the classroom in-
structor, the aim of which is a real-time improve-
ment of learning in the very same classroom, and
beyond. Since, as a domain, teaching is not habit-
ually related to the domain of research, a teacher-
researcher who is attempting to do both, acts with-
in a bisociative framework, which is responsible for
the large dose of creativity generated by that activ-
ity. Hence we see here bisociation as the single con-
cept/process which can underlie both student’s and
teacher’ creativity.

A full collection of examples and new creativ-
ity-based results obtained through the TR/NYCity
Model is contained in the book The Creative Enter-
prise of Mathematics Teaching-Research: Elements
of Methodology and Practice - from Teachers to
Teachers to be published by Sense Publisher in 2015.

Conclusion

The presented discussion has proposed the
new definition of creativity in mathematics based
on the Koestler’s theory of bisociation. We have ana-
lyzed the current, often used definitions of creativ-
ity utilized in mathematics education, and showed
their limits as well possible negative effects on the
development of creativity by students of mathemat-
ics. The discussion has led us through the charac-
terization of relevant features of bisociation point-
ing out to the new cultural values of the unity be-
tween the cognitive and affective aspects of learning
brought forth by the new definition. We have given
limited examples of bisociation to the discussion of
its classroom facilitation; many examples of bisocia-
tive thinking in humor, science and art are included
in Koestler’s Act of Creation. The analysis of the de-
scription of the particular ‘Aha moment’ by Palat-
nik and Koichu (Palatnik and Koichu 2014) sug-

41



Bronislaw Czarnocha

gested the importance to discern and to recognize
simultaneity of structure of attention, which under-
lies simultaneity within the process of bisociation.
Formulation of that structure opens many new re-
search questions. The new qualitative measurement
of creativity with the help of APOS theory has been
proposed in the final pages of the essay but this still
awaits the empirical verification.® Finally, the teach-
ing research methodology with the help of which

the presented results have been obtained was short-
ly presented as the creative bisociative framework
for teaching. The concern for the coherence of the
presentation motivated us to leave some important
issues outside such as bisociation as the basis of new
computer creativity domain (Berthold, 2012) and the
relationship of mathematics with poetry as the biso-
ciative framework.
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ap bponucnas YapHoxa

XocToc KOMjyHUTH KO7iel], [lemapTMaH 3a MaTeMaTHKY, Y HUBEp3UTeT rpaja kbyjopka,
Cjenumene AMepuuke [Ip>xase

O KynTypM KpeaTUBHOCTH Y MaTeMaTUIKOM 00pa3oBamy

Kynrypa kpeaTuBHOCTM y MaTeMaTYKoM 00pa3oBaiby 3aCHOBaHa je Ha AedUHMIMjaMa KPeaTUBHOCTHI
KOje ce HaBOJe y HallleM MCTPaKMBamby U HACTOjamblMa Jja ce OHa CIpoBefe y yumoHuny. MebhyTtum, He
IIOCTOjY jeAVHCTBeHa epMHMIMja KpeaTUBHOCTU Y MaTeMaT4KoM obpasoBamwy (Mann, 2006; Sriraman, 2005;
Leikin, 2011, Kattou et al., 2011) koja HaCTaBHMKY IIpaKTMYapy CTBapa TauyKy OCIOHIIA y noy4aBamwy. Crora,
KY/ITYypa KpeaTMBHOCTM Y MaTeMaTIYKOM 00pa3oBamby He CTOjU Ha YBPCTUM ocHoBaMa. OHa caxuMma, usmehy
OCTaJIOT, MCTpaXkBatbe O KpPeaTMBHOCTU M UCTpaXkuBambe 0 fapourocty. llltaBuie, ucrpaxkusama Koja je
cripoBena rpyna Jlenknnose (Leikin, 2009) otkpuia cy fa Harnacak Ha QJIyeHTHOCTM Y pa3Mepy KpeaTUBHOT
pasMuII/barba 3allpaBo yYMakbyjeé OPUTMHATHOCT, CAMMM TUM M KPEaTMBHOCT, HITO ce crnaxe ca KecTiepoBum
CXBaTameM Ja je ,KpeaTMBHOCT Iopa3 HaBuke of cTpaHe opuruHanHoctu  (Koestler, 1964: 96). V3 Ttux
pasiora cy IIpa6yosa u YapHoua HayuHO monemucany Ha 38. MehyHaponHoj KoHepeHIjI 3a ICUXOIOTHjY
MaTeMaTI4YKor 06pa3oBama OKO IpuxBaTama 6uconyjanuje Kectieposor ,AkTa Kpeaiuje®, KOju je CIIOHTaHU
CKOK y YHYTPALIBOCT Kao ayTOpuTaTuBHA fepuuniyja kpearusHoctn (Prabhu and Czarnocha, 2014). Osaj
paj mpefcTaB/ba Teopujy buconmjanumje ,,axa“ MOMeHTa, Koja ce ycpencpehyje Ha MoryhHOCT enuMuHanuje
nHxn6upajyhux HaBuka yma. OHa MCTpaxKyje KyITypHe BPENHOCTM KOje je HOHeIa HoBa fepuHuUIMja
KpeaTMBHOCTH, Kao IITO je IeMOKpaTH3aliyja, jeAMHCTBO KPEaTUBHOCTY M MOTUBALYje Y yuerby y3 IofjeHaKy
naxmy. [IpefcraBbeHn cy npuMepy U MeTofe NpMMeHe y yumoHuny. Pasnuka mnamel)y 6uconnjatupror un
acOLIMjaTMBHOT yYera HaIJIalllaBa YBOJ y IOJjjefHAKy HaKiby Kao HOBY CTPYKTYpy naxmwe (Mason, 2008).
buconujanyja foHOCK ca co60M HOBe KY/ITYpHE BPEJHOCTM: JeMOKPAaTM3aLUjy UCTPaKuBama M MPUMEHY
KPeaTMBHOCTH, Ka0 U KOTHUTMBHO-apeKTUBHO jeAMHCTBO. JleMOKpaTH3alija KpeaTMBHOCTY 3aCHUBA Ce Ha
nBe octaBke — Xagamappa un Kectnepa. Xagamapp usjasmyje (Hadamard, 1945: 104): ,Jismeby papa yuennka
KOj¥ TIOKYIIaBa fla pelly reOMeTPUjCKM M anrebapcku mpobiieM U pajia Ha IPOHAIAcKy, Moxe ce pehu fja
TIIOCTOjU pas3/MKa y CTelleHy, pas3/iKa y HUBOY, a ja Cy 06a paja cimyHe npupoge”. Ca gpyre crpane, Kectiep
(Koestler, 1964: 658) HaBopu: ,, MMHOpHM Cy0jeKTUMBHY OMCOLMjaTBHM IIPOLeCH [...] TIOKpeTauy Cy ydema
Koje Huje Boheno. Ilomro cy MuHOpHe cyGjeKTMBHEe OMcomMjamje CTAaHAAPAHY MOKPEeTayy CaMoydemha
Kpo3 Koje CBaKO Ipojasy M IOWTO je HUXOBa IPUPOJa CINYHA OHOj KOjy MMa 3pe0 MaTeMaTHM4KH
M3YMHTEh, MOKEMO [Ia I7TIelaMO Ha OMconmjanujy Kao Ha Npolec KOju NMOTHOMaXKe KPeaTMBHOCT Y
MaTeMaTHIH 3a cBe. buconujanyja je Beoma MohHa naeja. Vima moh ja 3ajemHO ca KOHCTPYKIIMjOM CXeMe
3a HOBU II0jaM ,,KpPO3 HEIOCPENHY IepleNiyjy ofHoca" TpaHCHOpMMIIe HABUKY Yy OPUTMHAIHOCT, IITO je
noBe3aHo ca KectepoBuM Banajem 3a 60p6y (Koestler, 1964: 96): ,,Yun kpeaunje je unH ocnobohemwa — ona
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je mopas HaBuKe off cTpaHe opuruHanHoctu!“. Crora, 6uconujanyja urpa JBOCTPYKy YIOTY, OHY Koja IpuUIaza
KOTHUTVBHOM PEeOPraHM3aTOPY U OHY KOja IIpumaza eprKacHOM 0CIOOOMVOIly Off HaBUKe — TO je ycabusame
AYI/IMX KOpeHa 3a KPeaTMBHOCT. Y McTpaxuBamwy JInnjenana morephena je ymora kojy Mo)ke Ja HaclIyTH
adextuBHO ocmobabhame (Liljedahl, 2009: 213): ,,’ Axa’ uckyctBo nma moMmohHu u npuwinyHo Tpancopmuiryhn
edexaT Ha BepoBarmba I CXBaTamba YYEHNKA ITpeMa MaTeMaTHIN...  JefMHCTBO KOTHUTUBHE peopraHmsalyje
u adeKTHBHOT ocnobabama je KapaKTepuCTUMYaH KBA/UTET 3a YMH Kpealyje — jeflHa o HOBUX IIeHTPATHNX
KYITYPHMX BpPEeIHOCTM KOjy JJOHOCM HOBa JeDMHMIMja KPeaTMBHOCTM y MareMaTui. IIpencraBmbame
Ouconyjanyje Kao IIEHTPATHOT IIOjMa 3a pasyMeBame KPeaTMBHOCTM JIONyIITa HaM fla KBaIMQUKYjeMo
onpehene mornese y mpodecnoHasTHOM MaTeMaTN4KoM obpasosamy. Hapounro Mmory fa ce kBamudukyjy
usjaBe Cpupamana (Sriraman et al., 2011: 121):,,[...] Kaga oco6a omydyje nm pasMuiiba 0 IpOMEH) Mpexe
IojMoBa Jja 61 ce OHa MO6OJbINANa, 1A ¥ 13 IeJAroMKNX Pasjiora, Mako ce HoOBe MaTeMaTNdKe ujeje HUCY
dopmupare, ocoba je yK/bydeHa y KpeaTHBHY MaTeMaTW4Ky aKTMBHOCT.” Jla iu Tporiec, rope OIMCaH, jecTe
WIN HUje KpeaTMBHA MaTeMaTH4YKa aKTMBHOCT, MOXKE Jla ce ofipey Ha ocHOBY KecTnepose muMcTMHKIMje
usMeby mmpoleca pasyMeBama — CTUIIalbe HOBUX CasHamba — U BeKOame pasyMeBama — 06jalllberbe I0CeOHIX
cry4daja (Koestler, 1964). HanmpenoBame y pasyMeBamy ce HOCTIDKe (OPMY/IAIMjOM HOBUMX KOZOBa KPO3
MopudUKanyjy M MHTerpaunjy nocrojehux Kogosa MeTOAVIMA Y eMIMPMjCKOj MHAYKLMUjU, allCTPaKLVju U
CIIOCOOHOCTY pa3/IuKoOBamwa, Ouconnjanuju. Bexxba mprumeHe pasyMmeBama objallimerma moceOHUX gorabhaja
TII0CTaje YMH IOACyMMpama moceOHux forahaja, a peamsyje ce (y) KogoBrMa Koje je GopMIpano mpeTxomHo
VICKYCTBO. AKO, Ha IIpMMep, OITy4YMM Jja OCMUCIMM Pa3BOjHM IPOTpaM apUTMeTHKe/anrebpe 3acHOBaH Ha
MOM 3Hamy ofHoca usMely apurmerrke n anre6pe (reHepanmsanyja u Clelyjannu3anmja), ja caM yKbydeH y
BeXXOy pasyMeBara MaTeMaTHKe, IITO ce II0CeOHO pa3/Kyje Off KpeaTMBHOT IIporpeca pasyMeBama. Paspojun
IIPOTpaM YK/bydyje KaKo pefy3ajHMparme KypMKy/lTyMa, TaKO M peaM3ajHupame ,Mpexe 1mojmosa’. IIporpec
pasyMeBama KOjyI ce CTMYe Kpo3 OMcoLujalmjy 3axTeBa HOBY CTPYKTYPY HaXKme KOja HHMje IIOCTOjanma y
IPETXOJHOM II0J/by MaTeMaTIIKOT 06pa3oBama, a TO je CUMY/ITaHa MaKkba IIpeMa JIBa OKBMpPA Pa3MUIIbakba.
nenTudnkanmja cMMyITaHOCTY HaXKEe Kao IOTIOpa Omconyjanuju 61oke HaC JOBOGY 1O CHUMY/ITAHNX
IUCKycHja 0 GUSWIY 3ajeJHO Ca FheHMM I'PaHaMa 11 Y TeOPUjU PeIaTVBUTETa M y OCHOBaMa KBaHTHE MeXaHMKe.

Kmyune peuu: xpeaTuBHOCT, Ouconmjanmja, “axa“ MOMeHaAT, CUMYITaHOCT MaXXbe.
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Introduction

This paper focuses on the development of
Balkan mathematics education, which will be cov-
ered through the history of three national schools
of mathematics. In particular, it deals with identify-
ing and describing the types of institutions in three
societies of the Balkans in the latter part of the 18"
and most of the 19" century. First, we will look at
the mathematics of the ruling Ottomans, and exam-
ine how mathematical culture developed under the
programme of modernization of the Ottoman state

1 slawrence2@bathspa.ac.uk

and their military apparatus. The second focal point
will be the mathematics of two Orthodox popula-
tions then under the Ottoman Empire: Greeks and
Serbs. Greeks were the predominant Orthodox eth-
nie, both in terms of their heritage and cultural in-
fluence, and the wide spread of the Greek diaspo-
ra, with merchant communities scattered through-
out the Empire, gave them an enviable position in
terms of their ability to import learning from for-
eign countries. Finally, we will look at the particular
and relatively small national mathematical culture,
that of Serbia, and examine a personal story that
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contains many ingredients considered typically Bal-
kan, interwoven with a love of mathematical studies.

The Mathematics of the Ottomans

The Ottoman Empire (1299-1922) at the
height of its power in the sixteenth and seventeenth
centuries spread across three continents, from south
eastern Europe, to north Africa and the Middle East,
and included territories from Gibraltar to the Per-
sian Gulf and from modern-day Austria to Sudan
and Yemen. The relative religious tolerance meant
that non-Islamic ethnies were allowed to profess
their faith.? Until the end of the eighteenth century
learning developed slowly in the Balkan principali-
ties.

The Ottomans developed schools known as
madrasas, (literally meaning ‘place where learning is
done) which were founded throughout the Muslim
world from the ninth century. The primary aim of
madrasas was to instruct in the science of jurispru-
dence. It is significant to note that certain madrasas
included teaching on ‘rational’ sciences such as log-
ic, ethics, Arabic language subjects, and arithmetic,
apart from the religious and jurisprudence subjects.
It is however, generally believed® that individual ma-
drasas included mathematical sciences and astron-
omy if the madrasa professors studied such scienc-
es and were therefore immersed themselves in such
subjects.*

2 Roudometof (1998: 12) describes ethnie thus as a pre-
modern concept of identity: ‘An ethnie may have the fol-
lowing characteristics to differing degrees: a collective
proper name, a myth of common ancestry, shared histor-
ical memories, some elements of common culture (e.g.,
language, religion), an association with a specific home-
land, and a sense of solidarity’ See also Smith (1986: 40).

3 Under the reign of Kanuni Sultan Suleyman (1495-
1566) this trend was most widely spread, but became less
common after the end of the 16" century. See Stirmen,
Kaya, Yayla, (2007).

4 See Lawrence (2008).

Students entered madrasas after their ba-
sic schooling in the mektebs (equivalent to primary
schooling), and spent years rising through the ranks
(twelve in total) corresponding to the ranks of their
teachers. After completing studies in madrasas, a
student may become a tutor, enter the teaching pro-
fession or, if all he had completed all grades, enter
the ulema hierarchy becoming a learned man or a
religious cleric. This type of education was based on
tradition, and the handing on of existing knowledge,
rather than the development of new concepts (Zilfi,
1983). The major challenge to this system, through
wider political developments, came after the Otto-
mans lost the Battle of Vienna in 1683. The Otto-
mans subsequently fought a number of wars with
the Russians, eventually establishing the Habsburg-
Ottoman-Russian borders in southeast Europe. At
the same time they lost large areas of the Empire,
such as Egypt and Algeria, to Britain and France.
The Ottoman government therefore became in-
creasingly concerned by two major problems: the
loss of power and influence on the one hand, and
the perceived decline and corruption of the military
apparatus on the other. There was hence seen to be
an urgent need for modernizing of the army and the
accompanying technology, which included changes
in the learning of mathematics.

At its core, this modernizing process was
not motivated by ideas of Western Enlightenment.
Rather, the Empire sought to create an education-
al system geared towards meeting military needs
by introducing Western engineering and scientific
learning. The importation of western sciences there-
fore related to the art of war rather than to peace
or the pursuit of knowledge itself. One of the ma-
jor problems that eventually arose through this pro-
cess was that of exclusion. The new educational pro-
gramme that emerged, at least for the first half-cen-
tury, and its close link with the military goals, ex-
cluded de facto the many ethnic groups whose cul-
ture was linked to Christianity rather than to Islam.
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However, as the French and Turks had a long
history of cooperation since the sixteenth century,
when France received permission to trade in all Ot-
toman ports, the French and then other Western
mathematics came into the Ottoman Empire even-
tually through this channel.

First, a Naval Engineering College was found-
ed in Istanbul, at the Golden Horn - a fresh water
estuary dividing old and new Istanbul - in 1773, un-
der the guidance of Baron de Tott.> A Military En-
gineering College was established in 1795, with a
mathematical syllabus almost identical to that of
the Naval College, but with the additional subject of
fortification. These two institutions were the first in
the Empire to teach modern mathematics, focussing
on the sciences and their application to military and
civil engineering, and departing from the traditional
Islamic teaching of the madrassas. The two colleges
later merged and were, in effect, the origin of the Is-
tanbul Technical University.

Among the first group of teachers at the Naval
Engineering College was Gelenbevi Ismail (1730-
1790), who is credited with introducing logarithms
to the Empire. The second generation of teach-
ers initiated a more organised programme of west-
ern mathematics by translating texts into Turkish.
Huseyin Rifki, for example, who taught at the Mili-
tary Engineering School became a prolific transla-
tor of western works. This was a part of the wide-
ranging sentiment among the Ottoman scholars to
increasingly look to the West rather than East, or to
re-examine the Arabic mathematical heritage (Stir-
men et al.,, 2007). Rifki’s most important work, in
collaboration with Selim Aga, an English engineer
who converted to Islam, was a translation of Bonny-
castle’s edition of Euclid’s Elements (1789). Until this
translation appeared in 1825, the teaching of Euclid
came through the Arabic translation (c. 800) which
was then modified by Bursali Kadizade-i Rumi

5 According to Baron de Totts memories, published upon
his return to France in 1773. See De Tott (1785). De Tott was a
French diplomat of Hungarian origin.

(1338-1449) who was a head of Samarkand madra-
sa and published shortened and simplified versions
of Elements under the title EsKal@’t-te’sis (c. 1400).

Rifki’s example tells of an overwhelming need
to translate original works into national languages
into from the western sources rather than from the
existing translations of the original work. The prac-
tice indicates that the importation of western ideas
of mathematics and of education corresponded with
the production of new ways of learning even of the
things that were already known. This phenomenon
is an interesting one that perhaps requires further
documentation and consideration, as it indicates
that the western sources seemed to be deemed more
suitable for the purpose of teaching at the newly es-
tablished institutions of higher learning, rather than
the original, native sources.

Perhaps this is because at the beginning of
the nineteenth century Ottoman mathematics was
strongly influenced by military preoccupations, and
was mostly limited to the translation of French and
English texts for use firstly, in the newly established
military engineering colleges, and later for the use
in teacher training colleges. The mathematics found
in French and English sources was deemed modern
for such uses. Likewise, the training into such math-
ematical culture became necessary. Kerim Erim was
the first Ottoman mathematician to be granted a
PhD in mathematics in 1919, at the Friedrich-Alex-
ander University of Erlangen.®

As a consequence, because the local cultural
tradition was abandoned in favour of the modern
western mathematics (and it takes time for a com-
munity, as well as an individual, to become master-
ful in any discipline if learning is undertaken from
the very beginning) very little of any original math-
ematics was done before the First World War. The
second reason was also probably due to the mas-
tery, or the lack thereof of the language skills to first
learn, and then communicate results with the West-

6 His thesis was entitled Uber die Trigheitsformen eines Modul-
systems as reported by Inénii (2006: 234-242).
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ern mathematical communities. A rare case is that
of a secondary school headteacher Mehmet Nadir,
later becoming first professor of mathematics (1915)
at the newly established University for Women (es-
tablished in 1914 in Istanbul) and chair for number
theory at the Istanbul University (1919), who ob-
tained interesting results in number theory, partic-
ularly in relation to Diophantine equations (Inénii,
2006). Very little effort was also directed towards
communication with Western mathematicians: Na-
dir did so, as did his contemporaries at the end of
the 19th century - Tevfik Pasha and Salih Zeki both
published in either foreign languages or in foreign
journals — former wrote a book on algebra published
in English under the title Linear Algebra (second
edition 1893), for instruction at the teachers’ colleg-
es, and latter published an article on “Notation algé-
brique chez les Orientaux” in the Journal Asiatique
in 1898.

Mathematics of Modern Greeks

The Greeks, after the collapse of the Ro-
man Empire, found themselves under the Otto-
mans for centuries, but their diaspora spread as far
as the Black Sea coast and the Venetian territories.
Greek communities flourished in cities such as Vi-
enna, Amsterdam, or Budapest on the one hand,
and played an important role not only in commer-
cial development, but in supporting the intellectual
and cultural progress of Greeks and other Orthodox
ethnies within the Ottoman Empire on the other.
They did so by publishing books and newspapers in
Greek, and enabling local Greek teachers to under-
take university studies in the West.

One example of this practice was the edu-
cation of Evgenios Voulgaris in the universities of
Venice and Padova, supported by the brothers Lam-
bros and Simon Maroutsis. Voulgaris focused on the
re-establishment of ancient teaching in mathemat-
ics, believing classical Greek geometry to be the ba-
sis for any further progress (Roudometof, 1998). His

view was that the uses of mathematics are valid in
their interconnection with philosophy, rather than
in experimental sciences. Thus the new ontological
context of the Enlightenment escaped him, as it did
some of his followers (Dialetis et al., 1997).

Voulgaris however also translated many
philosophical and some mathematical works into
Greek, among them, in 1805, Euclid’s Elements from
Tacquet’s 1722 edition. Elements were first translat-
ed into Greek, albeit not of the ‘modern Greek’ va-
riety, in 1533 by a German theologian and scholar
Simon Grynéus (1493-1541). This edition included
Proclus’ Commentary on the first book of Euclid’s
Elements, given to Grynaus by the then president
of Magdalen College Oxford, John Claymond.” The
original manuscripts of ancient Greek origin were,
by this time, not available.?

The areas around Thessalonika, the eastern
Aegean, and the Ionian islands were the most sig-
nificant in introducing new educational trends into
Greek culture at the beginning of the nineteenth
century, especially into mathematics. The intellec-
tual prestige of these areas was related to sea trade
which brought with it relative prosperity and the
exchange of new ideas about learning. The centre
of this new learning in Thessaly became Ampela-
kia, at the foot of Mount Olympus, where a school
was founded in 1749. In the Aegean, the centres
were Chios, Kydonies, and Smyrna. Academies
were founded in Kydonies and Smyrna in 1800 and
1808, respectively (academies offering the equiva-
lent of the undergraduate studies). The Ionian Is-
lands were under British protection between 1814
and 1864, during which time the Ionian Academy,

7 'This edition is now at the Brown University Library, US.

8 Kastanis (2006: 7) said of this: “It is well known that all Byz-
antine manuscripts of ancient Greek origin were pillaged, de-
stroyed, or sold after the fall of Constantinople (an abomination
beginning with the crusades from 1204-1261). Thus, the scien-
tific works of the Greek civilization of antiquity, like Euclid’s El-
ements, were missing both in the libraries of Neo-Hellenic com-
munities and in those of the Orthodox monasteries, and it was
extremely difficult for Greek scholars to access them?”
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established in 1824, introduced a Western model of
mathematical education. Examples of teachers who
taught mathematics in these institutions after train-
ing abroad are Veniamin of Lesvos, who studied at
Pisa (supported by the Greek community at Livor-
no) and then taught at Kydonies from 1796, Doro-
theos Proios who studied in Pisa and Paris and after
1800 taught at Chios (Kastanis and Kastanis, 2006),
and Ioannis Carandinos, who studied at the Ecole
Polytechnique in Paris and later became Dean of the
Ionian Academy.

The first translations into Greek of mod-
ern works on mathematics were done by Spyridon
Asanis, a medical doctor who taught mathematics
at Ampelakia in the 1790s. His translations drew
on work by Nicolas-Luis de Lacaille (1712-1762)
and Guido Grandi (1671-1742), and two of them
were published: Arithmetics and algebra, in Venice
in 1797, and Conic sections, in Vienna in 1803.° The
success of these two books encouraged several fur-
ther translations by others."

Lacaille’s work was then taken upon at the
Greek Academy in Jassy by Iosipos Moisiodax
(1730-1800). Lacaille was also very popular in both
Italy and Austria during the second half of the eight-
eenth century, being introduced into their educa-
tional systems by the Jesuits (Kastanis and Kastan-
is, 2006). As majority of the Greek translations of
western works were done through Venice it is con-
ceivable that this is how Lacaille was introduced into
Greece too.

Carandinos, who set up an undergraduate
mathematics department at Corfu translated all the

9 The original works were de Lacaille (1741) and Grandi
(1744).

10 See Kastanis and Kastanis (2006: 518-520). Algebra was then
extended by the study and publications of three scholars: Zisis
Kavras (1765-1844) who studied in Jena and translated works
from German; Dimitrios Govdelas (1780-1831) who studied in
Pest and wrote a volume on Algebra relying on German sources;
Stefanos Dougas (1765-1829), student of Halle, Jena and G6t-
tingen, who published a four-volume work on arithmetic and
algebra inspired by German tradition in Vienna in 1816.

French books that he thought necessary and similar
to those used in similar institutions in Western Eu-
rope. Between 1823 and 1830, he translated works
by Bourdon, Biot, Lagrange, Poisson, Monge, La-
croix, and Legendre (Kastanis, 1998; Phili, 1998).
Hence virtually all the mathematics studied at the
Academy was pursued through the work of French
mathematicians. Although French mathematics
predominated in the Greek academies of the time,
there were also other influences. Constantinos Kou-
mas (1777-1836), for instance, studied at Vienna
from 1804 to 1808 and completed his doctorate at
Leipzig (Kastanis and Kastanis, 2006). His approach
to mathematics is described as ‘Austrian scholas-
tic’ (Kastanis and Kastanis, 2006) in as much as that
his main focus in studying mathematics was made
based on the work of Jean-Claude Fontaine, and he
published in an eight volume work done by Fontaine
and published in Vienna in 1800."

The German influence could be traced be-
tween 1810 and 1820, and was brought into Greece
by two mathematics teachers, Stefanous Dou-
gas (1765-1829)" and Dimitrios Govdelas (1780-
1831)." They introduced a German-inspired edu-
cational environment into the Patriarchic School of
Constantinople and the Academy of Jassy. Bavarian
officials also influenced the Greek educational sys-
tem after the appointment of the Bavarian prince
Otto Wittelsbach as King of Greece in 1832, to some
extent. They established a system of secondary ed-
ucation divided into lower and upper Gymnasium,
introducing a first syllabus in mathematics which
gave much freedom to the teacher but prescribed

11 Koumas (1807), Fontaine (1800).

12 See Dougas (1816). Dougas studied at Halle, Jena and G6t-
tingen, publishing upon his return to the Balkans a four-volume
arithmetic and algebra based on his learning of mathematics in
these German cities.

13 Govdelas studied in Pest, where he wrote a volume on alge-
bra. This work was published in Halle in 1806, under the title
Stoicheia Algebras (Elements of Algebra). Upon his return to the
Balkans he wrote a book on arithmetic and published it in Jassy
in 1818. See Kastanis and Kastanis (2006: 519).
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the general outline of study and the number of hours
taught in schools. The emphasis was on classical
studies, although mathematics was placed as a third
most important subject after ancient Greek and Lat-
in. Teaching of mathematics was heavily dominated
by the teaching of geometry based on Euclid, and on
Diesterweg’s principles of teaching geometry based
on heuristic or discovery learning."* The insistence
on classicism and the fact that there was not enough
mathematics teachers to populate the system, meant
that there was a need for suitable textbooks, which
were provided through the Bavarian connection.
Georgios Gerakis for example, originally a teacher
in a school in Athens, after his studies in Germany
(enabled by the support from the state) published
textbooks in Greek based on German textbooks:
Elementary Geometry and Trigonometry (1842),"
Arithmetic and Algebra (1855), and Plane Geometry
and Stereometry.'s

Serbian Mathematics

The history of Serbian mathematics is inextri-
cably interwoven with the colourful lives of several
of its most prominent exponents. Apart from trac-
ing their stories, and as this special edition of the
journal originates from within Serbia, it is quite in-
teresting for us to see the origin of the Serbian mod-
ern mathematical culture.

Serbian mathematics education in the nine-
teenth century developed first under the rule of the
Ottomans, and after 1833 under the Austro-Hun-

14 Friedrich Adolph Wilhelm Diesterweg (1790-1866) was
a German education thinker whose most famous work, Weg-
weiser zur Bildung fiir deutsche Lehrer (A Guide to Education
for German Teachers) (1835) set out the principles of teaching
based on theory of development and improvement, heavily co-
loured by the ideology and philosophy of neo-Classicism. See
Gilinther (1993).

15 The original textbook being Snell (1799).

16 Both original works were written by Carl Koppe (1803-
1874). See Koppe (1836) and (1836a).

garian Empire. The first book on mathematics in
Serbian was Nova serbskaja aritmetika (New Ser-
bian arithmetic) (1767) by Vasilije Damjanovi¢, but
undergraduate education was established only in
1838, at the Lyceum in Kragujevac. The first math-
ematics professor there was Atanasije Nikoli¢, who
had studied in Vienna and Pest, and his initial task
was to write the first undergraduate textbooks in the
Serbian language.

Belgrade University grew out of a succession
of institutions, the most prominent being Matica
Srpska, literally ‘the Serbian Queenbee, founded in
1826 in Pest to promote Serbian culture and science.
This institution grew into the Lyceum, and the Ly-
ceum developed into the Superior School. The first
trained mathematician to teach at the Lyceum, Dim-
itrije Nesi¢, had been educated at Vienna and Karl-
sruhe Polytechnic, and is credited with defining Ser-
bian terminology for all mathematical concepts and
processes known at the time.

At the end of the nineteenth century sever-
al Serbian mathematicians studied for doctorates at
Western universities: Dimitrije Danic at Jena (1885),
Bogdan Gavrilovi¢ at Budapest (1887), Djordje
Petkovi¢ at Vienna (1893), Petar Vukiéevi¢ at Berlin
(1894), and finally, the most famous Serbian math-
ematician, Mihailo Petrovi¢, who completed his the-
sis in the same year (1894) in Paris. It is not known
why Petrovi¢ chose Paris when all his contempo-
raries had studied in Germany or Austria, but he es-
tablished important links with the French govern-
ment during his studies and maintained them later.
Thus, although most educational influences in the
middle of the century were Austro-Hungarian or
German, the most prominent of Serbian mathema-
ticians, who set the future direction of the national
mathematical school, introduced French mathemat-
ics and French mathematicians to his country.

Petrovi¢, who was from a well-to-do family in
Belgrade, completed a degree in natural sciences at
the Superior, or sometimes called the Great School
in Belgrade in 1889. He then went on to study at the
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Ecole Normale, originally a teacher training insti-
tution, rather than the Ecole Polytechnique, which
earlier in the century had been the preferred place of
study for Greek students. The raised prestige of the
Ecole Normale at the end of the nineteenth century
may have been a deciding factor, but it is not clear
whether Petrovi¢ was aware of it. He was awarded
his doctorate in 1894 for a thesis was entitled Sur les
zéros et les infinis des intégrales des équations dif-
férentielles algébriques. The examining commission
consisted of Hermite, Picard and Painlevé. Both
Petrovi¢ and Painlevé later gained friends from the
political elites of their respective countries. In 1906
Painlevé became a Deputy for the fifth arrondisse-
ment, the so-called Latin Quarter. He later became
Prime Minister twice, in 1917 and 1925. Petrovi¢ on
the other hand, became first tutor, and later good
friend of the Crown Prince George Blackgeorge
(Djordje Karadjordjevi¢, 1887-1972). Petrovi¢ and
Painlevé continued their friendship upon the re-
turn of Petrovi¢ to Belgrade. At Petroviés insistence
Painlevé>s work on mechanics'” was translated by
Ivan Arnovljevi¢ and published in 1828 in Belgrade
as a textbook under the title Mehanika (Mechanics).

Petrovi¢ also made friends with Charles Her-
mite, who had already had another Serbian student,
Mijalko Ciri¢. Hermite taught Petrovi¢ higher alge-
bra, and his son-in-law, Emil Picard, was another of
Petrovié>s examiners. Petrovi¢ and Picard became
life-long friends, and Picard drew on work from
Petrovités thesis in his Traité d>Analyse (1908).'®

Upon his return to Belgrade in 1894, Petrovi¢
was made a professor at the Superior School in Bel-
grade. At the beginning of 1905, the Superior School
was replaced by the University of Belgrade and
Petrovi¢ was appointed to the Chair in Mathemat-
ics, a position he held until his death in 1943.

Serbia changed relatively rapidly from having
little or no mathematical culture at the beginning of
the nineteenth century. There were some advantag-

17 Painlevé (1922).
18 Trifunovié¢ (1994: 27).

es to this relatively short history. At the Internation-
al Conference on Mathematics Teaching (La Con-
férence International de 'Enseignement Mathéma-
tique) in Paris in April 1914, the Serbian represen-
tation reported that the introduction of infinitesi-
mal calculus into schools was devoid of problems in
their country, modernization did not pose a prob-
lem in a place where there was no tradition which
could inhibit it:
‘Chez les nations qui ont & peine dans leur dével-
oppement, passé les premiers seuils de la civilisa-
tion, il n’y a pas de tradition et une idée en gen-
eral et surtout une idée nouvelle, devient trés fac-
ilement I'idéal meme d’une generation. Par conse-
quent, dans ces circonstances la realisation de cet
ideal nest pas empéchée ou retardée par des ques-
tions de tradition"

Petrovi¢’s work, both in terms of acknowl-
edgement in the international community and his
efforts to establish a national school (virtually all
mathematical doctorates in Serbia between the two
World Wars were done under his supervision)® es-
tablished far-reaching change. This had a long term

19 LEnseignement Mathématique: “With the nations which
are, but at the threshold of civilization in their development,
there is no tradition and an idea in general and especially a new
idea, can become very easily an ideal of a new generation. As a
consequence, in such circumstances the realization of this ideal
is not prevented or delayed by the questions of tradition.” (1914,
16, 332-333).

20 Petrovi¢s doctoral students were Sima Markovi¢ (gained
PhD 1904, became a famous Communist and as such disap-
peared and lost his life in Russia under Stalin), Mladen Beri¢
(1912), Tadija Pejovi¢ (1923), Radivoj Kasanin (1924, who be-
came professor at the University of Belgrade), Jovan Karamata
(1926, who taught mathematics at the universities of Belgrade,
Gétingen, and Geneva), Milo$ Radoj¢i¢ (1928, professor at the
University of Belgrade and the University of Khartoum), Dra-
goslav Mitrinovi¢ (1933, professor of mathematics and founder
of mathematical institutes in a number of universities of former
Yugoslavia), Danilo Mihnjevi¢ (1934), Konstantin Orlov (1934,
professor of mathematics at the University of Belgrade), and
Dragoljub Markovi¢ (1938); these mathematicians jointly pro-
duced further 361 doctoral students during their professional
lives.
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effect on Serbian, and later Yugoslavian, study of
mathematics in the first half of the twentieth cen-
tury. In this way the influence of the French school,
was felt long after his main Serbian student became
the founder of the national mathematical school.

Conclusion

The modern idea of a periphery, and in par-
ticular of societies such as those of the Balkans, lag-
ging behind the West, which by contrast is seen as
progressively onward-moving (Ahiska, 2003; Heper,
1980), implies a need to catch up with developments
at ‘the centre’ by introducing new technologies, ap-
proach to studying sciences and mathematics, and
the cultural innovations originating in the West. In
the case of the Ottoman Empire, the sense of being
on the periphery began to emerge at the end of the
seventeenth century, which marked the beginning
of the Empire’s decline military prowess and influ-
ence. It was also, however, the beginning of the pe-
riod during which the Ottomans began the process
of Westernisation, including the adoption of West-
ern mathematics, which entered Ottoman education
mainly through the military engineering schools
(Gliveng, 1998; Grant, 1999; Somel, 2001; Ekme-
leddin, 2003; Gokdogan, 2005). The Ottoman effort
to modernize the military, engineering, and math-
ematics, is an example of a periphery to which con-
temporary mathematics was brought and dissemi-
nated with a singular purpose in mind. In this case
the periphery took what it considered useful from
the West with a view to regaining military and po-
litical prestige, but filtered out other aspects of im-
ported culture. However, and because the local cul-
tural heritage was abandoned in order to adopt the
modern, the catch-up process took a long time and
the language barriers did their part in keeping the
advances at a slow pace.

In the case of the Greek mathematics of the

nineteenth century, the pursuit of mathematics was
influenced by the centre to such an extent that the

centre often set the agenda for reform in the periph-
ery. In the case of modern Greek mathematics this
is quite an extraordinary development to be seen, as
virtually all modern mathematics of the 19" century
still relied very much on Greek tradition of math-
ematical thinking. Nevertheless, the original Greek
mathematics was lost, and the modern Greeks were
re-learning mathematics from the West. This is seen
in the mathematics exported by the French to the
Ionian Islands, which at the time were a British pro-
tectorate. The mathematics developed at the Ionian
Academy in turn impregnated all future develop-
ments in Greece after the wars of independence in
1821.

Finally, Serbian mathematics described here
focuses on the small national mathematical cul-
ture. In this case, we mainly looked at one mathe-
matician, who can probably described as the father
of Serbian mathematical culture, Mihailo Petrovié
Alas. His deep interest in life led him to explore the
North Seas as much as to search for authentic ap-
proach to doing mathematics. Alas counted among
his friends the President of France, Crown Prince of
Serbia, and the Gypsy musicians of Belgrade.?! In
such a setting mathematics and its narrative became
embedded in the national culture, certain elements
of which gave rise to an archetypal view of mathe-
matical pursuit linked to a bohemian but also intel-
lectually superior way of life.

With the First World War, the intellectual map
as well as the political map of the Balkans changed
dramatically. First, the centres of political and cul-
tural influence changed drastically after the disin-
tegration of the Austro-Hungarian Empire; second,
whilst the choices mathematicians and mathematics
educators made in the nineteenth century were of-
ten a matter of opportunities, beliefs into the routes
into progressive new times, inheritance, or circum-
stances. The mathematicians of the new era became
acutely aware of the seriousness of decisions they
had to make in developing their national schools, an

21 See Lawrence (2008).
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example of which is Petrovi¢. Through this aware-
ness they began to create their own intellectual land-
scape, and drew from the influences they considered
most appropriate to their national circumstances.

With the Russian revolution of 1917, a new
wave of changes swept through these lands, and
with it the new mathematics brought by the refugees
from the Czarist Russia. Many mathematicians that
fled from the Russian revolution towards the west,

stopped and settled in the Balkans. The first transla-
tion into Yugoslavian languages, for example, came
through this route.”” By the end of the Second World
War the division of Europe into Western and East-
ern Blocs meant further changes to the mathemati-
cal cultures of the Balkan societies, and the changes
are yet to pan into the new stories for the new gen-

erations.
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ap CHexxaHna JIopeHc

[Nemaromxu ¢akynret, Yausepsutet bar Cra, Benmnka bpurannja
MaremaTiuko o6pasoBame Ha bankany o IIpBor cBeTckor pata

Mako je neo cBeT 3axBanaH Ipnyma 3a BUXOBY TeOMETPUjy U MCTAMCKIM MaTeMaTH4apyMa 3a BbUXOB
paj Ha pa3Bojy anrebpe, NCTOpMja PaTOBA 1 HACW/ba Ha DaKaHCKOM MOMTYOCTpPBY 3HA4YMIIA je f1a HMjelHa Off
OBIIX [IB€jYy BEMMKUX Ky/ITypa MaTeMaTHKe HUje IpexxuBena nocye 19. Beka. OBaj paji 3acHUBA ce Ha ICTPaXX!-
Bamby Be3a y UCTOPMjM MaTeMaTuKe Ha bankaHy u orpaHnyeH je Ha pasjallilbeme MICTOPUje U pa3Boja KyATy-
pe y Tpu 6ayKaHCKa IpyIITBA: TPYKOM, OTOMAaHCKOM U CPIICKOM, a 3aBpIlaBa ce forahajuma y panom 20. BeKy.
OBuMm pagom nokyurahe fja ce onmiire 1 Iokaxke Kako Cy OBe TpU KY/IType MaTeMaTU4KOT 00pa3oBama KOHIje-
IyTa/lM30BaHe U KaKO je IbIXOB pa3Boj 6110 1of yTUIIajeM MaTeMaTUIKUX Ky/1Typa 3anagHe EBpone. Omncahe-
MO CHCTeMe IIIKOJIa ¥ YHUBEP3UTeTa, IpBe podecope MaTeMaTUKe Ha YHUBEP3UTETIMA y OBA TPU [PYLITBA,
Kao I BIXOBe IIporpaMe MaTeMaTyuKe 1 HeKe Off IPBUX YII0eHMKa MaTeMaTuKe.

IIpBa MaTeMaTH4YKa Ky/ATypa KOjy OINICYjeMO y pafly jeCTe OTOMAaHCKa, ¥ TO ca ITO3MIIMje pa3Boja BeHOT
APYIITBA U Ip)KaBe, Te BOjHOT ypehema 11, HapaBHO, MaTeMaTuKe, KOjoM ce 6aBMMO y IIOMEHYTOM KOHTEKCTY.
OtomaHcka rapeBuHa (1299-1922), Ha Bpxy BracTu y 16. u 17. BeKy, IMpuIa ce Ha TpU KOHTUHEHTA, Off jyTro-
ucrouHe EBpore 1o ceBepre Adpuke u bruckor nctoka u obyxsarana je repuropuje of Inbpanrapa o Ilep-
cujckor 3anuBa u off MofiepHe Ayctpuje o Cypmana u Jemena. OTOMaHM Cy PasBU/IM CUCTEM IIKO/IA — MefIpece,
KOje Cy OCHMBaHe off 9. BeKa IIMPOM MYCIMMAHCKOT CBeTa. Y MefpecaMa Cy ce, OCUMM IIpoydYaBarbha PeIuruos-
HYIX HayYHVX AVICLIVITUIVHA, IIpOoydaBasle ¥ AVCHVUIUINHE HocBeheHe palroHa/THUM HayKaMa, Kao LITO Cy apall-
CKI je3MK, TOTMKa, apUTMeTIKA 1 eTVKa. Paji mpatu pa3Boj oTomaHcKe MaTeMaTuke y LlapcTBy, of Menpeca
IO IPBUX YHUBEP3UTeTa, NoKasyjyhu yrumaj koju cy umamu @pannysu u Exrnesn y ycnocrappamy MIKO/Ia
y LlapcTBy, Kao 1 yiibeHuKe KOju Cy ce IpeBOAMIN ca GPAHIIYCKOT U €HITIECKOT je3ukKa 1 6umm KopuinheHn y
OTOMAaHCKMM VHCTUTYLIMjaMa 3HaIba 1 y4Iema.

Ipuko MaTreMaTyKo 06pa3oBame, Majla MCTOPUjCKM BEPOBATHO MMa HajBehm yTuiaj Ha pasBoj MaTe-
MaTMYKOT 06pa3oBama y eBPOIICKOM I 3aIla/JHOM CBETY, Hije MMa/I0 KOHTVHYNUTET Ha IPYKOM IIOAPYYjy, Koje
61 II0BE3aJI0 CTAPOTPUKO M MOZIEPHO I'PYKO MAaTeMAaTUIKO o6pas3oBame 1 KynTypy. Ipum cy ce, mocie konarca
Pymcke mapeByHe, HaUIM TIOJ, OTOMAHCKOM BJIaJIaBUHOM, KOja je Tpajana cronehmma. Y pajy mpaTumo Kako
cy Ipuu ycneny moHOBO fla yCIIOCTaBe CBOjy MHTENEKTYaaHy M MaTeMaTUUKy KYITYpPy KpO3 CIelupuIHOCT
BUX0BOT cTaryca rmop, Oromanuma. Hanwme, Iy cy 61 mosHaTi xao Hajseha OpTO[OKCHA eTHIYKA Ipyma
y OTOMaHCKOM LIapCTBY, U Kao TaKBM MMaJIN Cy ITocebHe MpUBWIeTHje U IPUCTYN Baagajyhum OromMannMa.
Hexonuko nprmepa Koju ce MOTy IPaTUTU KPO3 UCTOPUjy MOJIePHE TPYKE MaTeMaTHKe II0Ka3yjy yTUILIaje IO,
KOjJMa Cy ce HallUIM Ha IIpary cBor ocnoboherma off 0TOMaHCKe BIajlaBJHeE.

IToce6Ha cHara rpuke KyaType y OBOM Iepuopy 6mia je muxosa amjacnopa. Ha mpumep, Bynrapuc
(Evgenios Voulgaris) 3aBpumno je yuusepsutet y Benenuju u ITagosu, mro cy My omoryhuna 6paha u3 gujac-
nope, Jlam6poc u Cumon Mapyrcuc (Lambros and Simon Maroutsis). Byarapuc ce ycpencpenno fa nosparu
CBOjOj TOMOBMHM HEIIITO Of CTape IpYKe MaTeMaTH4Ke KyIType Bepyjyhu jja je rpuka reoMmeTpuja OCHOBA 3a
6o xoju 6yayhn Hanpenak y MaTeMaTU4KOM 06pa3oBamby.
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Paj nmape mparty pasBoj IpUKOT MaTeMaTMYKOT 0Opa3oBama, MoKasyjyhyu HaMm fja cy QpaHITyCcKu, €eH-
IJIECKM ¥ HeMadKu yTuLaju 6vmm npeosabyjyjyhu y ycrocraspamy MofiepHe rpuke MaTeMaTudke KyAType 1
obpasoBama.

Cpricka MaTeMaTyKa, Majia pe/laTBHO MJIaJia, Off MOCeOHOT je MHTepeca 3a paj, He CaMo 3aTo IITO ce
Halll paj] Hajlasy y Nyonmkanuju Koja motude u3 Cpbuje Hero u 360r crieninUIHOCTY peIaTUBHO Majie KyJl-
Type Koja je IpousBesia BaYXHY U yTUIIAjHY MaTeMaTUKY ¥ MaTeMaTUYKY KyATYPY U IIpoK3Be/ia BeoMa yITIefiHe
MaTeMaTu4ape y pelaTMBHO KpaTKOM BpeMeHy. CpIicka MaTeMaTMKa pasBMjaja ce mox yrunajeM OroMaHa, a
nocrne 1833. roguHe mof, yTuiiajeM AycTpoyrapcke MoHapxuje. IIpsa kibura o MaTeMaTUIM Ha CPIICKOM je3u-
Ky LITaMIaHa je TeK 1737. romuHe, a CTyAMje MaTeMaTuKe Ha BUILIEM HUBOY HacTajy Tek 1838. roguue (JIniej).

/M mopen Tako KacCHOT II0YETKa, Ha Kpajy 19. Beka Cpbuja je Beh mMana HeKOMMKO f0OpUX MaTeMaTn4apa
Ha JOKTOpcKuM cryaujama y ITapusy, beuy, bepnmnuny n bygummnenrtu. Hajmosuaruju op mux 61o je Muxanio
ITerposuh, 3sBaun Anac, koju je y Ilapusy HanpaByo HEKONMKO Ba)KHIX KOHTAaKaTa ¥ Be3a ca MaTeMaTU4apu-
Ma U MOMTUYAPUMAa, IITO je OMOTyhmmo CpIcKoj MaTeMaTH4YKOj Ky/ITYpy IPUCTYII BXKHUM CKYIIOBUMA, Off
KOjuX je jemaH Outa VIHTepHaIMoHaHa KOHpepeHIMja MaTeMaTnIKor oOpasoBama ofip>kaHa y Ilapusy anpu-
na 1914. ronuHe, Kafia je CpIICKa fiefieralyja gaaa U3BeLITaj y KOME je CaollIUTHIA [a je KpaTKOpO4YHa UCTopuja
HeKa/| II0TojHa 33 HallpeJjaK MaTeMaTHKe:

»KOJI OHIX Hal[uja Koje TeK MOYMIbY CBOj HAIlpeslaK, 6e3 OCHOBA TpajMiuje, TeHePATHO 1feje, a CIle-
IMjaTHO HOBE MJieje, MOTY IIOCTaTy BaXKaH ujean 3a Hose reHepanyje... (L>Enseignement Mathématique, 16
(1914), 332-333).

VcTopuja cprickor MaTeMaTI4IKOr 00pa3oBarmba I Ky/IType 3aBpIIHNIIA je OBOT IIOI/IaB/ba.

Krmyune peuu: matemaTuako obpasoBame y 19. BeKy, MaTeMaTiKa Ha bajkaHy, rpuka MaTeMaTHKa, OTO-
MaHCKa MaTeMaTMKa, CPIICKAa MaTeMaTuKa.
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Introduction

Located in Southeast Asia, Indonesia has the
fourth largest education system in the world in terms
of student population. However, large-scale Inter-
national comparative studies such as the Trends in
Mathematics and Science Studies (TIMSS) and the
Programme for International Student Assessment

1 L.Fan@southampton.ac.uk

(PISA) have consistently shown that the Indonesian
educational system does not work well in terms of
students acquiring a good quality of education at the
primary and secondary levels. For example, Indone-
sian 15-year-old students were placed 57" out of the
65 participating countries/territories in PISA 2009
in their average mathematics scores’. In PISA 2012,
they were ranked 64™ out of the 65 participating

2 See http://www.oecd.org/pisa/pisaproducts/46619703.pdf
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countries/territories.” These indicators have been a
driving force for the Indonesian government to un-
dertake the latest national curriculum reform (Sury-
adarma & Jones, 2013).

To improve the quality of students’ learn-
ing in any education system, it is essential to look
at its curriculum, as curriculum is a prime part of
that system and plays a vital role in determining
why, what, and how students learn and are taught
in schools. According to Levin (2008), curriculum is
defined as an official statement of what students are
expected to know and be able to do. Curriculum is
particularly important in countries like Indonesia,
which adopts a centralized education system.

In the history of modern Indonesia’s educa-
tion, the national curriculum has undergone many
changes in the years 1947, 1952, 1964, 1968, 1975,
1984, 1994, 1999, 2004, 2006 and the latest is 2013.
As to Indonesia’s national school mathematics cur-
riculum, Soedjadi (1992, as cited in Suryanto et al.,
2010) once classified this long reform into the fol-
lowing eras:

1. before 1975

2. Era of modern mathematics

3. Back to ‘tradition mathematics’
4. Integrated Era

However, literatures about Indonesian mathe-
matics education are overall very limited particular-
ly regarding the history of mathematics curriculum.
This is so even since the 1970s, the policies of ed-
ucation reform in Indonesia have proceeded in the
context of human resources expansion for the pur-
poses of national development (Yeom et al., 2002),
and moreover, there is a growing awareness among
scholars in Indonesia of the need to improve math-
ematics teaching in schools (Sembiring et al.,2008).

In this paper, we look back at the history of
mathematics curriculum reform and development
in modern Indonesia, mainly through the national

3 See http://www.oecd.org/pisa/aboutpisa/pisa-2012-partici-
pants.htm

curriculum materials, policy documents and avail-
able literature. By doing so, we intend to provide a
historical overview and documentation of the re-
form and evolution of mathematics curriculum in
Indonesia, examine external and internal factors
in relation to the curriculum reform and develop-
ment in the country, and discuss their implications
for further curriculum reform and development. We
therefore start with a brief introduction about Indo-
nesian mathematics curriculum before 1975, which
we termed pre-modern mathematics curriculum.

Pre-Modern Mathematics Curriculum
(before 1975)

Since Indonesia got its independence in 1945,
mathematics as a school subject has been a compul-
sory course throughout the whole school education,
that is, from primary school (Grades 1-6), to jun-
ior high school (Grades 7-9) and senior high school
(Grades 10-12). However, before 1975, the teach-
ing of mathematics was mostly influenced by West-
ern mathematics education theories, and in particu-
lar, Skinner’s behaviourism of learning (Ruseffendi,
1988). As Zulkardi (2002) noted, the lessons were
delivered through mechanistic pedagogy. Students
were trained to memorize mathematical concepts
without understanding them (Ruseffendi, 1979). In
learning geometry, for instance, Ruseffendi revealed
that it was focused on developing calculation skills,
and the students learned how to calculate area and
volume of a geometric object without understand-
ing the meaning of area and volume (Ruseffendi,
1979).

It should be noted that Indonesia’s nation-
al mathematic curriculum before 1975 was imple-
mented based on the separate mathematics strands
such as algebra, geometry and trigonometry (Zulk-
ardi, 2002). Regarding the contents of the curricu-
lum, arithmetic was taught in the primary schools,
algebra and plane geometry were taught in the jun-
ior high schools (Grades 7-9), while in the senior
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high schools students learned more advanced alge-
bra, three-dimensional geometry, and analytic ge-
ometry. The main criticism of this curriculum was
that it did not pay adequate attention to the relation-
ship between different areas and topics of mathe-
matics (Ruseffendi, 1979).

Modern Mathematics Curriculum (1975)

In 1973, the Indonesian government trans-
lated “Entebbe Mathematics Series”, which was de-
veloped in mid 1960s mainly by US and UK math-
ematicians and mathematics educators, and aimed
mainly for the African countries (Williams, 1971).
The translated series were then used as main math-
ematics textbooks in Indonesia. This translation
project was the beginning of the implementation of
modern mathematics in Indonesia mathematics ed-
ucation.

In 1975 the Indonesian government official-
ly implemented a new curriculum which was deep-
ly influenced by modern mathematics movement
or “new math” (Kilpatrick, 2012; Sembiring et al.,
2008). According to the Ministry of Education and
Culture, or Depdikbud in Indonesian, the mathe-
matics curriculum in this period was characterized
by the following criteria (Depdikbud, 1976):

1. New topics were introduced;

2. More focus was placed on developing un-
derstanding rather than memorization and
calculation skills;

3. Attention was paid to continuity among
the topics in primary and high schools;

4. Heterogeneous or different students’ needs
were accommodated;

5. Student-centred learning was emphasized.

The new topics included in the curriculum
were Set, Statistics, Probability, Relation and Func-
tion, and Non-Metric Geometry (Depdikbud, 1976).
Moreover, Plane Geometry and Three-Dimensional
Geometry which were taught at different levels in the

previous curriculum were taught at the same level,
at year 11, in this curriculum.

With regard to teaching approaches, deduc-
tive approaches were used not only in geometry but
also in algebra in high school. However, inductive
approaches were still used for primary school stu-
dents (Suherman & Winataputra, 1999). Moreo-
ver, according to Ruseffendi (1988), this period was
strongly influenced by behavioural psychology that
emphasizes the stimulus to response and training
(drill). In addition, Piaget and Bruner’s theories also
played an important role in shaping teaching ap-
proaches advocated in curriculum and classroom
practices in this period (Ruseffendi, 1988).

Like in many other countries, it was also ad-
mitted that unfortunately in Indonesia also, the
modern mathematics, which had been introduced
into the curriculum since the beginning of 1975, re-
sulted in a problematic situation in schools (Sembir-
ing et al., 2008; Cockcroft, 1982). By 1983, this mod-
ern-mathematics-based curriculum was considered
no longer suitable in order to meet the communi-
ty’s needs and the demands of science and technol-
ogy. New calls for a new mathematics curriculum
ensued.

Technology-Integrated Curriculum (1984)

The Indonesian government decided to de-
velop and implement a new curriculum starting
from 1984. There were actually no significant chang-
es in terms of the total coverage of mathematics top-
ics in the new curriculum, as compared to the pre-
vious one (Depdikbud, 1987). However, three new
features make this new mathematics curriculum
particularly noteworthy.

Firstly, this curriculum signalled the first at-
tempt and policy directive to integrate modern tech-
nologies into the mathematics teaching and learning
in Indonesian classrooms. Most specifically, calcula-
tors were introduced into the teaching of mathemat-
ics. It is in this sense we call this curriculum “tech-
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nology-integrated curriculum’, though this was only
a starting point in this direction. According to Rus-
effendi (1988), this was one of important efforts in
strengthening mathematics education in Indonesia.

Secondly, there was an important change in
the sequence and structure of the mathematics con-
tents introduced in the curriculum. For examples,
some topics such as algorithms, trigonometry, and
transformation were moved from the senior high
school level to the junior high school level (Depdik-
bud, 1987).

Thirdly, a “spiral” approach as a pedagogy was
adopted in the new curriculum. Table 1 below shows
an example of how a concept of geometry (area) was
packed in the curriculum (Depdikbud, 1987).

Table 1: An Example of Spiral Approach in
Teaching Areas of Geometric Shapes

Grade Topics
Level

Grade3  The students were introduced the ratios
of area of a square and rectangle, and
then they learned the area of a square and
rectangle through counting square plot.

Grade5 The students recalled what they already
learned at Grade 3. Thus, they learned
the area of a square and rectangle by
multiplying the square plots on rows and
columns; from this activity they learned
the formulas of square and rectangle.

Grade5 The students learned the area of a triangle.

Grade 6  The students learned the area of a
parallelogram, then they were introduced
the area of a circle.

Grade7  The student recalled the concepts of the
area of a square and a rectangle, and then
they learned the area of a cube and block.

Grade8  The students learned the area of a
rhombus, trapezium and kite.

Grade 8 The student learned the area of a circle its
application.

The “spiral” approach was reflected in the
width and depth of learning materials, so that the

higher the school levels, the more width and depth
of the materials and lessons were provided on same
topics.

Regarding teaching approaches, the Minis-
try of Education and Culture (or Depdikbud) rec-
ommended that the Student Active Learning (Cara
Belajar Siswa Aktif or CBSA in Bahasa Indonesia)
approach be adopted for learning and teaching in
all schools (Depdikbud, 1987). CBSA is a teaching
approach that provides the opportunity for students
to be actively engaged in the learning process and
with the hope that students get the maximum learn-
ing experience, in cognitive, affective, and psycho-
motor aspects (Pardjono, 2000). Internationally, this
curriculum was mostly influenced by developmen-
tal psychology of Piaget (Flavell, 1967).

However, as Fauzan (2002) noted, the imple-
mentation of this new curriculum had also made
clear a number of problems and in particular, the
following:

1. An overload of subjects at the primary
school level, which had resulted in the fact
that the students often did not have sufhi-
cient time to master any given subject.

2. A lack of continuous assessment of the stu-
dents’ progress.

3. An unsatisfactory implementation of the
active learning principles.

Therefore, all these problems had stirred up
strong criticism from the parents and society (Dep-
dikbud, 1997), a reason for the government to devel-
op another new mathematics curriculum.

Back-to-Basic Curriculum (1994)

In 1994, the curriculum reform in Indonesia
was signified by the change of curriculum content
and teaching approaches, especially at the primary
school level. In fact, as Armanto (2002) noted, the
reformed curriculum in 1994 had made significant
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changes in many aspects compared with the previ-
ous curriculum launched in 1984.

Government reports (Depdikbud, 1994) indi-
cated that the main aims of teaching mathematics in
the 1994 curriculum were:

1. Students are able to effectively and efhi-
ciently deal with the dynamic world based
on logical reasoning, rational and critical
thinking.

2. Students are able to use mathematics and
mathematical reasoning in studying other
subjects.

3. Students have critical attitude, persever-
ance, and appreciation of mathematics.

4. Students understand mathematics deduc-

tively.

From the aims of teaching mathematics men-
tioned above, we can see that since 1994 the Indone-
sian mathematic curriculum already paid much at-
tention to critical aspects of mathematics education
such as developing students’ reasoning and skills to
deal with real life problems, which was not clear-
ly stated in the previous curricula. These goals are
similar to those stated by the National Council of
Teachers of Mathematics (NCTM, 2000) that math-
ematic curriculum should prepare students for solv-
ing problem in a variety of school, home and work
settings.

In order to achieve the main goals of teaching
mathematics, specific instructional objectives were
provided by the government for the teachers in the
curriculum. The following is an example of specit-
ic instructional objectives as mentioned on GBPP,
which is an Indonesian abbreviation of Curriculum
Implementation Guide, published in 1994:

Table 2: An Example of Specific Instructional
Objectives

General Specific Instructional Objectives
instructional

objective

Students 1) Students are able to determine the
are able to area of squares and rectangles by

measure the
size of angles
and areas, and
to understand

counting the number of square
units and/or by counting the
number of square units in one row
then multiplying it by the number

measurement of rows.

units 2) Students are able to recognise the
formulas for era of squares and
rectangles.

3) Students are able to recognise
standard measurement units for
area.

In practice, it is not always possible to pre-
cisely specify the instructional objectives for some
of the main aims of mathematic teaching in a given
topic, therefore the main aims could become blurred
(Fauzan, 2002). For instance, in teaching geometry
the specific learning objectives in the 1994 curric-
ulum were focused on remembering definition of
two and three dimensional geometric objects such
as square, cubes, prisms, and memorizing the char-
acteristics of these objects, but did not refer to more
broad aims of learning geometry such development
of logical reasoning ability (Suydam, 1983) or inter-
pretation of space and the environment (Moehar-
ty, 1993). It appears that the specific leaning objec-
tives were not well aligned with the main aims of the
teaching and learning of mathematics as mentioned
earlier.

In terms of the mathematics contents, funda-
mental changes were observed for the new school
mathematics curriculum. The emphasis was placed
on students’ mastery of fundamental principles of
mathematics, particularly at the primary school lev-
el, in which the “traditional” mathematics with a
focus on calculation skills again received more at-
tention in this curriculum (Depdikbud, 1994), and
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some “modern” topics, for instance, the Set Theory,
were no longer a focus in the curriculum (Armanto,
2002). It is in this sense we call this reformed curric-
ulum “back-to-basic curriculum” However, the idea
of going back to basic emphasized in the curriculum
seems contradicting or incoherent with one of the
main aims of the curriculum, that is, students were
expected to be able to use mathematics and math-
ematical reasoning in their daily life. Moreover, at
the senior high school level, the introduction to
graph theory was included in the curriculum while
integration was not. It would be interesting to see
the reason behind these changes. Unfortunately we
were not able to locate any literature regarding this
issue, nor could we reach the curriculum developers
to gather information and make clarification due to
the scope of this study, a limitation warranting fur-
ther effort in future study.

Content-Reduced Curriculum (1999)

As it had too heavy content for teachers and
students to get through, the 1994 curriculum was lat-
er considered overloaded (Supriyoko, 1999). More-
over, as Supriyoko also pointed out, the 1994 cur-
riculum was not flexible so the teachers were unable
to find adequate room for developing students’ cre-
ativity in teaching and learning activities. In addi-
tion, Fauzan (2002) noted that teachers complained
about having too many topics, too limited time to
teach them, and the students complained about hav-
ing too many exercises and too much homework to
complete in a school year. Therefore, the govern-
ment decided to make some adjustments in the na-
tional mathematics curriculum.

The new mathematics curriculum was re-
leased by the Indonesian government in 1999. It is
largely a simplification of the 1994 curriculum. One
of the most important features of this new curricu-
lum was reducing so-called irrelevant or unessential
topics such as sets and introduction to graph theo-
ry (Fauzan, 2002). Unfortunately, we could not find

any literature concerning why these topics in partic-
ular were regarded irrelevant by the government re-
formers at that time.

In addition, for this curriculum, the govern-
ment only required all students to master core con-
tent. For those who were more interested in math-
ematics or mathematical gifted students the new
curriculum offered advanced mathematical con-
tents. This advanced content was managed and ad-
justed by teachers based on students’ needs. Some of
the advanced topics were, for example, Measures of
Skewness and Kurtosis, Inverse Function and Com-
position, the derivative and integral of the Exponen-
tial Function (Depdikbud, 1999). The new curricu-
lum advised that the content of mathematics taught
and the levels of difficulty must be continuously
reviewed and updated when necessary in order to
meet students’ needs.

It should be noted that content reduction in
mathematics curriculum was also reported in many
other countries especially in Asian countries includ-
ing China, Japan, and Singapore around the same
time (Bjork & Tsuneyoshi, 2005, Wu & Zhang,
2006). For example, in Singapore, the government
announced in 1998 that there was a 10%-30% con-
tent deduction in most school subjects including
mathematics with the purpose of providing room for
teachers to implement the new initiatives in schools,
such as the development of thinking skills, integrat-
ing the use of Information Technology, and the de-
livery of the National Education (Singapore Minis-
try of Education, 1998) in school education. In that
sense, the reform in Indonesian mathematics cur-
riculum was consistent with many other countries.

Concluding Remarks

Since the 1970s a number of studies (Haji,
1999; Jailani, 1990) have shown the weaknesses of
mathematics teaching in Indonesia. Indonesian stu-
dents find it difficult to comprehend mathematical
concepts, and the teaching approaches commonly
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used in Indonesian classrooms make mathematics
more difficult to learn and to understand. Moreo-
ver, the results of the national examinations showed
that mathematics was continuously the lowest-scor-
ing subject (Depdikbud, 1997).

From our discussion above, we can see that
Indonesian mathematic curriculum reforms were to
a large extent influenced by and consistent with the
trends in other countries. For instance, when “mod-
ern mathematics” became the dominant movement
around the world, the Indonesian government im-
plemented a new curriculum framed by this new
trend. Modern mathematics was rated highly and
expected to provide Indonesian students with a
good opportunity to learn mathematics more effec-
tively (Sembiring et al.,, 2008). Unfortunately, and
in practice, many teachers reported many problems
with this approach as modern mathematics was too
difficult for their students to learn (Somerset, 1997).

As researchers have noted, even though the
curriculum reforms not only focused on mathemat-
ics contents but also on teaching approaches, the
teaching and learning of mathematics in Indone-
sian schools remained mechanistic, with teachers
tending to dictate formulas and procedures to their
students (Armanto, 2002; Fauzan, 2002). Hence, it
seems that the curriculum reforms over the last five
or so decades failed to bring significant impact on
classroom teaching and students’ achievement in
learning mathematics, as mentioned at the begin-
ning of the paper. To us, this indicates the challenge
and complexity of curriculum reform and develop-
ment, and as a developing country with ambition to
improve the teaching and learning of mathematics
in schools, the case of Indonesia presents a mean-
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VicTopujcku ocBPT Ha MaTeMaT4Ky KYpUKyTapHy pedopMy U pa3Boj y MopiepHoj VIHmoHe3uju

VHpoHe3nja je 4eTBPTa 3eM/ba y CBETY U3 06/1aCTV 0OPa3OBHOT CUCTEMA U HOIy/Ialluje YYeHNKa, Maja y
CBETY IIOCTOj M BPJIO MaJIO TUTEPATYPe O MHAOHEKAHCKOM 00pa30Barby, HAPOUNTO OHE KOja Ce TIYe MCTOPHjCKIX
IIpOMeHa I pa3Boja off lbeHe He3aBMCHOCTY 1945. rofuHe. Y 0BOM pafly ce 0ocBpheMo Ha CTOpUjy MaTeMaTIIKe
KypuKynapHe pedopme u pasBoja y MopiepHOj VIH/OHe3Wju, mpe CBera Kpo3 HaIMOHa/mHe KypMKYyTapHe
MaTepujaje, JOKyMEHTa y B€3M Ca HaIOHA/JIHOM IOJIUTUKOM M JOCTYIIHOM JINTEPATYPOM, U Ja/ke — IO
MICTOPUjCKOT OCBPTA I JOKYMeHTaIuje peopMe 1 eBOYIIVje MaTeMaTIIKOT KypPUKY/TyMa Y MHIOHEKaHCKIM
IIKO/IaMa. 3aCHOBAH Ha HAIlleM OCBPTY M aHa/IM3M, OBA MOJIEPHA MCTODPMja MHOHEXAHCKOT MaTeMaT/IKOT
KypUKy/TyMa MoOXe fa ce mogenu y net ¢asa: 1) [Ipenmonepun mMaTemarnuky Kypukynym (mpe 1975), koju
je mpeBacxofiHO 6u0 6a3uMpaH Ha 3aceOHMM MaTeMAaTUYKUM CTaHZapAyMa, Kao IITO je aarebpa, reoMerpuja
Y TPUTOHOMETpHja. Y OBOM KYpPMKY/IyMy Huje o6pahaHo 0BO/bHO maxkme Ha offHOce n3Meby pasmramrix
MaTeMaTW4YKuX TeMa; 2) MopepHu MareMaTmdky KypukyrayM (1975), Ha Koju je MHOTO yTMIjaja MOJepHa
MaTeMaTMKa WK ,HOBa MaTeMaTHKa  Harmamasajyhu crpykrypamuctiuaky npucty. Kao n y MHOrnM gpyrum
3em/baMa, 1 y ViHoHe3uju je mpuxsaheHo 1a MofepHa MaTeMaTHKa, KOja je 3acHOBaHa 1975. rofnHe, JOBOAK
0 TpOo6IeMaTUYHMX CUTYalMja y mKonama; 3) TexHomomky nHTerpucan Kypukynym (1984), xoju sampaBo
HeMa OMTHUX IIPOMEHa Y CMIC/Ty OIIIITe MOKPUBEHOCTV MAaTeMaTMYKUX TeMa Y Iopehemy ca ImpeTXomHuM
KypuKyTyMoM. Majia cy HOBe KapaKTepUCTUKe OBOT KypuKymyma cnesiehe: mpso, yBoheme kankymaropa y
KYPUKY/IYM je CUTHaJI IPBOT IIOKYIIaja MHTErpalyje MOIepHe TEXHONIOTMje Y MaTeMaTUYKO II0y4aBambe I YIeHe
Yy MHIOHEXAHCKUM LIKOTaMa. Y OBOM C/Iy4ajy, TO Ha3MBaMO ,TeXHOIOIIKY MHTETPUCAHUM KypPUKYTyMOM .
JIpyro, moCTOjM 3HATHA Pa3NMKay CTIefly M CTPYKTYPY MaTeMaTUIKOT cafipyKaja y Kypukynymy. Tpehe, cimpanun
IPUCTYT je TefJarolIKy IPUCTYI KOji je 6110 yCBOjeH Yy HOBOM KypyKynymy; 4) Kypukymym koju ce 3acHuBa
Ha ITOBpaTKy Ha ocHoBe (1994). Kypukynapua pedopma y Vinmonesuju 1994. ronyHe o3HaueHa je IPOMEHOM
Y KYPUKY/JapHOM Cap>Kajy M HACTaBHMM MPMHIMIINMA, HAPOUNUTO Ha OCHOBHOLIKOICKOM HUBOY. Off ju/beBa
yderba MaTeMaryKe, y OBOM KypUKyn1ymy je Beh o6pahaHo MHOTO makie Ha KpUTHYKe aclleKTe MaTeMaTUIKOT
06pa3oBama, Kao IIITO je pa3Byjambe BEIITIHA Pe30HOBaba I OHUX KOjJ Ce TUYY CTBaPHIUX )KMBOTHUX IIPO6IeMa,
y nopebemy ca npeTXOgHMM KYpPUKYTyMOM. Y MaTeMaTU4YKOM Cafip>Kajy OCHOBHE IIPOMEHEe Cy HauMbeHe U
HaIJIacaK je Ha yCaBpIIaBamby €/leMeHTapHE MaTeMAaTUKe, HAPOYMTO HAa OCHOBHOIIKOJICKOM HUBOY, Ha KOME
ce BUIIIe TTaXKibe TIOCBETNIO , TPAAMIIVIOHATHOj MaTeMaTUIIM , Ca HAIJTACKOM Ha BeUITMHE pauyyHamba, a HeKe
»MOJIepHe“ TeMe, Kao IITO je, Ha IIpMMep, TeopMja CKYIIOBa, HUCY Buile 6ue y GOKycy KypuKymyma. 3aTo ra
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Ha3MBaMoO ,,KyPUKY/TyMOM KOj! Ce 3aCHMBA Ha NOBPATKy Ha ocHoBe"; 5) KypukynyMm pemykoBaHOT cafipaja
(1999) jecTe peBM3mja IPETXOFHOT KYPUKYIyMa M HACTAO je, IIpe CBETra, CMambuBambeM 0poja MaTeMaTIIKIX
TeMa, jep je KypuKyIyM 13 1994. roguHe cMaTpaH IpeTPIaHUM U HETOBO/BHO (JIeKCHOMTHUM U HaCTaBHULIU
HJICY MO Jia TpoHal)y T0Bo/bHO IpocTOpa 3a pas3Bujambe yYeHNIKe KPeaTBHOCTY Y aKTUBHOCTVIMA yUerha I
noy4aBama. 10 je mojeHoCTaB/beme KypuKyaymMa 13 1994. rogune, u jeHa off HajBaKHUjUX KapaKTePUCTHKA
HOBOT KYPUKY/IyMa je peflyKIiJja TAKO3BaH)X TeMa Koje HICY OMTHe ¥ OCHOBHe. M0ykeMO J1a 3aK/bY4MMO /i Cy
VHJIOHEeXaHCKe MaTeMaTHIKe KypUKy/IapHe peopMe yMHOroMe OuJie ITOfL yTHUIIajeM I y CK/Iay ca TPeHJ0BJIMa
Ipyrux semama, u caefieha nBa craBa cy HapoumTto 6uTHa. IIpBO, HMje IOCTOja0 OKBVMP HAIVOHATHOT
MaTeMaTUIKOT KYPUKYIyMa KOji je BOAMO 3eM/by y pedopMucame Kypukynayma. JIpyro, mocrojana je Bpio
cmaba mpolieHa norpeba y peopmiucamy KypuKyIyMa y IpOIUIOCTH, U Hallle MUIUBEEbe je Ja HaulH KOjuM
ce BOJM MpolieHa NoTpeba y onpeheHoM 06pa3oBHOM, EKOHOMCKOM M IPYIITBEHOM KOHTEKCTY INTambe Koje
Tpeba fa 6yie Bp/Io OMTHO 3a MaTeMaTH4YKe KypuKy/IapHe pedopMe U pa3Boj, Kako y VIHIOHe3uju, Tako u y
OPYTUM 3eM/baMa.

Kmwyune peuu: vcropmja MaTeMaTM4KOT 00pasoBama, MHIOHEKAHCKO MaTeMaTHYKo oOpasoBambe,
MaTeMaTI4YKa KypMKy/lIapHa pedopMa 1 passoj.
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Abstract: Mathematics education community in Japan has continuously and extensively developed
‘mathematical thinking’ as an educational value. In this paper, the historical review was conducted on
mathematical thinking in terms of its evaluation and educational method, textbook change, and research on
treatment of diversified mathematical thinking. This approach can provide methodologically an important
perspective to grasp, clarify and make relative the values in mathematics education in different times of each
culture. Values here mean those attitudes which lay at the back of the intention, judgment, and selection of
teaching-learning activity exhibited by primary teachers. As a result of this research, it is learnt that the theme
in mathematics education research does reflect values held by the primary mathematics teachers. They, in turn,
have held central ideas and value utilizing children’s diversified mathematical thinking, letting them subjectively
and extensively construct mathematical ideas in the lesson. The major characteristics of Japanese Mathematics
education is the open-ended approach, which has been developed as an evaluation and educational method of
mathematical thinking. This is available as translated version of “The Open-Ended Approach: A New Proposal
for Teaching Mathematics” (The original version (Shimada) is in Japanese published in 1977).
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Introduction (Stigler & Hiebert, 1999) called in earnest for atten-
tion to be paid to the lesson study and Mathemat-

The Teaching Gap: Best Ideas from the World's ics education in Japan, where the lesson study has
Teachers for Improving Education in the Classroom been developed. In the same vein, a few other inter-

national efforts sought to introduce Japanese Math-
1 takuba@hiroshima-u.ac.jp
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ematics education to the international community,
and one of the typical ones is EARCOME 5 (East
Asian Regional Conference on Mathematics Educa-
tion). Such efforts are rooted in the regional charac-
teristic of Japan however, and they tend to be bound
by Japanese perspective. The two mentioned initia-
tives however, start to raise fundamental questions
over what introducing the Mathematics education
in a particular country such as Japan means, what is
first of all the Mathematics education in Japan like,
and what has been valued in Japanese Mathematics
education by many people who have been involved
in it. In return, these questions create the necessity
of reflecting and giving some answers.

In 2006, JASME (Japan Academic Society of
Mathematics Education) held the symposium dur-
ing the 22" annual conference with the theme of
Cultural Aspects of Mathematics Education in Japan
with a focus on Mathematical Thinking. It aimed at
grasping and describing ‘mathematical thinking® as
an educational principle, which mathematics educa-
tion community in Japan has continuously and ex-
tensively valued and developed, and exploring the
future direction of it through the reflection on its
characteristics. The symposium confirmed that the
whole clothe of mathematics education in Japan has
developed coherently with mathematical thinking
being as it were its warp and social and historical
needs as its weft (Baba, 2006).

In this paper, the persisting values of mathe-
matics education community in Japan are reflected
from teachers’ perspective as an example of open-
ended approach. Here the values mean “those of pri-
mary teachers at the back of their intention, judg-
ment, and selection of teaching-learning activity”
(Baba et al., 2013). The open-ended approach is a
good example in order to relativise and reflect char-
acteristics of Japanese mathematics education, be-
cause it retains those characteristics developing
around mathematical thinking and diverse ideas,
and it can be also referred by international research-
ers since it is available as translated version “The

Open-ended Approach: A New Proposal for Teach-
ing Mathematics” (Becker & Shimada) published in
1997.

The open-ended approach is typically exem-
plified as the developmental work with Open-end-
ed approach in Mathematics Education - New Pro-
posal of Lesson Improvement (Shimada, 1977) and
From Problem to Problem -Extensive Treatment of
Problems for Improvement of Mathematics Lesson
(Takeuchi & Sawada, 1984). This extensive treat-
ment of mathematical problems is seen as an exten-
sion of Open-ended approach, and thus it is includ-
ed in it.

Emergence of Mathematical Thinking as the
Objective in the Course of Study

The term “mathematical thinking”, which is a
translation of “suugakutekina-kangaekata’, first ap-
peared in 1958 in the objective of the course of study
for primary education. The course of study was de-
veloped in Japan after the WWII and was intended
to be the national curriculum in Japan. Its objectives
at the time were as follows:

1. To enable students to understand basic
concepts and principles about numbers
and quantities, and geometrical figures,
and let them develop more advanced

mathematical thinking and how to treat it.
2. To enable students to acquire basic knowl-
edge and fundamental skills about num-
bers and quantities, and geometrical fig-
ures, and let them use those effectively and
efficiently according to the purpose.

3. To enable students to understand the sig-
nificance of using mathematical terms
and symbols, and let them use expression
and think simply and clearly quantitative
events and relations using the terms and
symbols.
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4. To enable students to extend the abilities
to set up a appropriate plan and to think
logically regarding quantitative events and
relations, and let them treat things more
self-dependently and rationally.

5. To enable students to develop attitudes to-
wards a proactive mathematical thinking
and how to treat it in daily life. (Underlined
by the authors.)

The phrase “mathematical thinking and how
to treat it” in this objective is commonly referred as
“mathematical thinking” to mean all components
related to this mathematical thinking and treat-
ment. From the above, it is expected to develop the
acquired fundamental concepts and basic skills to
the more advanced level and to grow the attitudes
to apply them extensively to daily life situation. His-
torically speaking, the mathematical idea® as philo-
sophical stance in national textbook Jinjo-shogaku-
sanjutsu used since 1935 preceded the mention
of mathematical thinking (Ueda, 2006). So in this
sense, there was a continuing aspiration of Japanese
mathematics education community despite of tem-
poral mutation during the WWIL.

The community at the time tried to uplift the
lowering standards of mathematics education when
the term "mathematical thinking® emerged, after the
critical reflection over the life unit learning which
placed mathematics education as skills-based sub-
ject (Nakashima, 1981). In other words, the com-
munity aimed at raising efficiency by teachers’ clari-
fying and extending the basic ideas and principles
through mathematical thinking. Through develop-
ment of mathematical thinking abilities, students
would have been able to find out new ideas subjec-
tively and use appropriately and efficiently math-
ematical facts and relations, express and think of
them in a concise and clear way, and treat them in-

2 Mathematical ideas are philosophical attitudes to love and
enjoy mathematical philosophy in pursuit and acquisition of
mathematical truth, and to find and consider the mathematical
relation in the daily events and to take an action based on them
(Shiono, 1970).

dependently and rationally. Despite these inten-
tions, the meaning of mathematical thinking at the
time was not clear enough to the majority of teach-
ers expected to teach it.

Just before the emergence of the concept of
mathematical thinking, there was a preceding idea,
called the central concepts. The term first appeared
in the course of study for the senior high school in
1956. The characteristics of this course of study were
the integration of Analysis I, Analysis II and Geom-
etry into Mathematics I, Mathematics IT and Math-
ematics III as mathematical subjects. At that time,
central concepts exemplified mathematical think-
ing as central ideas to bridge all the content of each
mathematical subject although they were shown
separately in terms of the algebraic and geometrical
contents. For example, the central ideas for Mathe-
matics I were described as follows:

a. Expressing the concepts in symbols
b. Extending concepts and laws

c. Systematizing knowledge by deductive rea-
soning

d. Grasping relation of correspondence and de-
pendence

e. Finding out invariance of equation and geo-
metrical figures

f. (Identifying) Relations between analytical and
geometrical methods.

The central ideas had an intention to integrate
algebra and geometry in mathematics as one sub-
ject and to extract mathematical methods and ac-
tivities common to both of them. They are not ex-
actly the same as mathematical thinking, which has
become an objective of primary mathematics edu-
cation, but it certainly had an influence on its intro-
duction. When the course of study was revised in
1968 to introduce the idea of modern mathematics
movement, it further emphasized the mathematical
thinking we have been talking about.

The table 1 shows the name of sessions and
the number of presentations in the session during
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the annual conference by the Japan Society of Math-
ematics Education (JSME). When the course of
study was revised in 1968, the sessions on the newly
introduced topics such as sets, function and prob-
ability and statistics were created in addition to the
existing ones such as number and calculation, quan-
tity and measurement, geometrical figures. The ses-
sion of mathematical thinking was created only 6
years later in 1973. In other words, discussion over
mathematical thinking started after discussion over
the above contents had reached a certain level.

Efforts analyzing and defining the mathematical
thinking

Around the time of setting the session at the
JSME in 1973, the analysis on concepts of mathe-
matical thinking had already started. Katagiri of To-
kyo Metropolitan Institute of Education ushered in
the concept into his analysis Mathematical Thinking
and its Teaching (Katagiri et al.) in 1971 and catego-
rized mathematical thinking into three types. These
were identified as

a) the attitudinal aspects of mathematical
thinking

b) the process aspects of mathematical think-
ing such as generalization and analogy, and

c) the contents related mathematical thinking
such as unitary amount and relative amount.

In 1981 Nakashima published Mathemati-
cal Thinking at Primary and Secondary Mathemat-
ics Education, and stated that mathematical thinking
consisted of abilities and attitudes to work autono-
mously and have an ability to apply these creatively
through an activity appropriate to mathematics ed-
ucation. He clarified that to develop mathematical
thinking, one had to pay attention to this autono-
mous and creative process within an activity.

In 1988, Katagiri reorganized the above cat-
egorization of mathematical thinking into mathe-
matical thinking related to methods and contents.
Through these publications, interpretation of math-
ematical thinking has been gradually clarified in
Japanese context. As we have seen so far, Katagiri
and Nakajima have been the most famous research-
ers that contributed to analytical research on math-
ematical thinking in Japan.

Tablel. Sessions and Number of Presentations at Annual conference of JSME (Primary School)

\O \O \O \O \O \O \O \O \O O O \O \O
(o)) N (o)) ()} [®)) N N N N N N N N
. Ul (o)} EN| o \O o — \S} w > ul N N
Session
Number and 9 | 15 | 23 | 4 | 13 | 25 | 16 | 19 | 21 | 10 | 32 | 37 | 47
calculation
Quantity and 8 12 12 11 8 5 2 10 9 6 7 9
measurement
Geometrical 7 17 17 2 16 18 10 17 12 19 25 33 26
figures
Problem solving 20 33 27 8 12 9 5 6 9 3 6 8 11
Sets 25 25 13 14 11 9 2 7 4 5
Function 31 18 19 15 18 17 16 20 26 11
Probability and 6 |21 | 13| 14| 13| 15| 8 | 14| 9|7
statistics
Mjatht'ematlcal 14 15 7 14
thinking
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As shown in the following section, the re-
search on evaluation and concretization of mathe-
matical thinking has been developed simultaneous-
ly, while the above type of analysis continued. Both
of these approaches - the analytical research and the
concretization — we see as the different sides of the
same coin, and they have been influencing and re-
ferring to each other and deepening as a whole the
field of enquiry related to mathematical thinking.

Evaluating and developing the mathematical
thinking through the Open-ended approach

For six years between 1971 and 1977, Mathe-
matics education researchers in NIER (National In-
stitute of Education Research): university professors,
primary and secondary school teachers, formed an
interest group and developed the research project,
whose theme was to develop evaluation method of
mathematical thinking, through the Grant-in-Aid by
the Ministry of Education, Culture and Sports. This
group, consisting of about 30 members, scrutinized
the objectives of primary mathematics education
carefully and stated that “mathematical thinking has
been flowing at the bottom of mathematics education
in Japan since mathematical ideas in Jinjo-shogaku-
sanjutsu (the national textbook during the pre-war
period, Grade 1 of which was published by the Minis-
try in 1935) aiming to develop mathematical and sci-
entific thinking, and the course of study in primary
and junior secondary schools has already clearly stat-
ed it in 1958 and in senior secondary school in 1956.
... In short, to be able to develop mathematical think-
ing can be regarded as the ultimate goal of mathemat-
ics education” (Hasihmoto, 1976: 21-22).

This interest group further conducted the
survey questioning a wide array of stakeholders,
from mathematicians, mathematics education re-
searchers, to mathematics teachers across Japan, re-
garding some behavioral examples of primary and
secondary students attaining the objectives of math-
ematical thinking. The group summarized the find-

ings from the answers about mathematical thinking
as containing the following items (Hashimoto, 1976:
22), that are not necessarily independent from each
other:

1. Being able to find out relations that under-
line the situation within a problem and be-
gin to construct it mathematically.

2. Being able to solve non-routine problems
which cannot be solved by common pro-
cedures.

3. Being able to develop something new.

4. Being able to fulfill one’s own ideas in the
group.

5. General objectives (under the cur-
rent course of study).

Following these findings, the researchers re-
peated the process of developing the Open-ended
problems for evaluation and trialed them in class-
room. They had hypothesis that attainment level
of mathematical thinking can be assessed through
such incomplete Open-ended problems. They used
these problems in the lessons and let students find
out as many relations as possible and describe math-
ematically those relations. Evaluation is done by an-
alyzing the relations in terms of quantity and qual-
ity, which is sophistication level of their description
(Sawada & Hashimoto, 1972: 65).

The notable point for this project is that it fo-
cuses not only on evaluation method but also on ef-
fective teaching strategies to realize development
of mathematical thinking. This basic stance of the
group influenced the direction of the research.

The research theme for the first year following
the research project was “development research on
evaluation method in mathematics education” but
it was changed for the second and third year into
“development of evaluation method in mathemat-
ics education and analysis of impact of various fac-
tors”. Analysis of the factors is made possible by the
fact that data collection at the classroom level had
been done intensively from the beginning of this de-
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velopment work. In fact, the work done in the pro-
ject paid attention to the students’ group discussions
during the lesson and tried to evaluate the change of
this group discussion for the second year (Sawada &
Hashimoto, 1972).

The experience and knowledge gained
through the research project, and which have been
accumulated through the data collection regard-
ing students’ responses, prompted the group to shift
from “development work of evaluation method for
mathematical thinking” to “development of teach-
ing strategies for mathematical thinking” Even af-
ter this, students’ responses in the lessons had been
continuously collected in parallel to sophistication
of evaluation method. And gradually they become a
new standard of teaching strategy.

The report for fifth year stated that the objec-
tive was “This year it aimed at trialing a few incom-
plete open-ended problems in the lesson during the
second semester and confirming through statistical
survey if this form of teaching can promote the at-
tainment of the above objectives, and showed also
the following results from teachers’ observation and
students’ remarks” (Shimada, 1976, 29-30):

a. The middle and low achievers with less ac-
tivity have become more active in express-
ing their ideas. (It is the same as the previ-
ous year).

b. Especially the middle achievers in the daily
activity have made most remarkable progress
in elementary and junior secondary schools.
(It is the same as the previous year).

c. Some of the high achievers in senior high
schools have performed less than previous
year, since they become too careful not to
make a mistake. (It is the same as the previ-
ous year).

d. In the previous year, it was reported in ele-
mentary schools that there were a few stu-
dents who showed interests in mathematical
properties after finding them within an open-
ended problem, but in this year there were

many examples which showed students took
interest in these properties.

In the same year, the following ideas about
teachers’ work were found to be the case.

e. It may not be possible to say that being incom-
plete makes the problem effective. Rather, a
problem posed to students should not only be
incomplete, but it should also have a certain
direction towards a solution, and something
that is produced by students while they work
on it, should be mathematically significant.

f. The open-ended problem approach is effective
both at the introduction and at the summa-
ry of the lesson. When there is a good prob-
lem at the introduction, the lesson develop-
ment becomes interesting. When it is given at
the end or while summarizing the lesson, it is
useful to review various aspects learned.

As for the summary and future issues of the
research, the two points were listed as follows.

The first point is that the two terms of the year
during which the research project took place were
too short to confirm effectiveness of the teaching
approach based on open-ended problems. Changes
that were expected would be more visible only af-
ter a longer time has been spent in dedicating time
to mathematical thinking and open-ended problem
solving in the classrooms. In this sense, it was rec-
ommended to plan the activity from the beginning
of school year in the following year.

The second point is that the problems used
in the lessons were diverse not only in results but
also in the processes and contexts they represented.
Consequently, they had given diverse results, which
could not always be correlated or compared with
each other.

And you can see in the above point, diversities
were noted in the process of research on evaluation
method of mathematical thinking, and they demand-
ed the necessity of systematizing and theorizing them
as mathematical activities. “Problem posing with di-
versity” was used as the evaluation method on devel-
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opment of mathematical thinking. In other words,
mathematization of phenomenon was placed in the
center of mathematical thinking, and it was assumed
that possibility of such mathematization was not only
one but also several, and so the significance of “being
diverse” was to be re-considered. It is notable that the
research group located this as the future issue.

This research resulted in perceiving mathe-
matical activity as coming and going between real
and mathematical world and locating it in the phas-
es of the Open-ended approach, which extensive-
ly utilizes the incomplete problems (Figure 1). And
Takeuchi employed theory of scientific knowledge
growth by Popper and approached this issue from
the perspective of the nature of mathematical ac-
tivity (Takeuchi, 1976: 11-12). This consideration
played an important role in shifting the research
from the Open-ended approach to “extensive treat-
ment of problems” (Takeuchi, 1984: 9-23).}

In this way, the developmental research of the
Open-ended approach has continued as mutual in-
teraction between theory and practice and the treat-
ment of diversity in mathematical learning has be-
come systematized.

Diversified ideas in mathematics textbooks

Lesson development like the one described
above, and which used diversity of mathematical
ideas has made an impact also on lesson structure.
The textbooks published by one textbook company
were compared by focusing on the area of plane fig-
ure (parallelogram) in the fifth grade. The textbooks
from 1965 to 1975 (Figure 2) didn't have diversified
ideas, but they has already started development of
evaluation method of mathematical thinking using
incomplete problems. The textbooks in 1980 (Fig-

3 Starting from one problem given to the children, which
is called a original problem, children are encouraged to pose
new problems through replacing the component of the origi-
nal problem with similar and more general ones and consider-
ing the converse, and to develop subjective attitudes to solve the
problems for themselves (Takeuchi, Sawada, 1984: 25).

ure 3) and that in 1985 (Figure 4) contained more
than one idea. They are different ways of “cutting
into pieces and pasting them together” and “moving
trapezium and matching the corresponded areas”.
We must remember that the latter took place after
the Open-ended approach was proposed as teaching
method in 1977. This leads to current textbook (Fig-
ure 5). Adoption of diversified ideas in the textbook
produces the practical issues on how to treat them
during the lesson.
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Problem Mathematical model Theory of mathematics
Abstraction
|dealization
Simplification

v
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mathematical language)
-
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new theory
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Experiment Ny (0
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m Yes theory and algorithm
m
Modifying hypotheses Deduction W
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Figure 1. Model of Mathematical Activity
(Shimada, 1977: 15)
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Research on how to treat and summarize
diversified ideas

The diversification of ideas as the ones
shown above which made their way into the Japa-
nese textbooks have influenced the developmental
research on how children treat and summarize dif-
ferent mathematical ideas during the learning pro-
cess. “One objective of the problem solving through
diversified ideas is to ensure acquisition of the ba-
sic knowledge and skills and the understanding of
mathematical thinking which can be encountered
in the process of learning through presentation of
those ideas, and to aim at the development of indi-
vidual student’s holistic growth including cognitive
understand, emotional development and explaining
skills through the whole class participation” (Koto,
1992, 19). Koto further stated that diversified ideas

should lead to development of mathematical think-
ing.

Koto (1992, 1998) classified diversified
ideas, which can be observed during mathematics
lesson, in terms of teaching aims and quality, and
proposed the instruction flow utilizing them as fol-
lows:

Independent diversity: Paying attention to
validity of each idea

Prioritized diversity: Paying attention to effi-
ciency of each idea

Integrated diversity: Paying attention to com-
monality of each idea

Structured diversity: Paying attention to mu-
tual relations between ideas.

The research on how to treat and summarize

the diversified ideas is regarded as one of the neces-
sary items for the lesson study in Japan in the spe-

(Pre-war)

Mathematical Ideas

(Showa 30s)

Central Concepts

v

Mathematical Thinking as Objective

!

(Showa 40s)

(Showa 50/60s)

SunjuIy [, [eoreway)RIA JO SISA[EUY

v

Development of Evaluation Method
Higher Qrder Objectives
v

Open Ended Approach

J

Extensive Treatment of Problems

<
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v

Lesson valuing diversified mathematical thinking

Figure 6. Flow of Mathematics Education in Japan from the Perspective of Open-ended Approach
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cial issue Theory of mathematics education in Ja-
pan for lesson study, which was published by Japan
Society of Mathematics Education (JSME) during
EARCOME in 2010 (Wada, 2010). This shows the
significance of research impact by Koto and others
on the lesson development in Japan.

Summary

Engagement by Japanese mathematics edu-
cation community regarding the open-ended ap-
proach can be summarized chronologically in the
Figure 6.

Most primary mathematics teachers let the
students construct mathematical ideas subjectively
and extensively, and valued utilizing children’s di-
versified mathematical ideas in the lesson. In this
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Mp Auymn Yema

ITeparomxu daxynreT, YHuBep3uTeT y XUpOLIMMI, JalaH
np Takyja ba6a

[Neparomku ¢akynreT, YHUBep3UTET y XMPOMINMY, JalaH
mp Takero Manypa

I[Teparouku daxynTet, YHUBep3uTeT y XUpOLIMMY, JalaH

BpemHocTH jamaHcKoOr MaTeMaTUYKOT 00pa3oBamba
U3 NePCIeKTHBeE ,0TBOPEHOT MpUCcTyna“

Kmura ,,Jas y HactaBu® (Stigler & Hiebert, 1999) npuBykiia je maxkiy CTpy4He jaBHOCTY IIPECTaB/babeM
MebyHapozHOj 3ajeHMULIN ,,CTYAVje Yaca“ ¥ jallaHCKOT MaTeMaTU4KOr 06pa3oBama, MocebHO AUCKyTyjyhu o
»CTyauju daca“. Ca pgpyre crpane, aconujannja JASME (Japan Academic Society of Mathematics Education)
OfIp>Kajia je CMIIO3MjyM TOKOM 22. TOAMIIbe KOH(pepeHIje Ha TeMy KYATYPHOT acleKTa y MaTeMaTH4KOM
obpasoBamy y Jamany. [la je ,cTyamja daca“ KOHTMHYMPAHO ¥ €KCTEH3MBHO pasBMjajla ,MaTeMaTUYKO
MIIUBbeHhe“ Ka0 00pa3oBHY BeLITUHY, UCTpaxyjyhu u mwen Oynyhm mpasai pasBoja Kpo3 caMopedekcujy
IbeHIX KapaKTepUCTHKa, moTBpauo je baba (Baba, 2006). Y oBoM pamy ce Ha MaTeMaTM4KO MUIUbEHE
VICTOPMjCKM T7Ielajio BUINIE M3 MePCTIeKTNBEe HACTABHMKA Y OCHOBHOj IIIKO/IN, Y CMICITY €Bajyaliyje U MeTofia
paja, MpoMeHa HACTAIMM Y YHOEHMIMMA U VICTPXMBaby PasINIUTUX MaTeMaTU4KUX upeja. ,OTBOpeHu
IPUCTYI je y3eT Kao IIpUMep, jep ce OffHOCK Ha CBe HaBefleHe acIeKTe. ,Maremaruuke uyeje” kao ¢pumo3o¢cko
HNTambe y Hal[MOHATHOM YI6eHuKY Jinjo-shogaku-sanjutsu ce xopucre ox 1935. roguue (Ueda, 2006). VI npe
TI0jaBe TEPMIHA ,MaTEMATIYKO MUIJberbe” Y HACTaBU CpefEbe IIKOJIe joII off 1956. TofjiHe TOCTO0jao je TepMIUH
»IIEHTPAJTHN TI0jaM, ca HaMepPOM Jja Ce U3[IBOje MaTeMaTN4Ke MeTOZe ¥ aKTBHOCTY 3ajefHUYKe anreOpu u
reOMeTpUjI U Jia Ce MHTETPUILY Y jeflaH mpenMeT. HaBefjeHU TepMUH ,,lleHTpaIHK 1ojaM" Huje OM0 UCTOBe-
TaH TEPMUHY ,MaTeMAaTUIKO MUIIbebe", A/l je CUTYPHO YTUI[A0 Ha HberoBo yBohemwe. OHfla ce HOB TEPMUH
1ojaBuo 1958. rofuHe Kao Lk Kypca OCHOBHOLIKO/ICKOT 06pa3oBama. VI Kpo3 IpyuxBaTame MaTeMaTU4Kor
MUII/bEba, Off YIEHNKA Ce 0YeKMBAJIO Jia JOCETHY HOBE Meje CAMOCTA/THO I Jja KOPMCTe MaTeMaTudKe JMibe-
HILIe ¥ OfHOCe Meby Bb1iMa cMICTIEHO 1 epMKACHO, fla VX M3PakaBajy U Jla IPOMUIIUBA)Y O ’bJIMa Ha KOHI[M3aH
Ha4MH, U Ia TAYHO MTOCTYTIAjy Ca IHIMA, He3aBUCHO VM PALMIOHAHO. YIIPKOC CBVM HAIlOPUMAa, 3Ha4eHhe HOBOT
TepMUHa y TO BpeMe Huje 6u1o jacHo. Katarupn (Katagiri et al., 1971; Katagiri, 1988) ananusupao je 3Haderme
U KaTeropu3oBao MaTeMaT4ko Munubeme. Hakamuma (Nakashima, 1981) MaTeMaTnuko MUIIUbeE CXBATAO
je Kao CIIocOOHOCT CaMOCTA/IHOT pajia M OCTAO je IpY MAAEjU [ia je TO ayTOHOMHU 1 KpeaTuBHU mpoiec. Kpos
pan Kararupmja n Hakammume, sHauere HOBOT TePMIHA IOCTaNO je jacHuje. Ox 1971. ropuue, 1ma HapegHUX
mecT ropuHa, uctpaxnsaunu y Viacturyry NIER (National Institute of Education Research), mpodecopu yuu-
Bep3UTeTa U HACTABHUIY Y OCHOBHMM U CPEJbUM IIKoNMaMa pOpMIUpany Cy MHTEpeCHY TPYIy U pa3BUIIU VC-
TPAXMBAYKN IIPOjeKaT 4ija je TeMa 61Ia pa3Byjambe eBalyallIOHOT MeTOAa MaTeMaTUYKOr MUIUbema, KOju
je KacHMje Ha3BaH ,,0TBOpeHnM npucrynom“ (Shimada, 1977). ITpojexar je KOPUCTHO aKTUBHO He3aBplIeHe
npobIeMcke cUTyanuje, Koje Cy CTBapajie pasHOMMKOCT He caMo II0 pe3ynraruMa Beh u y caMoM mporecy un
KOHTEeKCTUMA. VICKyCTBO 1 3Hame Koje Cy YUeHMI CTULIA/IN Y IIPOjeKTy aKyMY/IMPaHM Cy KPO3 CKYII/barbe I10-
JlaTaka Koji Cy ce OJHOCM/IM Ha OATOBOpE YUeHMKA U YMHI/IM Jja Ce TIPOjeKaT pa3Buje Off ,eBaayal[IOHOT MO-
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JieTa 32 MaTeMaTU4KO MUIIJbebe 10 ,HacTaBHE CTpaTeruje 3a MaTeMaTn4ko Mulbee . Huje 1oBo/pHO nMa-
TY pa3M4nTe MAEje MTa fielja Mory, Beh Tpeba moTBpANTM Ja OBe Ujeje nMajy 06pa3oBHY BpegHOCT. [la 6u ce
YTBpPAIUIIe OBAaKBe UJigje, HEOIIXOHO je OPTaHN30BaTY CMIIC/IEHEe MaTeMaTN4Ke aKTUBHOCTH Y Teopuju. To Hac
je moBero o cXBaTama MaTeMaTIJKe Mjieje Kao Heder u3Meby cTBapHOT ¥ MaTeMaTHYKOT CBETa, LITO je MMa-
JI0 3a CBPXY pas3/muuTe ujeje Koje ce IojaB/byjy IIPY pelllaBaiby He3aBplleHNX npobireMa. Takse upeje kimacu-
¢dnkoBao je Koro (Koto, 1992, 1998) y TepMuHMMa IM/beBa ¥ KBAINTETA y4era U IPEIIOXKIO je MOCTOojambe
MHCTPYKIMja 32 y4eme. VICTpaXMBame je MMajao OrpOMaH yTUIaj Ha pasBMjalbe CUCTEMA 4acoBa y Jamasy.
KoHa4HO, OTKpMBEHO je 71a je ,,0OTBOPEHM MIPUCTYI 0CTA0 OCHOBHA KapaKTEPUCTHKA jallaHCKOT MaTeMaTUIKOT
obpasoBama. AHalMM3a 3HaYeHa ,MaTEMATNIKOT MUII/bEIba“, Pa3Boj eBajyalje, Te pa3Boj CaMor TepMIHA
curypHo cy 6umn y Melyco6HOj mHTepakuuju 1 pasBujamm ce Kao LenuHa. [IpeTrnocTaBKa je ja Cy CBY OHM
VIMaJI¥ OTPOMAaH YTHIAj HA YKYIIHY BPEJHOCT MAaTeMaTHMYKOT 0OpasoBama y JamaHy. A MCTOpMjCKa aHa/MN3a
MOXe fla oMOryhm jefHOM MeTORVYKOM IpPUCTYIY Ja HOjaCHY M pelaTMBM3Yje BPEJHOCTY MaTeMaTIIKOT
06pa3oBama y pasIMINTIIM BpeMeHIMa CBaKe KyIType.

Kmyune peuu: BpenHOCT, ,,0OTBOPEHV IPUCTYII, UICTOPMjCKA AaHAIN3A, ,MaTEMAaTUIKO MUII/berbe .
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Abstract: The aim of this paper is to provide an overview of the Lesson Study and its main product
- Problem Solving Approach, based on the relevant literature research and direct observations by the author
of the paper. Japanese Lesson Study is recognized as successful methodology in Mathematics education. In
the Western European countries and the United States, Lesson Study is usually perceived as a professional
development process that engages Japanese teachers to systematically examine their practice with the goal of
becoming more effective. However, Lesson Study is more than professional development. It is a scientific activity
for teachers based on methodology introduced in 1880s (Isoda, 2011). The products of Lesson Study are not
limited only to what participants had learned from particular class and post-class reflective discussion. It also
includes the development of local theories in Mathematics education. One of theories of teaching Mathematics
that emerged from Lesson Study is Problem Solving Approach, which is commonly known as Japanese teaching
approach and theory of teaching about learning how to learn (Stigler ¢ Hiebert, 1999). The aimed product of
this approach is the ability of students to learn mathematics independently.

Keywords: lesson study, problem-solving approach, Mathematical education.

Introduction

International assessments in Mathematics re-
veal consistent high performance of students from
Japan and other Asia Pacific countries. This puts ed-
ucational systems and practices of Asia Pacific coun-
tries into focus of interest for the Mathematics edu-
cation community as well as curriculum policy, de-
sign and development community. One of the topics
of worldwide attention is the Japanese Lesson Study,
which is recognised as an engine for above-average
achievement of Japanese students. Lesson Study is

1 kpjanic@gmail.com

a process where teachers collaboratively develop
ways to foster students’ what may some call ‘flexi-
ble’ understanding of Mathematics. Lesson Study
has been used in Japan since 1880’s with the pur-
pose of improving the preparation of a lesson, se-
quence of lessons or a selected topic, to predict pu-
pils’ reaction, and to review and improve a lesson
studied in the cycle of improvement. Generally, the
lessons are based on a problem-solving approach
in which teachers educate pupils to think for them-
selves. In USA and some European countries Lesson
Study is usually perceived as a professional develop-
ment process that engages teachers to systematical-
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ly examine their practice with the goal of becoming
more effective. However, Lesson Study is more than
the professional development. The aim of this paper
is to provide an overview of the Lesson Study and its
main product — Problem Solving Approach, based
on relevant literature research and direct observa-
tions by the author of the paper.

Meaning and origin of Lesson Study

Lesson Study is a process in which teach-
ers progressively and systematically strive to im-
prove their teaching methods by working with other
teachers to examine and critique each others’ teach-
ing techniques. This examination centers on teach-
ers working collaboratively on a number of “study
lessons”. Working on study lessons involves plan-
ning, teaching, observing, reflecting and critiqu-
ing the lessons. To provide focus and direction to
this work, the teachers select an overarching goal
and related research question that they want to ex-
plore. The research question then serves to guide
their work on all aspects of the lessons they study.
The origins of Lesson Study can be traced to edu-
cational practice in the Meiji period of Japan. It be-
gan from the observation of teaching methods in
whole classroom teaching which had been first-
ly introduced in schools beyond the temple school
culture which used tutorial teaching methods. Ac-
cording to Wakabayashi and Shirai (cited in Isoda,
2011), Lesson Study first began at the Tokyo Normal
School, which later became the University of Tsuku-
ba, in 1870s. From the very begining teachers were
focused on argumentation through questioning in-
stead on lecture style method. People observed the
ways of teaching for knowing how-to conduct teach-
ing and learning process (Makinae, 2010). As a re-
sult, Teachers’ Canon was published by the Normal
Schoolin 1873, which described the etiquette for en-
tering classroom, for observation of lessons, and for
avoiding the negative effects of observations (Inpra-
sihta, 2006). Since then Lesson Study has functioned

in Japan as a way of enabling teachers to develop and
study their own teaching practices and shed light on
the local theories of education.

Derived from the Japanese words jugyo ken-
kyuu, the term lesson study was coined in 1999 by
Makoto Yoshida in his doctoral dissertation Lesson
study: A case study of a Japanese approach to improv-
ing instruction through school-based teacher devel-
opment (Takahashi & Yoshida, 2004). It can also be
translated and interpreted as research lesson.

Generally, the following four dimensions of
Lesson Study can be pointed out:

— The collaborative activity,
— The form of research related to lesson,

- Importance that the pupils are kept at the
heart of the process,

- The understanding of the process that is
primarly focused on content and pupils
rather then on technology and tools.

The cycle of the lesson study goes as follows.
While working on a study lesson, teachers jointly
draw up a detailed plan for the lesson, which one
of the teachers uses to teach the lesson in an actual
classroom and other members of the group observe.
This group of observes may be joined by others: ob-
servers could be just the faculty within a school, or
a wider group: teachers from several schools some-
times joined the university instructors and supervi-
sors from the board of education. Usually observers
record lessons, as well as their impressions of les-
sons in multiple ways. A discussion of the lesson fol-
lows. Typically, such a gathering begins with presen-
tations by the teachers who taught and co-planned
the lesson, followed by free or structured discussion.
Upon review of the lesson, another teacher usually
implements it in a second classroom, while group
members again observe. The group will come to-
gether again to discuss the observed instruction.
Finally, the teachers produce a report of what their
study lessons have taught them, particularly with re-
spect to their research question.
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Research lessons are designed to bring to life
in a lesson a particular goal or vision of education.
The whole faculty chooses a research theme or fo-
cus. Typically, it is a broad goal or vision of educa-
tion that goes beyond a specific subject matter and
lesson. Table 1 shows samples of Lesson Study Top-
ics with broad goals which were implemented in Ja-
pan on national level. (Isoda, 2011).

Table 1. Lesson Study Topics
Period Lesson Study topic

1880s Pestalozzi Method and Dialog Method (in-
cluding argumentation/ discussion/dialogue
between teacher and students)

1910s  Mathematics for Life (including problem
posing)

1930s Curriculum Integration in Mathematics (in-
cluding Open-Ended Problems)

1950s  Core curriculum movement based on social
studies

1960s Mathematical Thinking (Japanese way of
New Math)

1970s  Open-Ended Approach and Problem Solving
Approach

1980s Problem Solving

The table allows us to follow the chronology
of changes in the Lesson Study topics and approach-
es for developing children in Japan during one cen-
tury.

Japanese Lesson Study features

Japanese Lesson Study is recognized as hav-
ing the following elements (Isoda, 2011): deter-
mined process/cycle, open classroom?, theme or fo-
cus for Lesson Study, lesson plan, teachers acting as
researches, results, sequential experience for shar-
ing the heritage and development of children who

2 Term ,,open classrom® refers to allowing other teachers, stu-
dents and educational experts to observe lessons.

learn by/for themselves. We will take a closer look
into these features.

1. In short, the process of Lesson Study can
be described as process: plan, do and see. The activi-
ties related to ‘plan, do, and se€’ are conducted col-
laboratively by teachers and repeated in cycles. The
first stage of the Lesson Study process is preparation
or goal-setting and planning (kyozai kenkyu). This
process begins with finding and selecting materials
relevant to the purpose of the lesson. It is followed
by joined work of teachers in refining the lesson
design based on the actual needs of the pupils and
tying all of this information together into a lesson
plan. Based on the joint teaching plan, teacher con-
duct a lesson in an open classroom while the group
members and outsiders observe the class, taking de-
tailed notes regarding the reactions and engagement
of the students. This represents second stage of cy-
cle - teaching the research lesson enables the les-
son observation (koukai/kenkyu jugyo). Review ses-
sion (jugyo kentoukai) is held for all observers af-
ter the research lesson. The group comes together
to discuss and reflect on the instruction witnessed
and what it taught them about the goal they set out
to explore.

The reflective nature of Lesson Study has as
its premise the collaboration between participants,
and throughout the process emphasis is placed on
how pupils view and comprehend the subject matter
being taught (Sarkar at al., 2010). The methodolo-
gy inherent in conducting Lesson Study leads to the
need for effective documentation of classroom ob-
servations. One of such documents is presented in
Table 2. It is primarily designed for self-evaluation,
however it could be used by all participants in a les-
son study group.
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Figure 1. Typical Lesson Study cycle

Table 2. Lesson Planning Checklist: Self-Evaluation (addapted from Isoda and Olfos, 2009)

Problem Posing
1. The lesson sets tasks that can be solved in a variety of different ways by applying previously learned knowledge,
and presents the content to be learned.
2. The lesson is planned with tasks (problem given by teacher) and problems (problematic from students), and pro-
motes problem (problematic) awareness.
3. The teacher anticipated the methods and solutions.

43

43
43

Independent Solving
1. The children can recall and apply what they have already learned.
2. The children’s ideas are anticipated.
3. Inappropriate solutions are predicted, and advice and hints are prepared in advance.
4. The teacher, walks around, observes and helps children to ensure that children use mathematical representation
to solve the problems.
5. Notes are written in a manner such that they will be helpful for presentation as well.

43
43
43

43
43

Comparison and Discussion

1. Steps (Validity, Compare, Similarity and Generalisation or Selection) are planned for comparative discussion.
2. The ideas to be taken up are presented in an order that is planned in advance.
3. The method for writing presentation sheets is planned in advance and directions are

provided.
4. In addition to developing the ability to explain, children also foster the ability to listen and to question.
5. When ideas are brought together (generalised), it is important to experience them by

themselves.
6. The reorganisation or integration of ideas proceeds smoothly from the presentation

and the children’s communication.

43

43
43

43
43

43

Summary
1. Activities are incorporated that let children experience for themselves the merits of
the ideas and procedures that are generalised.
2. The summary matches the aims and problems (problematic) of this lesson.
3. It is recognised that both correct and incorrect answers (to the task) are good in the
formation of their ideas.
4. Children are made to experience the joy and wonder of learning.

43

43
43

43
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2. Open classroom can be systematically or-
ganized and held within various environments.
Number of observers and structure of the group of
observers can vary. Lesson can be observed by just
one person, usually master teacher. Group of ob-
servers can be consisted on school, regional or na-
tional basis and can include not only teachers but
university lecturers and educational experts. If the
group of observers is large, class can be placed in
school gymnasium or lesson can be transmitted via
school closed circuit television. Since classroom vis-
its following the Lesson Study movement occurred
in Japan on a regular basis from 1873, Japanese pu-
pils have become accustomed to studying in such
open setting (Sarkar Arani at all, 2010). Teachers
who are observing the lesson examine the responses
and behaviour of pupils to determine the degree of
their interest in the lesson, and the suitability of the
questions asked and of the resources used in teach-
ing.

3. There are various themes of Lesson Study
such as developing mathematical thinking, learning
for/by themselves, development, reform or improve-
ment of the curriculum. The chosen study topic de-
pends on the various dimensions and focus of the
open classroom and teachers’ groups. The objective
is specified at each class level in relation to the cur-
riculum. The objective is often described by a sen-
tence such as this: “Through A, students learn/ un-
derstand/are enabled to do B” Both learning how-to
(A) and achievement (B) are objectives of curricu-
lum. In the Lesson Study cycle, discussion and re-
flection are done after observation. It is necessary to
talk about study topics and objectives, questioning
the reason for each teacher’s behavior in the teach-
ing process.

4. The format of the lesson plan is not fixed
but is usually developed or improved depending on
the study topic. Lesson Study is implemented to gen-
erate new lesson plan formats and new teaching ap-
proaches avoiding uniformed forms of lesson plans.
This means that the different lesson plan formats

take into account the differences that arise from the
local theories which are used to explain lesson plan-
ning and answer the questions about what, why and
how we plan teaching and learning in a mathemat-
ics lesson.

5. Lesson study is conducted by teachers for
developing pupils in a classroom and making each
pupil developing him/herself. So, the focus is on pu-
pils and not on researchers who just observe a class-
room through their own lenses. In this sense, les-
son study recommends that teachers are research-
ers who analyse pupils’ understanding. At the same
time, researchers are teachers who propose im-
provement (Isoda, 2011).

6. Usual consideration of Lesson Study is
achievement in relation to study topic and objective.
One of the most sharable products is description of
model approaches. As results of Lesson Study we can
find guidebooks for teaching contents and teaching
approaches written by teachers. Also, videos have
lately been used for sharing good approaches and
practices by making them more visible. In the con-
text of Lesson Study, a model approach means an il-
luminating approach and major resources for adapt-
ing a model into each teacher’s classroom practice
(Isoda, 2011).

7. The Lesson Study cycle continues beyond
the present generation of teachers in the group. It is
usually open to newcomers. Since Lesson Study is
about teachers’ daily activities, they repeatedly meet
to discuss similar contents, themes and objectives of
their lessons. However, during their teaching career
the roles they take while participating in such pro-
jects differ. During one period a teacher may be a
beginner but during an other, a facilitator in a group.
Taking this into account, it is common over time to
recognise similar experiences with the new chal-
lenges. That is the reason why Lesson Study brings
the learning community beyond the present genera-
tion and why it is recognised as a reproductive prac-
tice in Japan, even if teachers are challenged with
similar tasks and within different classroom settings.
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8. Even though Lesson Study is recognised
as a teacher activity, it is, particularly in the case of
the Japanese elementary school, seen as an activi-
ty of pupils. The open class which provides a scene
for Lesson Study is not reserved for educators but is
open also to parents. Pupils follow and try to follow
their teacher’s activity in order to show their pro-
gress to others, including perhaps their parents. In
this particular aspect, we can recognise that Lesson
Study has an additional function, and that is to de-
velop pupils’ ability to learn by/for themselves and
in full view of their careers.

The product of Lesson Study - Problem Solving
Approach

As Japanese teachers cannot recognise the
theory of Mathematics education without consider-
ing their practice, Japanese Lesson Study functions
as teachers’ research activities. In Japan new theo-
ries of teaching approaches and curriculum devel-
opment are recognised as products of Lesson Study.
There are many guidebooks that offer theoretic ad-
vice to teachers to (re)produce good lessons. How-
ever, the movement to develop the theory of mathe-
matics education which support the development of
the curriculum and the teaching/learning practice is
not limited to Japan. Even though outside of Japan
Lesson Study is often perceived as professional de-
velopment process, there is a tendency to recognise
Lesson Study as research activity that could produce
new theories in teaching approaches or theories of
curriculum development.

One of teaching approaches and consecu-
tive theories that arises from Japanese Lesson Study
is Problem Solving Approach known as the process
through posing a problem, independent solving, com-
parison and discussion, and summary and application.
This approach became known in the world through
the TIMSS Video Study in the 1990s (Stigler, Hiebert,
1999). Becker and Shimada (1997) explained the ap-
proach from the perspective of open-ended prob-
lems. Shimada’s idea itself originated in the 1940s.

The basic principle of the Problem Solving
Approach is to nurture children’s learning of Mathe-
matics by/for themselves, that is to develop children’s
ability to think and learn Mathematics by/for them-
selves. The Problem Solving Approach is the meth-
od of teaching used to teach content such as math-
ematical concepts and skills, and mathematical pro-
cess skills such as thinking, ideas, and values (Iso-
da, Katagiri, 2011). The Problem Solving Approach
distinguishes a problem - a task given by teacher,
and a problem posed by pupils. This approach is not
supposed to teach how to solve a problem (a task)
but teaches how to approach a problem solving ac-
tivity. The goal of lesson is achieved through prob-
lem solving. (Inprasitha, 2006). Glenn at al (2000:
p.20) explained the Japanese teaching approach as
follows: “In Japan, closely supervised, collaborative
work among students is the norm. Teachers begin
by presenting students with a mathematics prob-
lem employing principles they have not yet learned.
They then work alone or in small groups to devise
a solution. After a few minutes, students are called
on to present their answers; the whole classworks
through the problems and solutions, uncovering the
related mathematical concepts and reasoning.“ Ta-
ble 3 shows a model of Problem Solving Approach
through teaching phases.

Teaching phases do not imply teaching step
by step, neither are they obligatory. They could be
modified based on circumstances related to topic,
classroom, aims and goals of lesson etc. Even though
there are variations, the phases are fixed for explain-
ing the ways to develop mathematical thinking in
class (Isoda, Katagiri, 2011). As it is noticeable from
Table 3, Japanese teachers play several roles at each
stage of their lessons.
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Table 3. Phases of the class for Problem Solving Approach

PHASE TEACHER'S ROLE PUPILS’ STATUS
Reviewing the previ-  Asking questions related to  Bring in focus on mathematical ideas and learned facts.
ous lesson previous lessons
Posing the problem Posing the task with a hiden ~ Given the task in the context but not necessary to know the
objective objective of the class.
Planing and predict-  Guiding the pupils to recog-  Having expectations, recognising known and unknown (prob-

ing the solution

nise the objective; hatsumon.

lems) and approaches to problem solving.
Recognise and identify objectives of the lesson.

Independent (group)
solving/ executing
solutions

Supporting individual work -
kikan-shido

Bring in ideas to work on the task. In order to present some ex-
planations, clarify and bridge the known and unknown in each
approach. Try to present better ways.

Explanation and dis-
cussion, comparision
and validation

Guiding discussion based on
the objective; hatsumon.

Explaining each approach, compare approaches based on the
objective of the lesson. Communicate in order to understand
different ideas. Consider different ways in obtaining solutions
and conclusions.

Summarization; ap-
plication and further
development

Guiding the reflection -
neriage

Recognise and understand what students have learned. Ap-
preciate their own achievement, ideas and ways of thinking.
Re-evaluate contents through applying experience in new
circumstances.

Teachers’ key roles are described by special
pedagogical terms such as hatsumon, kikan-shido,
neriage, bansho and matome. These can be described
as follows.

a. Asking a key question in order to provoke
students’ thinking at a particular point in
a lesson is known as hatsumon. At the be-
ginning of the lesson, the teacher may ask
a question for probing or promoting stu-
dents’ understanding of the problem. In a
whole-class discussion, on the other hand,
teacher may ask about the connections in
between the proposed approaches to the
problem or the efficiency and applicability
of each approach.

b. Kikan-shido means an instruction at stu-
dents’ desk, the one-to-one discussion.
Teacher is purposefully scanning students’
problem solving on their own in the way
that he/she is moving about the classroom,
monitoring students’ activities mostly si-

lently and doing two important activities
that are closely tied to the whole-class dis-
cussion that will follow. First, teacher as-
sesses the progress of students’ problem
solving and if necessary suggests a direc-
tion for students to follow or gives hints to
the students for approaching the problem.
Second, he or she will make a mental note
of several students who made the expected
approaches or other important approaches
to the problem. They will be asked to pre-
sent their solutions later (Shimizu, 2006).

. The term neriage acts as a metaphor for the

process of “polishing” students’ ideas and
getting an integrated mathematical idea
through a whole-class discussion. Based on
his/her observations during kikan-shido,
the teacher carefully- in particular order,
calls on students, asking them to present
their methods of solving the problem on
the chalkboard. The order is quite impor-

89



Karmelita Pjani¢

90

tant to the teacher both for encouraging
those students who found naive methods
and for showing students’ ideas in relation
to the mathematical connections that will
be discussed later (Shimizu, 2006). An in-
correct method or error may be presented
in cases when teacher figures out that it
would be beneficial for the class. Students’
ideas are presented on the chalkboard, to
be compared with each other with oral ex-
planations. Teacher is supposed to guide
the discussion by the students towards an
integrated idea and to avoid pointing out
the best solution. Japanese teachers regard
neriage as critical for the success or failure
of the entire lessons (Shimizu, 2006).

. Effective use of blackboard is adressed as

bansho. In Japan, the blackboard is used
extensively in lessons: to keep a record of
the lesson, to help students remember what
they need to do and to think about, to help
students see the connection between differ-
ent parts of the lesson and the progression
of the lesson, to compare, contrast, and
discuss ideas that students present, to help
to organize student thinking and discovery
of new ideas (Takahashi, 2006) teachers
use the blackboards. Teachers usually try
to keep all that is written during the les-
son on the blackboard without erasing it if
possible, which gives both the students and
teacher a birds-eye view of what has hap-
pened in the class at the end of each lesson.
From the learner’s perspective, it is easier
to compare multiple solution methods if
they appear on the blackboard simultane-
ously.

. Matome means summing up, i.e. reviewing

briefly what students have discussed in the
whole-class discussion and summarising it
by the teacher.

Conclusion

Significance of the Lesson Study goes far be-
yond professional development of teachers, as it is
usually perceived outside Japan. Beside individual
professional development, research lessons contrib-
ute to spread new content and approaches, connect
individual teachers’ practices to the school goals
and broader goals, create demand for improvement,
shape national policy and teach teachers to under-
stand children better.

Recently, educators in many countries have
begun to learn from their Japanese counterparts
how to develop a new culture for promoting learn-
ing communities at their schools (Sarkar Arani et
al., 2009). Collaborative lesson plans, participant
observation, and reflective thinking on teaching
are the three points that serve as the core of Lesson
Study and should be highlighted in its application.
It is essential that educators, as equal participants,
clarify their own views toward education and pu-
pils’ learning. They have to present a collaborative
lesson plans based on these aspects, and articulate
their fundamental approaches to teaching. The final
consideration is that Lesson Study should be under-
stood as both regular practice and as a process, and
that problems will not be resolved after a single ses-
sion. Effective lesson study follows the teaching of
pupils and their progress over a long period of time.

In the case of teaching and learning mathe-
matics Lesson Study can shed a completely new light
on how Mathematics is learnt by children and how
the learning experience can be organized to help
children not only to carry out techniques but make
sense of the mathematics and focus on what is im-
portant to make mathematics both powerful and
simple at the same time (Tall, 2008). Lack of under-
standing at one stage usually makes successive stag-
es more difficult, leading to rote learning. Also, too
much practice too soon can be ineffective or lead to
math anxiety (Isaacs, Carroll, 1999). Lesson Study
involves the careful design of good lesson sequenc-
es that focus on helping children develop different
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methods of approach from which they can find ways
of working that are fast, easy and accurate. The les-
son spends a significant amount of time reflecting
on what makes sense and focusing on finding bet-
ter ways of working. For the teacher, it requires not
only knowledge of Mathematics, but also deep ex-
perience of how children think as they learn Math-
ematics (Tall, 2008). Lesson Study is not primari-
ly focused on teaching techniques, but on upgrad-
ing conceptual understanding to level which lead
to nourishing pupils who learn Mathematics by/for
themselves. This requires an understanding not only
of the Mathematics itself but how it can be organised
to make sense in the long-term process of learning
the subject.

Lesson Study in Mathematics goes beyond the
design of individual lessons to the development of a
long-term teaching approaches which are dedicated
to understanding the nature of mathematical think-
ing. Lesson Study in Mathematics is fundamentally
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ap Kapmenura ITjanuh

ITeparouku daxyntet, YanBepautet y buxahy, bocha u Xepierosnuna
ITopekio 1 MPOU3BOL jalaHCKe ,,CTyAuje yaca“

LIwp oBOT paja je fa ce MpUKaXKe ,CTYAUja 4aca“ M HeH ITIABHU IPOU3BOJ — ,IIPUCTYII pellaBama
npo6ieMa’, 3aCHOBaH Ha pelleBaHTHOM IIPOydYaBamy JIMTepaType M JUPEKTHO] OICEepBalMjy ayTopa paja.
JamaHcka ,,CTyguja dYaca“ ce IIpenosHaje Kao yCIeIIHa MeTOAOJIOTMja y MaTeMaTW4yKoM obpasoBamy. Y
3allalHMM 3eM/baMa ,CTYAMja Yaca“ ce OOMYHO CXBaTajla Kao HMpoQeCHOHANHY Pa3BOjHU IIPOIeC KOju je
YK/bY4YMBAO jaIlaHCKe HACTaBHVKe Jla CUCTEMaTUYHO UCINUTY]y CBOjy NpaKcy paau mweHe Behe epukacHoCTH.
MebyTtum, ,cTyanja qaca® je Buie o mpodecuoHaIHOT pa3Boja. Ped je 0 HACTaBHOj aKTMBHOCTY 3aCHOBAHO] Y
HAyLV ¥ Y MeTOZIOIOI M) ocaMzieceTux roguHa 19. Bexa (Isoda, 2011). ITopeko ,,cTynuje qaca® Moxe na byzne
3aberexxeHo y 06pa3oBHOj IIpakcy y nepuopy Meuju y Jamnany, rae Cy /by IOCMaTpaly HadlHe [I0y4aBamba
ia 6 3Ha/IM KaKo Ja BOfie IIpOIlec IIoy4yaBama 1 ydema. Off Tazia ,,cTyAmja yaca® QyHKIMOHMIIE KA0 CPEACTBO
Koje oMoryhaBa HacTaBHMIVIMA JIa pa3BUjajy U IPOy4aBajy BIACTUTY HACTABHY IIPAKCY 1 fla y4JMHe O3HATU) UM
JIOKaJIHe Teopuje obpasoBama. OBaj pa3Boj ce oiBuja 360T AUMEH3Mja Koje KapaKTepyIly CTYAuUjy 4aca’ Kao
Hpolec KOMabopaTBHUX aKTMBHOCTYU M UCTPaXKMBamba Koje Hyje MPUMAPHO (POKYCHMPAHO HA TEXHOIOTH)Y
U cpeficTBa, Beh Ha cappxaj u ydeHuke. [IpousBopu ,,cTyamje yaca™ HUCY caMO OTPaHMYEHM Ha OHO LITO CY
y4ecHUIM Hay4uwm u3 ogpehene pediekcuBHe AMCKyCHje y OKBUPY Yaca 1 HOcTe wera. To Takobe ykpyuyje
Pa3BOj JIOKA/IHVUX TeOpHja y MaTeMaTH4KoOM 00pa3oBamy. ,CTyanja yaca“ GyHKIMOHNIIIE KaO PENIPOyKTYBHA
HayKa Koja HaM IpuOIIDKaBa JIOKaJHE Teopuje y MaTeMaTMYKOM o0Opa3oBamy, Koje Cy IIpeIo3Hare ca
HacCTaBHOM IIPAKCOM KoOja NpOM3Iasy U3 bUX. JefHa Off TeOpMja IIoyYyaBama MaTeMaTlKe, KOja ce I0ojaBuIa
U3 ,CTyAuje Jaca®, jecTe ,IPUCTYI pellaBama IpodieMa’, I03HAT Kao jallaHCKM HauVH II0y4YaBamba 1 Teopuja
noy4yaBama 1 ydema (Stigler & Hiebert, 1999). ‘TIpucTyn penraBama mpo6nema’ je IpUCTYI NOyYaBamba Koju
ce KOpucTH ja 6u ce popMupanu MaTeMaTU4YKV ITOjMOBY M1 Pa3ByjIe MaTeMaTU4Ke BEIITVHE — MaTeMaTUIKO
MULUbebe, upeje n BpegHocty (Isoda & Katagiri, 2011). OcHOBHU IPMHINII ,,IIPUCTYIIA pellaBama mpoobmema‘“
je a ce fella Hayde fla y4e MaTeMaTHKy caMa, Tj. ja Ce€ HaCTOjM Y TOME Jia Ce Pas3BUjajy fielja Koja pasMUI/bajy
¥ KOja yde MaTeMatuky 3a cebe. OfHelaBHO je ,,CTyAuja 4aca“ ocTajIa MMPOKO IIPUMemeHa He CaMo Y JalaHy
Beh n mupom csera. ITowmTo je cBe BuIlle IPUCYTHA Y Pa3HUM 3eM/baMa, JIOKaIHe Bep3uje ,,CTyAuje Jaca“ Mory
Jia ce pa3Bujajy KopuirhemeM KOMIUIETHEe CTPYKTYpe Ha HajOO/by HAuMH Ha pasHMUM JIOKalujamMa. Y caydajy
0a/IKaHCKUX 3eMaJba, ,CTyAUja yaca“ Moxe Aa Oyzie 6asupaHa Ha 10OPO 3aCHOBAHO]j IIPAKCH OIJIEHUX 4acOBa.

Kmyune peuu: ,,ctynuja yaca®, ,,IpUCTYII pelllaBama IpobiemMa’, MaTeMaTIIKo 0Opas3oBambe.
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Mathematical and cultural messages
from the period between the two world

wars: Elin Pelin’s story problems

Abstract: In the mid-thirties of XX c. the renowned Bulgarian writer Elin Pelin published the children’s
newspaper Path (in Bulgarian: ITetiiexa) regularly including mathematical story problems. Their unusual im-
agery and plots were quite different from textbook math problems. The leading character Old-hand Stanyo
loved to tell his neighbours’ children stories in which he intertwined elements of mathematics or logic. Too
lengthy sometimes, the story problems revealed various sides of culture to children and taught them to pay at-
tention to detail, think logically, and not to neglect common sense. Whatever life situations were described, the
moral was always the same - the knowledge of mathematics helped overcome obstacles. Elin Pelin’s newspaper
was circulated all around Bulgaria inspiring children from towns big and small to learn counting, divisibility
of numbers, systems of linear equations, binary number system, etc. These topics continue to be in the scope of
interests of contemporary students, teachers, and mathematics educators. Story problems of Elin Pelin’s series,
exemplary pieces of which are analyzed in the article, attract modern readers with the unique mathematical

and cultural values of their time.

Key words: Elin Pelin, primary school, story problems, culture.

Introduction

Mathematics curriculum for Bulgarian pri-
mary schools is based on the decimal number sys-
tem. The pupils perform elementary arithmetic op-
erations while solving numerical examples, simple
linear equations or inequalities, and story (or word)
problems. In mathematical story problems, numeri-
cal data and logical relations are interwoven in real

1 gorcheva@math.bas.bg

life situations described through a narrative. To deal
with them successfully, the primary school chil-
dren need to acquire comprehensive reading skills.
They help them separate what is given from what is
sought, recognize mathematical concepts and de-
cide what operations to perform. In essence, these
activities are mathematical modeling, which makes
solving story problems crucial for building the little
students’ modern mathematical literacy.
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For years the researchers in mathematics ed-
ucation like Pollak (Pollak, 2007), Niss (Niss, 2012),
Stillman et al. (Stillman et al., 2013), Spandaw and
Zwaneveld (Spandaw and Zwaneveld, 2010) and
many others have been emphasizing the importance
of teaching and learning of mathematical modeling
in school. The authors of mathematical textbooks
make significant efforts to prepare the pupils for the
challenges of problem solving: after each unit they
offer numerous story problems, which differ by the
level of difficulty and allow the teachers to meet their
students’ needs. Math competitions have had a sig-
nificant share in raising the students’ mathematical
literacy as well. At the beginning of each school year
the Bulgarian Ministry of Education and Sciences
issues an official schedule of all upcoming compe-
titions and olympiads.? To train their students, the
mathematics teachers organize circles where the
children not only solve problems and learn extra-
curricular mathematical topics, but also make new
acquaintances. In such a way mathematics turns
into a subject that creates social networks among
teachers, students, and parents.

The socializing effect of mathematical mode-
ling for elementary schoolchildren was noticed and
reported by Pollak (Pollak, 2007). Long before him,
the Bulgarian man of letters Dimitar Stoyanov known
by his pseudonym Elin Pelin also realized that very ef-
fect of mathematical problem solving. Although with
no professional training in mathematics, he turned
the spreading of mathematical literacy through a chil-
dren’s newspaper into his mission.

Writer Elin Pelin and his mathematical story-
problems

According to Rothschild, Elin Pelin is Bul-
garia’s “most popular interwar author”, who wrote

2 Bulgarian Ministry of Education and Sciences. Order No.
1505 from September 30, 2014 about School olympiads and na-
tional competitions. Retrieved October 10, 2014. from http://
www.mon.bg

“superb children’s stories and poems” (Rothschild,
1974: 395). Elin Pelin (in Bulgarian: Enun ITenns,
1877-1949) dreamed to be an artist, but became one
of the most renowned Bulgarian writers who paint-
ed his images in words. Since the age of 17, for sev-
eral years he worked as a teacher in his native village
where he watched the children play, study and inter-
act with their peers. This first hand experience in-
spired many of the fascinating plots and characters
in his later stories.

Elin Pelin was also a publisher. In the mid-
1930s he issued the children’s newspaper Path (in
Bulgarian: ITprexa) where he regularly included
mathematical story problems. They are now col-
lected in a small book (Elin Pelin and Podvarzach-
ov, 1992) published posthumously by his son. The
main character in these stories is Old-hand Stanyo
who asks his neighbors’ children to solve problems
that test their logical thinking, wit, and attention to
detail. They often exceed in length and totally dif-
fer from ordinary textbook problems. Most of them
are fairly easy to solve; others challenge even profes-
sional mathematicians and educators. What unites
them is their reverence to mathematical literacy,
common sense and nuances in speech. The stories
are evidence of the type of mathematical knowledge
the common people of the time regarded helpful to
overcome the obstacles of life. I implemented many
of them in my seminars with the prospective pri-
mary school teachers from the Department of Pre-
school and Primary school education at Sofia Uni-
versity “St. Kliment Ohridski”.

Elin Pelin’s approach to problem formulation

All students I worked with knew a lot about
Elin Pelin’s literary works, but no one had heard
about his story problems. The example I used as a
warm-up activity was more of a story than a math-
ematical problem and vividly demonstrated the cul-
ture of farmers’ life and the nature of everyday prob-
lems at the time:
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Story problem 1. “It was last summer,” Old-
hand Stanyo began his story. “I was walking down
the Pirin mountain, heading for the plain. On a pad-
dock I saw two horses grazing. The stud was tall and
black, robust, with a broad saddle and sleek fur. Al-
though his tail was missing, he looked like a pedi-
gree animal. The mare was very beautiful too - of a
local breed, a little short, immaculately white, you
just could not help stroking her, with streamers in-
tertwined to decorate her magnificent tail. A really
gorgeous animal!

A few steps away, three guys were bickering
about something, waving their arms... It turned out
they were having an argument. Two of them were
travelers. They had come to that place at noon in the
sweltering heat and left their horses to graze on the
paddock while they took a nap in the shadow. Mean-
while the owner of the paddock came from the near-
by village, woke them up and demanded that they
pay him for the grazing of their horses. The travelers
agreed. One of them dug into his pocket and pro-
duced 10 levs® which the villager willingly took. Yet
when the other traveler handed him his 10 levs, he
refused to accept it”

“It is too little,” he said. “Ten levs for the stud
is a fair deal, but not for the mare. For her, if not 20,
you should pay me at least 15 levs.”

No matter how hard they tried to persuade
him, he would not agree. Therefore they summoned
me to settle the dispute.

“Well, and did you, uncle Stanyo?”

“I said straight away that the villager was right
beyond a shadow of a doubt. Why do you, buddies,
think I supported his opinion?” (Problem 4, Elin
Pelin and Podvarzachov, 1992: 15-16)

This small literary masterpiece not only ex-
cited the future primary school teachers, but also
puzzled them: they were not sure whether it can be
classified as a mathematical story problem. The fol-
lowing speculations by Novakova (Novakova, 2003)

3 Lev (in Bulgarian: neB) is the name of Bulgarian currency.

shed light on the case, allowing the students to form
their own opinions: “In order to have a story prob-
lem, there has to be a requirement (a question) that
defines what is sought” (Novakova, 2003: 165). In
Story problem 1 such a question existed. The an-
swer was also provided, which was not quite usual
for problem formulation. Elin Pelin did it for a pur-
pose — to boost the logical thinking of his readers.
My audience reasoned out loud that the mare had to
eat up more grass than the stud since more money
had been demanded for her grazing. One of the stu-
dents noted that in the wild animals do not overeat.
Thus the idea that the mare could have been preg-
nant came up and the prospective teachers, most of
whom were female, adopted that explanation. Their
inference was plausible and Old-hand Stanyo would
have probably accepted it. However, his reasoning
differed: “The stud’s tail was missing while the mare’s
tail was long and even had streamers for decoration.
Thus the mare was able to easily keep the flies away
and graze undisturbed, while the stud, continuous-
ly being pestered by the insects was able to pasture
less. Therefore, the villager was right to want more
money for the mare’s grazing”” (Elin Pelin and Pod-
varzachov, 1992: 80).

The students did not expect such a turn of
events. They became aware how skillfully Elin Pelin
had led them to this conclusion: describing the
stud’s missing and mare’s magnificent tail, he was giv-
ing them a key to his point of view. They realized
that writing his story and formulating the problem,
the great writer had in mind both the concept and
the solution. Thus the future teachers received a les-
son in paying attention to detail and context.

One of Elin Pelin’s noble ambitions as a pub-
lisher was to bring the culture of the world to the
poor children from the smallest villages in Bulgaria.
He created a story in which he told them about the
enchanting nature of the Far East. But the readers
would soon realize that the landscape and animals
were just a background:
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Story problem 2. Once upon a time in China,
on the bank of the Great River Yangtze, a boatman
named Ha-de lived with his 10-year-old son Pu-
pi. Ha-de built himself a large and strong boat and
made his living by carrying bricks to the opposite
bank of the river. There the mandarin Ah Ti-Vrag
was having a new palace built.

The mandarin was very mean. One day he
called Ha-de and told him:

“Listen to my order! Tomorrow you must tell
me how much my favorite elephant Sambo weighs.
Otherwise you'll be in trouble.”

The boatman panicked: he did not have such
big scales to weigh an elephant on them. Desperate,
Ha-de told his son about this impossible task. Pu-pi
just laughed; he was sure that his father could deal
with it. And here is what happened: the next day Ha-
de stepped before the mandarin and told him exact-
ly how much his favorite elephant Sambo weighed.

How do you think the boatman and his son
managed to find the weight of the elephant? (Prob-
lem 1, Elin Pelin and Podvarzachov, 1992: 8-9)

The situation described was again unexpect-
ed for the undergraduate students and for a while
they pondered how to approach the problem. An-
other reading of the text and the practice with the
previous problem led them to carefully interpret
the information which the expressions “he built a
large and string boat” and “he did not have such big
scales” carried. They concluded that the boatman
had to have some scales, although not big enough to
weigh an elephant on them, but pretty good to iden-
tify the weight of a brick, for example. Thus they al-
most reached the solution Elin Pelin had in mind:
“Pu-pi, the boatman’s son, hauled the boat into the
water, lured Sambo inside it and drew a line on the
boat’s outer side to mark the level of the water. Then
Pu-pi took Sambo back to the bank and began to
load the boat with bricks until the water reached
the mark; then he weighed one brick on the scales,
counted the bricks in the boat and calculated the

elephant’s weight.” (Elin Pelin and Podvarzachov,
1992: 80).

I asked the students to collectively formulate
Elin Pelin’s problem as it could be written for a mod-
ern primary school textbook, and make a compari-
son with the original version. The text unanimously
suggested was:

Students’ version of Story problem 2. A single
brick weighs 3 kg. How many kilograms do 1,200
such bricks weigh?

The future teachers’ comments on their own
version were that it was “mathematically precise,
doable in a minute, free of emotion and boring’, be-
cause “no insight is needed for this problem to be
solved” One student expressed an interesting opin-
ion: “Through this story problem Elin Pelin sends a
message to the children that mathematics is not an
isolated subject. That is what is missing in our ver-
sion.

The literary works which Elin Pelin left docu-
ment various aspects of common people’s life in the
period between the two world wars, including their
financial hardships. As the text of Story problem 1
reveals, they count every penny and negotiate each
bargain. Understanding the importance of interper-
sonal relations which occur at the markets, the writ-
er uses this environment as a setting for several of
his story problems. From Old-hand Stanyos next
story contemporary readers learn that buying choc-
olate to a child was a rare event: a reward or maybe a
bribe for proper behavior. The humorous plot aims
not only to provide mathematical knowledge to the
children, but to instill good manners in them and
teach them respect for parents and grandparents:

Story problem 3. My grandson Mitko is a very
spoilt child. This morning my wife and I headed for
the market. As loving grandparents do, we took Mit-
ko with us to spend the day together, but he became
a pain in the neck: whichever store we stopped by,
Mitko always wanted us to buy him a present.

In a grocery store I accidentally saw big scales
and asked the seller to check my weight. I was just
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about to step on the scales, when Mitko grabbed my
pants:

“Grandpa, I want to be with you on the
'37

scales
“Let me first weigh myself, buddy. Then T'll
weigh you as well”

No matter how hard I tried to persuade my
grandson, even by buying him chocolate - he did
not agree to get off the scales. I was forced to give
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in. I allowed Mitko to weigh with me and the scales
showed 111 kg. After we got off them, I called my
wife to quickly weigh herself while I was entertain-
ing the troublemaker Mitko. But he caught her skirt
and did not drop it until he stepped on the scales
again with her. Thus both Mitko and grandma’s
weight together came exactly to 82 kg.

“So you and your wife did not weigh sepa-
rately, uncle Stanyo?”

111 kg — grandpa and Mitko
82 kg — grandma and Mitko
139 kg — grandma and grandpa

111+82 = 193
—-139

2(grandpa + grandma + Mitko) = 332
grandpa + grandma + Mitko = 166 kg

166
—-111
55 — grandma

166
—139

27 — grandson

Figure 1. A solution to Story problem 3 by a prospective primary school teacher (left — the original
excerpt; right — the English translation)

“No, we didn’t. We barely managed to get to-
gether on the scales. Thus both grandma and grand-
pa, without Mitko, weighed 139 kg. Tell me now,
how many kilograms each and every one of the three
of us weighs” (Problem 16, Elin Pelin and Podvarza-
chov, 1992: 45-46)

Probably the most straightforward way to
approach this problem is to use a system of linear
equations, but the topic is not included in Bulgarian
primary school mathematics curriculum. Therefore

the undergraduate students were to step into chil-
dren’s shoes.

As Figure 1 shows, the solution process was
not smooth for everybody. Pretending to have only
a little pupil's mathematical knowledge was tense
for the particular prospective teacher: she obtained
the same answer twice (Mitkos weight), but unin-
tentionally omitted to point out the third answer re-
quired (the grandfather’s weight).
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Elin Pelin loved to be in line with the latest
developments in science and technology. In an un-
published telephone interview from 2006 with Elin
Pelin’s son — Mr. Boyan Dimitrov, - I learned a lot
about the great writer’s interest in science and tech-
nology. He subscribed to the journal “Science” and
took many of his ideas from it; he assembled three
radio sets all by himself; he regularly went to the
market and as he was a keen observer and an atten-
tive listener, he probably borrowed ideas and char-
acters to later implement in his story problems. In
the last narrative discussed here the knowledgeable
reader will recognize the characters from the fairy
tale “One-eye, Two-eyes, and Three-eyes” published
in 1812 by Brothers Jacob and Wilhelm Grimm
(Grimm, 1909-1914). What makes Elin Pelin’s sto-
ry unique is its mathematical content that cannot be
found in the original Brother Grimms tale.

Story problem 4. Once upon a time there lived
an old and cruel witch. She had three daughters. The
first had only one eye placed in the middle of her
forehead; the second had three eyes and the third
two eyes, just like other people do. The old witch
loved the One-Eyed and the Three-Eyed daughters,
but hated the Two-Eyed one: maybe because she
was the most beautiful and her two eyes were just in
their right places.

One day the witch called her three girls and
gave them apples: 50 wonderful apples to the One-
Eyed, 30 wonderful apples to the Three-Eyed and
only 10 unripe and wrinkled apples to the Two-Eyed.

“Now, girls, go immediately to the market
and sell all your apples,” she ordered them. “Howev-
er, make sure that each of your brings back the same
amount of money!”

The Two-eyed daughter was scared: “O Mom!
I cannot earn as much money for my wrinkled 10 ap-
ples as my sisters for their pretty 50 and 30 apples”

“Shut up!” chided the old hag. “If you bring
even a penny less than your sisters, you will be in
trouble!”

The Two-Eyed girl began to cry: “Then let me
sell my apples at a higher price than them”

The old woman scolded again: “Listen! If you
dare sell at a price even a penny higher than your
sisters’ prices, I will punish you. Go!”

The three girls headed for the market: The
One-Eyed and the Three-Eyed sisters, dressed up
and dolled up, ran ahead, laughing. Their Two-Eyed
sister, wearing her only faded cotton dress, dragged
behind, crying miserably. Thus the wretch was left a
whole kilometer behind her sisters. Meanwhile, her
beloved golden-horned goat caught up with her and
turned the ten wrinkled apples into ten irresistibly
fresh and juicy ones.

What happened later? Soon the Two-Eyed
sister reached the market and stood there next to her
sisters. Whatever price they had asked for their ap-
ples, the same price she wanted for hers. At the end
of the day, although The One-Eyed sister sold 50 ap-
ples, The Three-Eyed sold 30 apples, and The Two-
Eyed one sold only 10 apples, the three girls earned
an equal amount of money and brought it back to
their mother.

At what price, do you think, the three sisters
sold their apples to fulfil the demands of their witch
mother? (Problem 9, Elin Pelin and Podvarzachov,
1992: 29-30)

When the prospective primary school teach-
ers read the problem from their handouts, they were
puzzled saying it was unsolvable. Several female stu-
dents suggested reading it again, in parts, chang-
ing their voices appropriately. The careful analysis
of the text revealed that a clue to model the situa-
tion mathematically still existed: it was to decipher
not only what was told to the readers, but also to
guess what was not told. The only thing the moth-
er required was that all the sisters demanded equal
prices for their apples at the market. For example,
they were not forbidden to change the prices. Thus a
two-stage sale of a different number of apples could
bring the same revenue to the girls.
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Figure 2. Elin Pelin’s solution to Story problem 4, written by a student
(left — the original excerpt; right — the English translation)

Elin Pelin provided such a solution which I
showed to the audience. We discussed it for a long
time because the undergraduate students had diffi-
culty believing it was possible. In the end they real-
ized the problem had a solution (Figure 2).

The students’ surprise was even bigger when
I demonstrated a few more solutions obtained by
the method of linear programming (Kelevedjiev
and Gortcheva, 2010). The students were fascinated
by the existence, as well as by the potential of this
method. Tables 1 and 2 show two such solutions.

Table 1. A sale in which every sister can earn 70 levs

I assigned the undergraduate students to cre-
ate again their formulation of the problem. Collec-
tively, they produced the following text:

Students’ version of Story problem 4. A retailer
rents a store in three city locations and pays the same
rent for each. Today he sells top fashion T-shirts, at
the same prices in all three stores. In the first store
there are 50 T-shirts to sell, in the second - 30, in the
third - 10. As the rents he pays are equal, he wants
to have the same revenue from each store, keeping
the prices equal at every moment of the sale. At what
prices can the retailer sell the T-shirts in order to en-
sure the same revenue from the three stores?

Daughter Number of | First price | Apples sold | Second price | Apples sold Revenue
apples
One-eyed 50 48 2 48 levs + 22 levs
1 apple per 1 apple per
Three-eyed 30 1lev 26 11 levs 4 26 levs + 44 levs
Two-eyed 10 4 6 4levs + 66 levs
Table 2. A sale in which every sister can earn 100 levs
Daughter Number of | First price | Apples sold | Second price | Apples sold Revenue
apples
One-eyed 50 45 5 45 levs + 55 levs
1 apple per 1 apple per
Three-eyed 30 1lev 23 11 levs 7 23 levs + 77 levs
Two-eyed 10 1 99 1lev +99levs
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Asked to compare the two versions of the
problem, the undergraduate students, mostly young
ladies with vast shopping experience, found the T-
shirt version more realistic. They eagerly discussed:
“Even if we hadn’t been able to reach such exact so-
lutions, we would have invented at least a strategy
to them.”

Discussion of the results

The selection of Elin Pelin’s story problems
which I present herein gives an idea about the writ-
er’s interest in mathematics and sciences, but their
scope remains uncovered. Fortunately, I managed
to introduce the majority of the story problems to
the students at my seminars. They all enjoyed his in-
genuous ways to imbed concepts like divisibility of
numbers, binary number representation, Diophan-
tine equations, graph theory, permutations, or Car-
tesian coordinate system in fabulous stories about
animals, rascals, buckets of water, navy ships... Al-
though not so frequently, ideas from science and
technology were also found there, as well as litera-
ture related tasks.

Initially I was concerned whether using such
old-fashioned story-problems was justifiable in 21*
century teacher education and in its projection —
primary school education. Confirmation came from
the students. Here is how they reflected on them:

Student I: “I never imagined that Elin Pelin
could write math problems for children.”

Student 2: “I changed my opinion about men
of letters which only at first glance did not under-
stand maths.”

Student 3: “From a literary point of view the
writer did a perfect job: while Old-hand Stanyo
talked, the children listened to him to realize in the
end that it was not just a story, but a problem to be
solved. As a reader I felt the same way””

Student 4: “If all word problems had been rep-
resented in such manner, mathematics would have
been my favourite subject at school”

The fact that a group of undergraduate stu-
dents started impulsively reading out loud Story
problem 4 because it seemed unsolvable to them
can be interpreted as a form of “expressive engage-
ment” (Sipe, 2002): by immersing themselves in the
plot the prospective teachers tried to “dominate the
text” (Sipe, 2002), i.e. to solve the problem.

I observed the same motivating effect on the
students of all Elin Pelin’s story problems. In my
opinion, to great extent it was due to their unique
cultural messages which my audience with a back-
ground primarily in humanities highly valued.

As reported by Lindgren and Bleicher (2005),
many future elementary school teachers find science
content courses “boring or difficult, with little rel-
evance to their lives or to teaching children” (Lind-
gren and Bleicher, 2005). Therefore, situations like
the one described in Story problem 2 boost students’
interest in science and make them search for more
practical problems and connections among school
subjects.

My experience shows that Elin Pelin’s story
problems can be successfully used even as a source
for a drama project in primary school (Gortcheva,
2014). For such a purpose, it is not necessary to lit-
erally use the texts, but only the way mathematical
ideas have been intertwined.

Concluding remarks

Through their specific contents Elin Pelin’s
story problems help contemporary readers touch
the culture and lifestyle of common Bulgarian peo-
ple from the period between the two world wars
and learn about mathematical knowledge and skills
they needed most. Properly balanced, these prob-
lems still have place in modern primary school ed-
ucation, as well as in core subject courses for pro-
spective teachers. They challenge even profession-
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al mathematicians to model the nonstandard situa-
tions described. The multiple solutions which some
problems allow make them appropriate for imple-
menting inquiry based learning in the classrooms.

Elin Pelin’s story problems can serve teachers
to effectively combine the traditional “3Rs” of pri-
mary school education: Reading, wRiting and aRith-
metic. The reading skills developed by such texts are
crucial for children’s success in problem solving. By
focusing both on the context and detail, they help
pupils analyze situations, find numerical and logi-
cal data in texts, get rid of unnecessary information,
and answer questions. To communicate their math-
ematical knowledge, students should possess strong
writing and oral skills. Only then will they be able
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ap Jopmanka I'oueBa
MHcTUTyT 32 MaTEMaTUKY U I/[chopMaTI/[Ky 6yrapc1<e AxaneMnuje HayKa,

Onepeme 3a o6pasoBame, Coduja, Byrapcka

MaremaTuuke n KYJITypHE IOPYKE U3 II€EpNUOaa Msmeby ABa CBETCKa pata —
IIpO6JIeMI/I TEKCTYATHUX 3aJaTaKa Enuna Ilennua

MareMaTn4Ky KypyuKyayM 6yrapcKuX OCHOBHUX LIKOJIA je 3aCHOBAH Ha AeLMIMaTHOM OPOjHOM CUCTEMY.
Yduennuy o6aB/bajy OCHOBHE apuUTMeTHMUKe OIlepaiyje ca OpojeBMMa, pellaBajy jefHOCTaBHe JIMHeapHe
jemHauNHe U Heje[HauMHe, Kao M TeKCTyanHe 3afaTke. Koj oBux sajaraka mpemmhy ce 6pojuany mopaum
Y JIOTMYKY OZHOCY Y CBAaKOJHEBHUM CUTyallMjaMa, LITO je ONMMCAaHO y papy. Jla Om ycmeumrHo perraBamy
TEKCTYa/He 3a/jaTKe, Y9eHUIM MOPajy [ja HallpaBe pas/iuKy u3Mehy oHoOra IITO je JaTO 1 OHOTA ILITa Ce TPaXIL,
fla IIPeTo3Hajy MaTeMaTHYKN I10jaM y TEeKCTY U Jia OfiTyde KOje MaTeMaTuyke ollepanuje Tpeba ga KOpucTe
ma 6u gouum fo peurerma. C 063MpoM Ha TO [a je OCHOBA OBMX aKTMBHOCTM MaTeMaTUYKO MOJE/IOBambeE,
pelaBame TEKCTYaTHUX 3a/jaTaka je OCHOBHO 3a opMmuparme MaTeMaTHyKe NMUCMEHOCTY y4eHMKa HVDKUX
paspena. ['oguHaMa cy MCTpakMBadM MaTeMaTUYKOT obpasoBama, kao 1mTo cy Ilomax (Pollak, 2007), Huc
(Niss, 2012), Ctwiaman n gp. (Stillman et al., 2013), Cnangay n 3BaneBeny (Spandaw and Zwaneveld, 2010)
Y MHOTM JPYTH, UCTULAIM BaKHOCT IOy4YaBama I ydera MaTeMaTMYKOI MOJe/IOBama Y IIKOMU. AyTOpu
MOJIepHMX MaTeMaTUYKIX yIIOeHMKa Cy HAa4MHIIN Be/IMKe HAallope Jia IpUIIpeMe yueHIKe 3a 3a30Be pelllaBarma
MaTeMaTMYKIUX 3a/jaTaka — I0C/Ie CBaKe JIeKIMje IOHYAM/IN CY MHOTO TEKCTYa/THUX 3a/jaTaKa KOju ce pas/iuKyjy
II0 HMBOY U TeKMHM U THMe oMoryhaBajy HacTaBHMI[MMA /ja IOMOTHY y4eHMIuMa. Jl MaTeMaTn4ka TaKMu4uena
Cy MMaja Ba)kaH yfieo y I0o0o0/blilaBarkby MaTeMaTU4Ke MUCMEHOCTH yueHuKa. [Ja 6u copemMmnn ydeHuke sa
ydemrhe Ha TaKMUYeHMa, HACTABHMUIIY MaTeMaTHKe Cy OPraHM30BaIyM CeKIyje Y KOjuMa y4eHMUI[M He CaMo
fia Cy pelaBajy mpo6bieMe U y4uIu 0 TeMaMa BaH HaCTaBHOT Iporpama Beh cy ckiamnasa 1 HoBa ITO3HAHCTBA.
Tako ce MaTeMaTMKa IIPeTBOPIUIA Y IIPeAMET Koju je omoryhmo apyxemwe Mehy HacTaBHUIMMA, YIeHUI[MA
u popute/puMa. Edekar conmjanmsannje MaTeMaTUIKOT MOZIe/IOBaba KOJ, fielle OCHOBHOIIKO/ICKOT y3pacTa
npumMeTno je n o6jaBuo [Tomax (Pollak, 2007). laBHO mpe wera, 6yrapcku yuermak 6e3 mpodecroHamHOT 3Hamba
MaTeMaTyKe CXBaTHO je Taj eeKaT MaTeMaTHUKOT pellaBama mpobmema. Taj nHTenekryanan je 6uo Enun
[Tenmun (1877-1949). XKeneo je ma mocTaHe yMeTHMK, a/iu je CysOMHA XTe/a fja cIuka peunma. [Ipema Porumnny
(Rothschild, 1974), 6uo je 6yrapcku ,HajnonynapHuju ayTop usMmeby fBa pata®, Koju je mucao ,,AMBHe Aedje
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npude u necme” (Rothschild, 1974: 395). Enun IlenuH je npuxBaTno mmpemwe MaTeMaTHuKe MMCMEHOCTY Mehy
OyrapckuM ydeHmyMma kKao mmcujy. CpenmHOM TpupeceTnx ropusa 20. BeKa IIOKPEHYO je [iedju YacoImc
»Crasa“ (Ha 6yrapckoMm ,IIbprexa”) (1932-1936), penoBHO 06jaB/byjyhn MaTeMaTidKe TEKCTyalHe 3ajaTKe.
Omnu cy capa npukymbenn y kivokunu (Pelin & Podvarzachov, 1992), xojy je mocTxyMmHO 06jaB1O HBeroB CHH.
Ib1X0BO CIMKOBUTO M3/TaTambe U CYIITIHA Cy OVIM MHOTO Pa3/MIMTI Off TEKCTya/THMX 3a/jaTKa Y yIOeHuIMa
MmaremaTuke. [maBHa mumyHOCT, cTapa Illaka Cramo, Bomena je fla mpudya KOMIIMCKOj ey Ipude y Kojuma
Cy ce NpeIUINTaay eIeMeHTV MaTeMaTuke U joruke. IToHekan cy 6wam cyBuine [yTH, amy Cy TEKCTyaTHM
3ajlally OTKPMBAIM Pa3M4uTe CTpaHe KyIType el M YIMIN Cy X KaKo Ja obpare MaKmby Ha feTabe, Ja
JIOTMYKY Pa3MUIIIbajy ¥ JIa He 3aII0CTaB/bajy 34paB pasyM. Kakse rox cutyanuje fa cy 6uie ommcaHe, IoyKa
je 6mma yBek mcra — MaTeMaTH4Ka IMMCMEHOCT je IOMarasa jja ce npesasuby >kuBoTHe npernpeke. Yacommc
»Crasa“ ce unTao no nenoj byrapckoj 1 MHCIMPUCAO je Felly 13 BeMMKIX U Ma/IuX TpajjoBa Ja y4de aa 6poje, na
CasHajy o0 Je/BMBOCTY OpojeBa, CCTEMUMA U TMHEApHMM jefHaulHa, 6uHapHOM 6pojHOM cucremy uty. Crora
cy Texctyannu safgany Emvaa Ilenmnna mokas BpcTe MaTeMaTUYKOT 3HaMa OOMYHMX JbYAY, KOje MOXKe Jia ce
cMaTpa fiparoreHnM. Moj paj ca CTyIleHTIMa Ha OCHOBHVIM CTYZAMjaMa I ca IIOCTAMIUIOMIIIMA II0Ka3ao je fia,
VIAKO HIMCY OVIM MOJiepH, TeKCcTyanHy 3afany Emvaa [TemHa cy IpyMBIaumIM MaXKiby YnTaNana. Y 3HaTHO]
MepH, PasjIor TOMe Cy elleMeHT Ky/IType y Iepruopy usMmehy nBa paTa m MaTeMaTHdKe IIOPYKe KOje HJXOBe
jenmHCTBEeHe opMynanyje u pemrerma cangpxke. Kao Bemukn mucan, Enun Ilennn je npensuaeo mra he 6urn
3aHMM/BMBO 3a crefiehe reHepanje 1 kako he fiera rajuTyi BpeTHOCTHU Kao BVXOBY POIMTE/BIL, OaKe I JIeKe.

Kmwyune peuu: Envn [lenns, ocHOBHaA IIKOJIA, TEKCTYaTHY 3afially, MaTeMaTUYKM [I0jMOBHU, KYITYpa.
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Introduction

Mathematician Judita Cofman® was born in
Vrs$ac on 4th June 1936. She came from a well-known
and formerly wealthy family of Zoffmanns whose
arrival in Vr$ac is put at the time of the reign of Ma-
ria Theresa of Austria (1717-1780) where they came
from a German region with a strong beer brewing
tradition (Kurucev, 2007: 157-163). Although the

1 nikaca@uns.ac.rs

2 Writing of this article was supported by Ministry of Educa-
tion, Science and Technological Development of Republic of
Serbia through Projects 11144006 and ON174026.

3 Her name was entered into the Official Register as Judit Zoff-
mann, but in the documents of Yugoslavia of that time her name
was written in its Serbian rendition as Judita Cofman, and that
was the name she used for the rest of her life.

Zoftmanns were originally German, they gradually
adopted Hungarian identity, so Judita declared her-
self as a Hungarian from Vojvodina. An environ-
ment of material and cultural wealth marked the life
of Judita’s father Akos Zoffmann (1910-1974). Hav-
ing received wide education in Germany, he became
a great expert in beer brewing, and wine growing
and storing industries. Judita’s mother Lujza (1910-
2000), born Kozics, comes from a Hungarian family
of lawyers from her father’s side, while her mother
came from Vr$ac. Lujza’s grandfather was a math-
ematics teacher at the Vr§ac Grammar School, and
her uncle was the mayor of the town of Vrsac. De-
spite the incertitude and horrors of World War II, Ju-
dita enjoyed a happy childhood at her family home.
She went to primary school in Hungarian and later
to Serbian Grammar School in her hometown. The
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family home, full of love and harmony, installed in
her a great feeling that work, study, reading, as well
as the knowledge of foreign languages are necessary
preconditions for success in life. Besides being gifted
for mathematics, Judita had a talent for languages,
so, besides her mother tongue of Hungarian and the
official Serbian language, as a child she learned Ger-
man, Russian and, which was rare at that time, Eng-
lish. She later learned French and Italian.

Judita Cofman’s PhD thesis as well as her sci-
entific work till the end of 70’s belongs to the theory
of finite projective planes, Mobius planes and Spern-
er’s spaces - a very up-to-date and lively mathemat-
ical field closely related to algebra and group the-
ory. Her results within these topics were published
in prestigious international mathematics journals*
and were presented at high ranking conferences.’
Her results complemented the results of many great
geometricians of the early 20th century on the one
hand, and on the other, the active follow-up and ad-
vancement of certain subfields of projective geome-
try rest upon her results (Nikoli¢, 2012). In the sec-
ond period of 20 years, from 1980 till 2001, Judita
was completely devoted to the mathematical edu-
cation and didactics of mathematics and improve-
ments in teaching process, especially working with
gifted teenage mathematicians.

Studies and career

Judita Cofman started mathematical studies
in 1954, graduating with the highest grades in 1958.
She was among 66 students enrolled as the first gen-
eration of students of mathematics at the Faculty of
Philosophy in Novi Sad. They were all studying to

4 Mathematische Zeitschrift, Archives Mathematica, Canadian
Journal of Mathematics, for example (Nikoli¢, 2012: 97).

5 Colloquio Internazionale sulle Teorie Combinatorie (1973)
held in Rome, Atti del Convegno di Geometria Combinatoria
e sue Applicazioni (1970) held at the University of Perugia and
the International Conference on Projective Planes - Dedicated
to the memory of Peter Dembowski (1973) held at the Washing-
ton State University (Nikoli¢, 2012: 95).

be teachers of mathematics. At that time the major-
ity of classes were given by professors from the Uni-
versity of Belgrade, academicians Milo§ Radojci¢,
Anton Bilimovi¢, Radivoje Kasanin and Jovan Kara-
mata (professor in Geneva at the time). Among the
mathematicians from Novi Sad, there were Mirko
Stojakovi¢ and Bogoljub Stankovi¢, while the first as-
sistants were Vojislav Mari¢ and Mileva Prvanovi¢.
They were all to become eminent Serbian scien-
tists and members of Serbian Academy of Scienc-
es and Arts. The first elected Assistant Professor at
the Mathematics Department was Mileva Prvanovi¢
(1956), who taught in the field of geometry. Judi-
ta Cofman was appointed as her Assistant in 1960.
Judita had been the best student of mathematics at
the university for generations, or so the story goes
(Nikoli¢-Despotovi¢, 2004; 14). Her younger fellow-
students, later professors at the University of Novi
Sad, Irena Comié and Danica Nikoli¢ Despotovic,
remember that students had great respect for pro-
fessors but also some kind of fear for them. De-
spite all efforts of professors to travel from Belgrade,
they were not always accessible to their students.
The professional literature in Serbian language was
still insufficient at that time, and students could not
use foreign titles because their knowledge of Eng-
lish, French, German or Russian was modest. The
only person who was able to answer at any moment
a variety of questions by curious students, was Jud-
ita Cofman. As her knowledge of foreign languages
was high, she was almost the only one among the
students who could use German, English and Rus-
sian textbooks and widen her knowledge of mathe-
matics, which she used to unselfishly share with her
colleagues. They felt that she knew all there was to
know about mathematics! As soon as she was made
an Assistant teacher, in collaboration with students
she published the lecture notes on Ruler-and-com-
pass Constructions. This was the first publication in
the field of mathematics issued at the Faculty of Phi-
losophy in Novi Sad and as such heralds what was to
become an abundant mathematics publishing activ-
ity at the University of Novi Sad.
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The following year, in 1961, she left to under-
take postgraduate studies in Rome. There she stud-
ied with well-known Italian mathematician Profes-
sor Lucio Lombardo-Radice (1916-1982). As Lom-
bardo-Radice contributed to finite geometry and
geometric combinatorics together with Guido Zap-
pa (1915) and Beniamino Segre (1903-1977), and
wrote and published important papers concerning
the Non-Desargues Plane, Judita Cofman chose the
same field of mathematics for her scientific work. In
1963 she returned to Novi Sad defending her PhD
thesis under the title Finite Non-Desargues Projec-
tive Planes Generated by Quadrangle, she took the
first doctoral degree in mathematical sciences from
the University of Novi Sad. The committee for her
thesis defense consisted of Lombardo-Radice and
professors Mirko Stojakovi¢ (mentor) and Mileva
Prvanovic.

As the holder of the Alexander von Hum-
boldt scholarship she spent 1964/65 school year at
the University of Frankfurt/Main. The following six
years she spent as a lecturer professor at Imperial
College in London (University of London), where
she was also engaged in her research work. In 1970
she was a visiting professor at the University of Pe-
rugia (Italy). From 1971 to 1978 she taught math-
ematics at the universities in Tiibingen and Mainz.
During this period she took part in three major
conferences - International Colloquio on Combina-
torial Theory held in Rome, Combinatorial Geom-
etry and Applications held at the University of Peru-
gia and the International Conference on Projective
Planes held at the Washington State, which hosted
all the important mathematicians of that time whose
field of work involved Projective Planes.

From 1978 till 1993 she worked at the state
Putney High School in London and became inter-
ested in the teaching and methodology of mathe-
matics at secondary level. The academic year 1985-
86 she stayed at St. Hilda’s College, Oxford, during
which she enjoyed the teacher fellowship. She spent
these six years professionally absolutely dedicated to

the pedagogical-methodological work with teachers
of mathematics and talented students. Judita also
taught on several advanced master classes held at
the City of London School, together with teachers
Terry Heard and Martin Perkins. In 1987 she was
the member of training staff of the British Olym-
pic team at 28th International Mathematical Olym-
piad held on Cuba.® In April 1993 she participated
at Second German meeting of the European Wom-
an in Mathematics in Tiibingen with a talk On the
role of problem solving in math classes. She collabo-
rated with several foundations and associations (Sir
John Cass Foundation, Advanced Royal Institution
Mathematical Classes, Association of Gifted Chil-
dren in Great Britain). She was organizer, and ac-
tive participant and lecturer of several inspirational
International summer camps for young mathemati-
cians. The number of people that attended the maths
camps was also coached by Judita in preparation for
the Maths Olympiads (Jeroen Nijhof, Anders Bjorn
and Alex Selby for example).

She was the editor of journal Hypotenuse
which was populated by articles closely connected
to her seminars at these camps. She also gave regular
seminars in Germany for teachers of mathematics
and students preparing to become teachers, as well
as lectures within didactics seminars (Didaktik der
Mathematik - Seminar der Universitdt Freiburg).”

6 The report by Mr. Robert Lyness, leader of the British team at
28th International Mathematical Olympiad, Cuba 1987 tells us
of this occassion: «Our team was selected by means of the Na-
tional Mathematics Contest and the British Mathematical Ol-
ympiad, followed by some postal tuition and a residential selec-
tion/training session which included a further test. This session
was held at the Ship Hotel, Reading, from Friday 8th May to
Sunday 10th May 1987. It was staffed by Judita Cofman, David
Cundy, Terry Heard, John Hersee, Paul Woodruff, and myself.
The training programme consisted of short lectures and tuto-
rial periods during which the participants had opportunities to
expound their own solutions to problems. It proved extremely
helpful. All these activities are the responsibility of the Math-
ematical Association>s National Committee for Mathematical
Contests.»

7 Mathe mal anders, Freizeitaktivititen fur Schiiler und Stu-
denten, lecture held on the 5" of December 1995.
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From 1993 until her retirement in august 2001 she
worked as the professor of didactics of mathematics
at University of Erlangen, Niirnberg and became the
head of the Mathematics Teaching Methods Depart-
ment there (Prvanovi¢, 2002; 57). In her spare time
she conducted Maths-Workshops for 13-19 years
old youngsters. About her experience gained during
these Workshops it could be heard and seen from
the video being recorded at the FAU College Alex-
andrinum (Collegium Alexandrinum) as a part of
Projekt Uni-T'V. Judita Cofman gave the talk Mathe-
matik macht Spass! - Uber Workshops fiir Gymnasial
schiilerinnen und -schiiler am Mathematischen Insti-
tut on 24th of June 1999.* In September 2001 she was
invited to participate in the work of the Postgradu-
ate Studies Department for Mathematics Teaching
Methods and appointed a professor at the Faculty
of Natural Sciences at University Kossuth Lajos in
Debrecen, Hungary, where she passed away on 19th
December of the same year.

Work in the Field of Mathematical Education

The second period of Judita Cofman’ life and
scientific work, from 1980 till 2001, was marked by
theory and practice in the field of pedagogy and di-
dactics of mathematics dedicated to students and
their teachers. In this scientific engagement there
were no momentary ascents of mind and creation of
new systems, no new theories nor proving theorems
or conjectures; what mattered to her seems to had
been an overall understanding of teaching mathe-
matics, approach to students and different teaching
methods through a well-balanced division between
theory and problems designed to motivate students
to think and work independently on solving them.
Judita Cofman possessed all the preconditions to be
successful in the methods of teaching mathematics
she was a mature personality, her mathematical abil-
ity was proven by his publication record, and most

8 See the Web page http://www.university-tv.de/ca.html or di-
rectly the video of her talk http://giga.rrze.uni-erlangen.de/
movies/collegium alexandrinum/ss99/19990624.mpg

importantly, she cherished the deep and true love
for children and their learning.

Judita Cofman collaborated with a number
of universities around the world in preparing future
mathematical teachers, and had an intensive coop-
eration with mathematics institutes and various as-
sociations of mathematicians. She constantly em-
phasized the importance of the quality of teaching
of mathematics, from the lower grades of elemen-
tary school to university level. She was known for
being an exceptionally good teacher, who had a very
responsible attitude towards her profession, which
was the result of her great respect for her audiences
and the science of mathematics, and she prepared
thoroughly for her lectures. In 1984 Judita started an
intensive collaboration with associations and meth-
odological centers dedicated to teaching in the Hun-
garian language in Vojvodina. Her work is known
in Hungary as well. She maintained a close contact
with the universities in Budapest, Szeged and Debre-
cen in Hungary, and took part in the work of camps
for talents and future teachers of mathematics.

The central problem of her engagement in di-
dactics of mathematics was how to motivate pupils
to think and work independently on their solutions
even at an early age.’ Judita Cofman thought that
one way of introducing youngsters to independent
study was to get them involved in work on projects.
One such example was her well known International
Camps for young mathematicians held in England
and Germany (Cofman, 1990; preface and Cofman,
1986; Gardiner and Jones, 1985). The contents and
organization of her well-known book What to solve?
- Problems and suggestions for young mathemati-
cians, is a compilation of problems and solutions
discussed during seminars and sessions on problem
solving in these camps. The organization of the text,
selecting and grouping of questions, comments, ref-
erences to related mathematical topics and instruc-
tions on teaching, represent the core of Judita’s ideas
on the teaching of mathematics. During the process

9 Cofman (2000).
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of solving problems and finding answer to the given
question, campers-pupils and readers of her book
were guided gradually step by step by encouraging
independent thinking and researching, as well as
through the variety of approaches to problem solv-
ing.

The atmosphere at the camp held in the sum-
mer of 1984, near Chelmsford in Essex is described
well by Heather Cordell, at the time a fifteen-year-
old girl from London.' Here it is her account:

“Like its predecessors, the camp in 1984
proved to be a resounding success. This was in no
small way helped by the fact that its participants
came from all over Europe, from nine different
countries altogether, each bringing his/her own way
of looking at mathematics and tackling mathemati-
cal problems. An average working day at the camp
would start at 9:00 a.m. with a demonstration of
problem-solving techniques. These problems varied
from day to day in both standard and topic, so thata
wide variety of interest and ability could be catered
for. Examples included a proof of the existence of
an infinite number of primes, ways of solving prob-
lems by the ‘pigeon hole principle, and many oth-
ers. Next came a session of project work. The pro-
jects were stimulated by particular problems (from a
list provided) or were chosen by the students them-
selves. A practical interest in bell-ringing inspired
one participant to investigate the various permuta-
tions possible on a certain set of bells. Many of the
projects were a result of combined efforts; a more
advanced student could often use his/her knowledge
to work with a less advanced but equally dedicated
student. In the second week, the students them-
selves led discussions about their results and difhi-

10 Heather Cordell is today Professor of Statistical Genetics and
a Welcome Senior Research Fellow in the Institute of Human
Genetics at Newcastle University, UK. When she was once asked
about who contributed to her becoming a scientist, among oth-
ers, mostly professors and colleagues from University, she men-
tioned Judita Cofman as her high school mathematics teacher
(See her text from 2003: Moving from Promise to Proficiency,
The Scientist, 17 (8), 56.).

culties with their projects. The first afternoon ses-
sion lasted from 3:00 p.m. to 4:00 p.m., and consist-
ed of a lecture a guest speaker or one of the tutors.
The topics again varied, but usually involved some
less traditional subjects such as codes and ciphers,
non-conventional geometries, topology and ways
to win Nim. The lecture contents would be expand-
ed in the second afternoon session, from 5:00 p.m.
to 6:00 p.m., to give more insight for the advanced
participants. The fourth session was not compulso-
ry - but many younger students did attend and en-
joy what they could understand. Of course, there
were many other opportunities for both relaxation
and study. These included a visit to London (alter-
natively a country walk for those who preferred), an
invitation watch the local bell-ringing and day spent
in Cambridge, with two excellent lectures on Con-
vex sets and their applications in Economics and Al-
gorithms. All in all, everyone had a most enjoyable
fortnight and is looking forward to participating
again next year”.

In her article On the Role of Geometry in Con-
temporary Mathematical High School Education
(1996b), Judita Cofman listed remarks concerned
primarily to geometry, based on her experiences
with high school students:

1. In the contemporary education, with a
curriculum overburdened with details from vari-
ous fields of mathematics, there is a danger that the
study of mathematics can stray into memorizing
facts and a mechanical learning of algorithms. Con-
trary to this, the efforts should be directed at pupils’
understanding the existing links between the phe-
nomena they encounter in different fields of math-
ematical study. Geometry can play a certain role in
such efforts, because the mathematical disciplines
taught in high school are rich in details for which
there are geometrical illustrations appropriate to the
pupils’ age. The application of such illustrations, on
the one hand, facilitates the process of understand-
ing of the totality of teaching material, and on the
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other, presents geometry as a science of an actual
importance.

2. The importance of Euclidean geometry in
teaching is supported by the fact that the shapes of
this geometry are encountered in our living envi-
ronment. The study of space is particularly facilitat-
ed by the study of solid geometry, which is, unfortu-
nately, often neglected in syllabus and curriculum.
There is an important fact in respect to geometrical
features of space which is often forgotten; the ma-
jority of children possess a lot of elementary knowl-
edge about objects, such as the cube or the sphere
from the earliest age. This elementary knowledge
can be extremely useful for introducing notions
such as: defined and undefined elements, axioms
and theorems, necessary and sufficient conditions,
etc. All these notions are important for the field of
mathematics while the familiarity with space can be
used to make pupils grasp the essence starting from
concrete examples.

3. Mathematics is one of the earliest scientific
disciplines, an important segment of human cultur-
al heritage. This fact must be reflected on the teach-
ing of mathematics: it is advisable to draw pupils’
attention, whenever an opportunity arises, to their
historical background. The history of geometry is an
important part of the history of mathematics, not
only because geometry is one of the oldest branches
of mathematics. The importance of geometry most-
ly lies in the fact that there were several major prob-
lems in this field, starting from the Ancient Greek
age, which could finally be solved only in the 19th
century. The solutions to these problems had been
sought for ages; the attempts led to a series of new
discoveries and contributed to a further develop-
ment of the entire science of mathematics. One of
the famous problems of geometry was the so called
Delian problem of doubling the cube.

4. Teaching of geometry can also play a useful
role in illustrating the achievements in the most cur-
rent fields of mathematics.

5. The knowledge gained in the study of geom-
etry can contribute to a better understanding of the
phenomena from different fields of natural sciences.

6. For teaching of geometry to be successful,
teaching personnel must have a solid knowledge of
this subject. However, not only at schools, but also
in university courses and other pedagogical institu-
tions for training future mathematics teachers, there
is a tendency of neglecting the study of geometry.
This fact can lead to a drastic deterioration in the
level of geometry teaching at schools. What is need-
ed is an effort at elevating the respectability of geom-
etry with the students of mathematics.

Conclusions

In her pedagogical work, Judita Cofman had
the ability to raise simple mathematical truths onto
a higher level and turn the elementary into a science.
She knew historical genesis of each problem, where
it originated from and how it was solved through-
out history. She deemed that an important reason for
teaching mathematics in schools was to promote in-
dependent pupils’ thinking processes and powers of
observation." Throughout their schooling, pupils
should be made aware of the links between various
phenomena and they should be given the opportu-
nity to discover these links on their own whenever
this is possible. Moreover, pupils should be motivat-
ed to search for interdependence between seemingly
unrelated topics. How can this be achieved? The key
answer to the above question and generally to teach-
ing of mathematics she gave in several papers and five
books dedicated to mathematics teaching methods,
which represent an outstanding approach to solving
non-standard mathematical problems. Her histori-
cal approach to science and mathematical problems
was the focus of her books which feature problems
based on famous topics from the history of mathe-
matics and a selection of elementary problems treated
by eminent twentieth-century mathematicians.

11 Cofman (1998).
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ap Anexcangap M. Hukomuh

QaxynTeT TEXHMUYKNX HayKa, YHuBep3uteT y HoBoMm Cany
Heno Jynure HodpmaH y puaaKTHIIV MaTeMaTUKe

Maremaruyapka Jyaura Llopman (1936-2001) pobena je y Bpumy 4. jyna 1936. roguue. I[Torude us

I03HaTe 11 HeKajja borate nmopopuie Zoffmann, unju cy ce npery nonosusoM 18. Bexa focemmm n3 Hemauke
y Bpuran. Mako nopeknom Hemum, mocreneHo cy ycBojui Mahapckm mpeHTUTET, IIa ce Jyamura, 0OMYHO,
u3jalimaBana kao Mabapuna us Bojsogune. [Ipunapgana je npBoj reHepanyju haka ymmucanux 1954. roguse

Ha
HE

crypuje MateMaruke u pusuke Ha Punoszodckom dpaxynrery y HoBom Capy. buna je Hajoomu cTyneHT,
caMo y cBo0joj reHepanyju Beh u rerepanujama mocie mwe. Ha mocnegumioMmcke crypuje ommasu 1961.

112



The work of Judita Cofman on Didactics of Mathematic

roguee y Pum. Tamo je cTyampana 1 y4umia Kog IO3HATOT MTaAMjaHCKOT MaTeMaTidapa npodecopa Jlydnja
Jlombappa Papuuea. ITocne nBe ropuue nposefeHe y Vtammju, Bpaha ce y Hosu Cap m 6panHu fokropar
»-KOHauHe Hefle3aprope MpojeKTMBHE PaBHU I'eHepUCaHe YeTBOPOTEMEHVKOM , M TAKO OCTaje yrmamheHa Kao
IpPBU CTYJEHT KOjU je JOKTOPMPAO Ha TeMM M3 MaTeMaTU4YKUX HayKa Ha YHmuBepsutery y Hosom Capy. V
KOMICHjJ Ha of0paHu meHe Te3e 6w cy, ocuM Jlombappa Papuuea, n npogpecopu Mupko Crojakouh
(menTOp) M Munea IIpsanosuh. Ebena okTopcKa jucepTanyja, Kao 1 lbeH Ie/IOKYITHY HayYHY JOIIPUHOC 1O
Kpaja celaMaeceTyX ToiHa IPOIIOT BeKa, IIPMIIajajy 06/1acTVi KOHAYHUX IIPOjeKTUBHMX 1 aUHMX PaBHIL, a
HeHI PAJIOBU Y OKBUPY OBe TeMe 00jaB/beHN Cy y IIPECTIDKHNMM Mel)yHapoHMM MaTeMaTHIKIM YacOIMCHMA.
Ca ®uosodckor dakynrera, anu u U3 CBoje 3eM/be, Ofy1asu 1964. rogyHe — npBo Ha VIMnepujamHu Kojerr
Jlonponckor yHusepsurera (Benuka bpuranuja), ox 1970. roguae roctyjyhn je mpodecop Ha YHUBEp3uTETY y
ITepybu (Mranuja),aon 1971. 5o 1978. ronyHe mpefaje MaTeMaTHKy Ha yHUBep3uTeTuMay Tubunreny u MajHiry
(Hemauka). [ToueTkoM ocampeceTux rojyHa IPOIUIOT BeKa ITOUMIbe [la Ce MHTepecyje 3a pobieMe HacTaBe
MaTeMaTuKe ¥ BuIIe Hehe HamycaTy HMjeaH HAyYHU Pafl M3 IPETXOfHE 0OTACTU KOjOM Ce TaKO YCIIENTHO
6aBwra. I{np Hawrer pajia jecte ia ce CKpeHe IaKwa Ha gonpuHoc Jyaure llopmaH y obmactu negaroruje u
IMJAKTUKE ¥ METOIMKE MaTeMaTUKE KPO3 paji ca MIaivM MaTeMaTU4apyMa, 9eMy je y IIOTITYHOCTY IOCBETI/IA
IIPYTU [0 CBOT >KMBOTA ¥ HayYHMX akTuBHOCTH. OHa je IoceoBaia cBe IpeAycioBe ja Oyae ycremHa u
Yy MeTOIMIM U HacTaBM MaTeMaTHKe jep je 611a GpopMmpaHa TMYHOCT, JOKAa3aHM MaTeMaTudap, U ILITO je
HajBa)KHUje, HEroBasa je Iy6oKy ¥ MICTMHCKY /byOaB peMa fer. LleHTpanHy mpo6ieM mbeHnX aKTUBHOCTH Y
o6macTy IUAKTYKE MaTeMaTyKe 010 je KaKO MOTVMBIUCATH yIeHNUKe [l PasMMII/bajy M Ha CBOjUM pellemnlMa
pazie camocTanHo Beh y paHoM y3pacty. Y cBoM InefaromkoM pagy Jyauta Llodman je mMana crioco6HOCT
Ja MOJUTHE jefHOCTaBHE MaTeMAaTUYKe VICTMHE Ha BUIIM HMBO U IPETBOPU €IEMEHTAPHE YNILEHNIIE Y 3PETy
HayKy. 3HaJIa je ICTOPUjCKY reHe3y CBaKOT IIpo6ieMa, I7ie je HacTao ¥ KaKo je pellleH Kpo3 ucTopujy. CMaTpana
je Iia je BaKaH PasJIor 3a y4erme MaTeMaTUKe y IIKO/IaMa IIPOMOBMCA€ HE3aBUCHUX IIPOIleca PasMuI/batba U
Mohu omakama KOJI y4eHMKa. A jeflaH Off HaulHa 3a yBoheme MIauX y CBeT CTI000/{HOT ¥ He3aBJMCHOT y4era
je BUX0BO YK/by4nBame y paji Ha IMIPOjeKTUMa Kao IITO Cy O6WIM BeHM JoOpO MO3HATY MHTepPHAIVIOHATHI
KaMIIOBM 3a M/Iajie MaTeMaru4dape ofgpxann y Enrneckoj u Hemaukoj. Capgpikaj u opranusanmja ieHe 9yBeHe
kmure ,What to solve? — Problems and suggestions for young mathematicians®, kao KoMmIanujy npo6mema
VI pelllerba, pa3MaTPaHy Cy TOKOM Pas3HNX IefarolIKMX CeMMHapa Kao U IpyU pellaBamy IpobneMa y THM
kamnoByMa. IToce6HO ce MCTHYY HeHAa pasMUIIbaka ¥ CTABOBY O BXHOCTU HaydHe 00/1acTy, MCTOpHje
¥l HacTaBe TeoMeTplje KOji Cy, Ha OCHOBY HEHOI OOraTor MCKyCTBa Kao MaTeMaTWdapke M Impodecopke,
dopmMupaHu Ipu pagy ca CpefIbOLIKONIMMA M Ta/JeHTOBAaHMM MaTeMaTWdapyMa. 3a Iy je MaTeMaTyKa,
Kao jefHa Off IVMBIIN3ALjCKNX HajpaHMjMX HAYYHVUX AMCLUIUINHA, 6JTa BaKaH CETMEHT JbyACKe Ky/ITypHe
6amryae. OBa YMHEHNIIA, CMATPA/Ia je, MOpa Ce OfPasUTH U Ha HACTaBy MaTeMATHKe — IIPEIOPYWHNBO je
Jla ce CKpeHe MaKha YYeHUIMMA, Kajl TOfl ce yKake IPUINKA, HA MCTOPMjCKe MO3afiiHe 06/IacT! Koje ce
o6pabyjy. Vicropuja reomeTpuje je BakaH Jieo ICTOpYje MaTeMaTHKe, He CaMo 3aTO LITO je FeOMeTpHja jelHa Of
HajCTapMjyX rpaHa MaTeMaTuKe Beh 1 3aTo IITO je TO IpBa JIOTMYKM U CTPOTO aKCHOMATCKI 3aCHOBaHa 00/1acT
MaTeMaTuKe Koja ce yun y mKomn. Y centem6py 2001. ropune Jygura Llodpman 6uia je mossaHa a y4ecTByje
y pany JemapTmaHa 3a IOC/IEIMIUIOMCKEe CTYAMje M3 HacTaBe MaTeMaTMKe M VIMEHOBaHa je 3a Ipodecopa
Ha [IpupopgHo-mareMaTuakoM dakynrery Yausepsurera Jlajomr Komryr y Je6bpeunny (Mabapcka), rae je
npeMuHyia 19. nenemM6pa mucre ropuHe .

Kmwyune peuu: Jynura IJopman, HacTaBa MaTeMaTuKe, AMAAKTIKA MaTeMaTHKe.
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Introduction

The history of mathematics shows how math-
ematics has frequently been used to solve problems
concerning human activity as well as for helping to
understand the world that surrounds us. The study
of historical processes enables us to see how the dif-
ferent aspects of mathematics have been combined
together in a repeated interaction of application and
development. Thus, for instance, geometry, which
emerged as a means of measure, has evolved along-
side the problems of measurement (Stilwell, 2010);
trigonometry has developed in order to solve prob-

1 m.rosa.massa@upc.edu

2 'This research is included in the project: HAR2013-44643-R.

lems of both astronomy and navigation (Zeller,
1944), while algebra, which came more to the fore
in problem-solving, especially in mercantile arith-
metic during the Renaissance, was later to become an
indispensable tool for solving problems in geometry
and number theory (Bashmakova & Smirnova, 2000;
Massa Esteve, 2005a). All this knowledge will un-
doubtedly enrich the mathematical background and
training of teachers, some references to which can be
found in the historiography (Calinger, 1996; Fauvel
&Maanen, 2000; Dematte, 2006; Massa Esteve et al.,
2011; Lawrence, 2012).

In Catalonia, the implementation of the his-
tory of mathematics in the classroom has for twen-
ty years inspired some individual initiatives among
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teachers (Romero & Massa, 2003; Guevara et al,,
2008; Roca-Rosell, 2011; Massa-Esteve, 2012). The
academic year 2009-2010 saw the inauguration of
a new course for training pre-service teachers of
mathematics in secondary education. The syllabus
of this Master’s degree launched at the universi-
ties includes a compulsory section on the history of
mathematics and its use in the classroom. One of the
subjects of this course concerns engineers-artists in
the Renaissance, and a proposal of an historical ac-
tivity on this subject in the mathematics classroom
has been presented to pre-service teachers.

The aim of this paper® is to analyze the pro-
posal of the implementation of this historical activ-
ity, and also to discuss whether these kinds of activi-
ties can show students how mathematics may play
an explanatory role in regard to the natural world.
Furthermore, the paper considers whether working
with instruments and following the procedures rec-
ommended to their users in the past offer students
today a valuable appreciation of mathematical prac-
tices (Heering, 2012).

Usefulness of the history of mathematics
in the classroom

The usefulness of the history of mathematics
in the classroom is described through our theoreti-
cal and practical approach, with the aim of persuad-
ing people about the need for this type of training.
Knowledge of the history of mathematics can assist
in the enrichment of teaching tasks in two ways: by
providing students with a different vision of mathe-
matics, and by improving the learning process (Katz,
2000; Jankvist, 2009; Panagiotou, 2011).

A different vision of mathematics

Teachers with knowledge of the history of
mathematics will have at their command the tools for

3 A first version of this paper was presented in the First Euro-
pean Autumn School of History of Science and Education, 15-16
November 2013 in Barcelona.

conveying to students a perception of this discipline
as a useful, dynamic, human, interdisciplinary and
heuristic science (Massa Esteve, 2003, 2010). Teach-
ers in possession of such knowledge are able to show
students a further relevant feature of mathematics —
that it can be understood as a cultural activity. His-
tory shows that societies develop as a result of the
scientific activity undertaken by successive genera-
tions, and that mathematics is a fundamental part
of this process. Mathematics can be presented as an
intellectual activity for solving problems in each pe-
riod. The societal and cultural influences on the his-
torical development of mathematics provide teach-
ers with a view of mathematics as a subject depend-
ent on time and space and thereby add an additional
value to the discipline (Katz & Tzanakis, 2011).

It is also worth pointing out that not only as
teachers, but also as mathematicians, the history of
mathematics enables us to arrive at a greater compre-
hension of the foundations and nature of this disci-
pline. The history of mathematics provides the devo-
tees of this science with a deeper approach to an un-
derstanding of the mathematical techniques and con-
cepts used every day in the classroom. Knowing his-
tory of our discipline helps us explain how and why
the different branches of mathematics have taken
shape: analysis, algebra and geometry, their different
interrelations and their relations with other sciences.

An improvement in the learning process

The history of mathematics as a didactic re-
source can provide tools to enable students to un-
derstand mathematical concepts better. The history
of mathematics can be employed in the mathematics
classroom as an implicit and explicit didactic resource
(Jahnke et al., 1996).

The history of mathematics as an implicit re-
source can be employed by teachers in the design
phase by choosing contexts, by preparing activities
(problems and auxiliary sources) and also by draw-
ing up the teaching syllabus for a concept or an idea.
In addition to its importance as an implicit tool for
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improving the learning of mathematics, the history of
mathematics can also be used explicitly in the class-
room for the teaching of mathematics. Although by
no means an exhaustive list, four areas may be men-
tioned where the history of mathematics can be em-
ployed explicitly in Catalonia: 1) for proposing and
directing research work at baccalaureate level using
historical material; 2) for designing and imparting
elective subjects involving the history of mathemat-
ics; 3) for holding workshops, anniversary celebra-
tions and conferences, and 4) for implementing sig-
nificant historical texts in order to improve under-
standing of mathematical concepts (Massa Esteve,
2005b; Romero et al., 2007, 2009; Massa & Romero,
2009). This paper is focused on the last point, which
is, presenting an historical text involving mathemat-
ical instruments employed in the Renaissance.

Historical activities in
the mathematics classroom

Historical texts can be used throughout the
different steps in the teaching and learning process:
to introduce a mathematical concept; to carry out
an exploration of it more deeply; to provide an ex-
planation of the differences between two contexts; to
motivate study of a particular type of problem or to
clarify a process of reasoning.

In order to use historical texts properly, teach-
ers are required to present historical figures in con-
text, both in terms of their own objectives and the
concerns of their period. Situating authors chron-
ologically enables us to enrich the training of stu-
dents. Thus, students learn different aspects of the
science and culture of the period in question in an
interdisciplinary way. It is important not to fall into
the trap of the amusing anecdote or the biographical
detail without any mathematical content. It is also
a positive idea to have a map available in the class-
room to situate the text both geographically and his-
torically.

Teachers should clarify the relationship be-
tween the original source and the mathematical
concept under study, so that the analysis of the sig-
nificant proof should be integrated into the mathe-
matical ideas one wishes to convey. The mathemati-
cal reasoning behind the proofs should be analyzed
and contextualized within the mathematical sylla-
bus by associating it with the mathematical ideas
studied on the course so that students may see clear-
ly that it forms an integral part of a body of knowl-
edge. In addition, addressing the same result from
different mathematical perspectives enriches stu-
dents’ knowledge and mathematical understanding
(Massa Esteve, 2014).

The aims of the implementation of the histor-
ical activity in the mathematics classroom are:

a) To learn about the sources on which knowl-
edge of mathematics in the past is based;

b) To recognize the most significant changes
in the discipline of Mathematics; those which have
influenced its structure and classification, its meth-
ods, its fundamental concepts and its relation to
other sciences;

¢) To show students the socio-cultural rela-
tions of mathematics with politics, religion, philoso-
phy and culture in each period, as well as with other
spheres;

d) To encourage students to reflect on the de-
velopment of mathematical thought and the trans-
formations of natural philosophy.

Case study: Historical activity based on
Tartaglia’s Nova Scientia (1537)

The following historical activity deals with the
work Nova Scientia (1537) by Niccolo Fontana Tart-
aglia (1499/1500-1557). In order to implement the
activity in the classroom, it is recommendable to be-
gin with a brief presentation of the epoch, the Italian
Renaissance, and Tartaglia himself. The aims of the
author as well as the features of the work would then
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be analyzed, and finally students are encouraged to
construct an instrument for measuring degrees and
to follow the reasoning of a significant proof, in or-
der to acquire new mathematical ideas and perspec-
tives. This classroom activity would be implement-
ed in the last cycle of compulsory education (14-16
year olds) with the aim of introducing and motivat-
ing the study of trigonometry.

The context: The Italian Renaissance

The period from the mid-14" century to the
beginning of the 17" century was the age of the Re-
naissance, so called because it represented the re-
birth of interest in the Greece and Rome of Classical
antiquity (Rose, 1975; Hall, 1981).

Artists, writers, scientists, and even the more
refined craftsmen looked to the past for inspiration
and examples on which to model their own work.
Latin and Greek were the indispensable keys to
style, knowledge, and good taste, assuming a foun-
dational significance in education that they were to

retain for centuries. This was the period of the great
voyages of discovery which enlarged the horizons
of the Western civilization, as did the invention of
printing, with its incalculable effects upon human
communication and the spread of information. The
stream of wealth from the New World helped to de-
velop the already growing economies of Europe.
The major influence Renaissance had on technology
was in the field of architecture. The abandonment
of Gothic forms by the Italian architect Filippo Bru-
nelleschi (1377-1446) and his successors, and the
gradual spread of the Neo-Classical Palladian style
of building from Italy over the whole of Europe in-
volved changes in building techniques.

Teachers could argue that the inventions of
the modern world demonstrated its technologi-
cal superiority: this was especially the lesson of Jan
Stradanus’ Nova Reperta (1570), a volume of splen-
did engravings also produced near the end of the
16th century. We can use this image of Nova Reperta
to show all these advances to students (see Figure 1).

Figure 1. Nova Reperta
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With this image the teacher can discuss with
the students how the ancients had not mastered the
“super-natural” force of gunpowder, nor discovered
how to multiply books and pictures by printing. Nei-
ther had they found the direct route to the East, nor
the New World to the West; they remained ignorant
of the use of the magnetic compass and of other nav-
igational aids which had made the 15th century voy-
ages of discovery possible. The ancients also lacked
windmills, iron-shod horses, the art of making spec-
tacles, mechanical clocks and iron-founding.

In terms of the basic inventions and improve-
ments made in the middle Ages, the Renaissance did
little more than increase their size and scope. Ma-
chines became larger and more intricate and pro-
duction increased. There were three major innova-
tions during the Renaissance: gunpowder, the com-
pass and printing. However, the Renaissance gave
rise to a frame of mind which was increasingly re-
ceptive to further technological development.

The historical author: Tartaglia

Tartaglia, an engineer and scientist of the Re-
naissance, was taught first in abacus school and then
further taught himself mathematics. Tartaglia be-
longed to that group of engineers and mathemati-
cians who looked upon Archimedes as their role-
model. Theory, practice, and knowledge and its ap-
plication were all part of the goal of scientific knowl-
edge of a mathematician. Hence, Tartaglia took a
new role and presented a new image of the science of
mathematics, which encompassed all these fields of
study and action (Bennett & Johnston, 1996). Some
works by Tartaglia are: Nova Scientia (1537, 2" edi-
tion 1558), Quesiti et Inventioni Diverse (1546), Ge-
neral Trattato di numeri et misure (1556-1560) and
Euclid’s Elements (1543).

Tartaglia is deemed as a great mathemati-
cian of this period because of his use of geometry,
and for his invention and development of a proce-
dure for solving the cubic equation, but which Car-
dano later published claiming it as his own (Giusti,

2010; Gavagna, 2010). Tartaglia embodied the im-
age of the engineer mathematician that appeared in
Italy in the Cinquecento and whose aim was “to solve
the problems of his professions and to practice the
art of invention”.

The historical work: Nova Scientia

In his work Nova Scientia (1537), Tartaglia
introduced a new science: ballistics. In this work he
tried to determine the form taken by the trajectory
of a cannonball (Valleriani, 2013; Tartaglia, 1998).

In the frontispiece of the work dealing with
the theory of ballistic phenomena, Tartaglia pre-
sents an image that seems to go back to the Pla-
tonic idea, according to which mathematics consti-
tutes the key to the door of science and philosophy.
The image depicts two fortresses: One is situated on
a top of mountain or hill entitled Philosophy, and
flanked by Plato and Aristotle; the other is situat-
ed at the bottom, and called the Quadrivium, which
of course consists of Music, Arithmetic, Geometry
and Astronomy but to which is added a new science:
Perspective. Tartaglia is seen at the center as Master
of Ceremonies, presenting the principles of science
that constituted ballistics. To enter this Sancta San-
torum of Knowledge one must pass through a door
guarded by Euclid. Euclid’s Elements in the Cinque-
cento period were not only the foundation but the
paradigm or manner to attain all wisdom (propae-
deutic function) (see Figure 2).

Tartaglia’s book is not a treatise on motion in
a medieval sense, that is to say, he does not analyze
the nature of motion (Tartaglia, 1998). He states that
he will address the study of the movement of a pro-
jectile ejected from a cannon or by whatever “artifi-
cial machine or matter that will be appropriated to
throw violently a body equally weighty into the air”
(Definition XIII). This current of thinking in, which
including the artificial machine into the theoretical
investigations, came to the fore in the middle of the
XV century (Gessner, 2010). The practice was estab-
lished by engineers and others trained in the atel-
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iers of craftsmen from the north of Italy and Germa-
ny. The machine and its artifices were regarded as a
way of conducting research into the world. In fact,
the mechanics of the Cinquecento may be regarded
as a science of machines. The theoretical analysis of
the functioning of machines and their effects is pre-
dominant in other subjects in mechanics, but can
use geometry because machines such as the balance,
the lever and the pulley are simple to analyze by geo-
metric methods.

Figure 2. Frontispiece of the Nova Scientia.
Tartaglia, 1537.

At that time, the principal problems in the
analysis of movement of a cannonball were the
questions of what happened when the ball was in
the air. These were: By how many degrees should the

cannon be inclined to the horizontal so that the ball
could hit a target located at a particular distance? At
what inclination must a ball be fired so that the ex-
pected distance would be the maximum of possible
distances?

Tartaglia, who was at the time professor
of mathematics at Venice, gave the first answers to
these questions. He asserted that the maximum dis-
tance of a ball fired from a cannon could be obtained
by inclining the cannon 45° on the horizontal. Fur-
thermore, he provided another answer that was even
more surprising; Tartaglia claimed that the trajec-
tory that the ball described through the air consist-
ed of a curve. This claim contradicted the Aristote-
lian doctrine of movement, according to which the
movement that the ball must follow will be a straight
line until it reaches its maximum height, after which
it will fall vertically to the center of the earth (Hen-
ninger-Voss, 2002). Thus, Aristotle’s doctrine pro-
vided for no curved movement. However, the tra-
jectory of a cannonball according to Tartaglia was
composed of three parts; one rectilinear, one curve
that follows an arc of circumference, both represent-
ing the trajectory’s violent motion and, finally, one
rectilinear of natural motion (see Figure 3).

Figure 3. Tartaglia’s movement. Tartaglia, 1537.

This work by Tartaglia enjoyed considerable
success. By 1583, the text in Italian had reached sev-
en editions and had been translated into many lan-
guages. Tartaglia, an expert on the matter, subse-
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quently returned to the problem of movement in his
work Quesiti et invention diverse (1546).

The text: the Euclidian way

Nova Scientia consists of 3 books. The first
book contains 14 definitions, 5 suppositions, 4 com-
mune sentences and 6 propositions with some cor-
ollaries. Book two contains 14 definitions, 4 sup-
positions and 9 propositions with some corollar-
ies, and the third book contains 5 definitions and
12 propositions. In looking at Tartaglia’s Nova Sci-
entia, teachers in the classroom may comment with
the students on the Euclidian way of presenting this
new practical science (Ekholm, 2010).

In Proposition I of the first book, Tartaglia
states his results on movement, including the fol-
lowing words: “Proposition First. All bodies of equal
weight with natural movement, the further they
move away from the beginning and approach their
end point, the more they gain in speed*

In the fourth supposition of the second book,
he again addresses the inclination of the cannon on
the horizontal to achieve the maximum distance.
Teachers can discuss with students the inclination
at which the expected distance would be the maxi-
mum (see Figure 4).

In addition, in the Proposition VIII of the sec-
ond book he proves that the inclination of the can-
non must be 45°, basing his reasoning on the propo-
sition VII, where he uses geometry in similar trian-
gles (see Figure 5):

“Proposition VIII. If the same moving power
ejects or throws equally heavy bodies, which
are similar and equal to each other, violently
through the air but in different manners, the
one [equally heavy body] that accomplishes its

4 The translations are adapted from the English version by Val-
leriani of Tartaglia’s edition of the 1558 (Valleriani, 2013).“Prop-
ositione Prima. Ogni corpo egualmente grave nel moto natura-
le, quanto piu el se andara aluntanando dal suo principio, over
appropinquando al suo fine, tanto piu andara veloce.” (Tartaglia,
1537).

transit at an elevation of 45 degrees above the
horizon produces its effect farther away from its
beginning and above the plane of the horizon
than [if it were] elevated in any other way.”
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Figure 4. Tartaglia, 1537.
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Figure 5. Figure of the Proposition VII. Tartaglia, 1537.

5 ,Propositione VIIIL. Se una medema possanza movente eiet-
tara, over tirara corpi egualmente gravi simili, et eguali in diver-
si modi violentemente per aere, Quello que fara il suo transito
elevato a 45 gradi sopra a lorizonte fara etia il suo effeto piu lon-
tan dal suo principio sopra il pian de lorizonte che in qualunque
altro modo elevato” (Tartaglia, 1537)
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The mathematical instrument

Tartaglia constructs two gunner’s quadrants,
one with a graduate arc to measure the inclination of
the cannonball, and the other instrument for solving
the problem of measuring the distances and height
of an inaccessible object. He offers an explanation of
the first instrument at the beginning of the book in
the dedicatory letter, as well as examining its con-
struction accurately. He also gives examples with
cannon (see Figure 6).

Pezzocllcuato alli, 45. gradi fopra aTorizonte,

Figure 6. Dedication letter. Tartaglia, 1537.

In the third book, from the Proposition I
to the Proposition IV, he provides a description of
the material required for constructing the second
gunner’s quadrant: the rule and the setsquare, and
checks its angles in the following propositions. Fi-
nally in the Proposition VI of the third book, Tarta-
glia constructs this gunner’s quadrant (see Figure 7).

This gunner’s quadrant is used by Tartaglia

for measuring the height of inaccessible objects in
the propositions of the third book, as shown below.
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Figure 7. The gunner’s quadrant. Tartaglia, 1537.
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The significant proof: Proposition VIII
of the third book

The proposition we will look into more detail
I find a good example to be employed in the class-
room because Tartaglia uses the gunner’s quadrant,
while at the same time using geometry in similar tri-
angles in the proof to determine the distances and
height of an inaccessible object. In the classroom
implementation, students could be prompted to re-
produce the reasoning of this proof with the geome-
try of triangles before introducing the trigonometry.

In the Proposition VIII of the third book
Tartaglia proves how to obtain the height of a vis-
ible, but inaccessible object. He claims:

“I would like to investigate the height of a
visible object that one can move to the level of
the base, and at the same time I would like to
determine the distance through the hypotenuse
or diameter of the height” ¢

6 “Propositione VIII. Voglio investigare l'altezza de una cosa ap-
parente che si poscia andaré alla basa, over fondamento di quella,
etiam tutto a un tempo voglio comprehendere la distantia ypo-
thumissale, over diametrale di tal altezza”. (Tartaglia, 1537).
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The image of this proposition clarifies the ge-
ometric reasoning (see Figure 8):

LIRRO

Figure 8. Figure of the Proposition VIII.
Tartaglia, 1537.

After providing accurately an explanation of
the construction of gunner’s quadrant, together with
the students the teacher could follow the reasoning
of the proof using the similarity of triangles. For ex-
ample, they can draw a figure with triangles that re-
produces the geometric problem (see Figure 9).

Together with the students, the teacher can
reproduce the geometrical proof using similar tri-
angles, Pythagoras’ theorem and Thales” theorem.’
The teacher can also show the use of this figure to
solve other problems in the classroom; for instance,
the height of a house, or a distance of an object. In
fact, these kinds of problems are solved today by
trigonometry, and furthermore this historical activ-

7 Inthis case I am referring to Elements V1. 2: “If a straight line
be drawn parallel to one of the sides of a triangle, it will cut the
sides of the triangle proportionally; and, if the sides of the tri-
angle be cut proportionally, the line joining the points of section
will be parallel to the remaining side of the triangle”(Heath,
1956).

ity also justifies the introduction of the teaching of
trigonometry.

Figure 9. Reproduction of the mathematical problem

Concluding remarks

In order to transmit to the students the idea
that mathematics is a science in a continuous state of
evolution, and that it is the result of the joint and on-
going work of many people rather than knowledge
amassed by independent contributions arising from
flashes of inspiration, it is recommendable to pre-
sent historical activities in the classroom. This his-
torical activity shows the process from geometry to
trigonometry and also how a mathematical instru-
ment can be used in the mathematics classroom, the
gunner’s quadrant, for instance, or an instrument
for measuring degrees, in order to obtain the height
of inaccessible objects such as trees or mountains.

As regards to the question posed about
whether working with instruments and following
the procedures recommended to their users in the
past can provide students today with a valuable ap-
preciation of the past practices, it should be taken
into account that when working with instruments
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in the classroom, it may not be appropriate to fol-
low exactly the instructions of the users in the past.
The function and efficacy of these instructions of the
past practices sometimes are not connected to the
nowadays world of students. However, the replica-
tion of such procedures in the construction of in-
struments could inspire ideas for constructing simi-
lar instruments to reproduce this practice with stu-
dents today. Students can learn about how mathe-
matical instruments were used in the past to solve
real problems.

Actually, in the Renaissance, technological
developments in military and artistic spheres, as
well as in scientific instruments, were made through
the study of mathematics, which became increasing-
ly regarded as a universal tool for solving problems.
Thus, the question whether mathematics acquired an
explanatory role in regard to the natural world gives
rise to further questions about how and why this was
so, and leads to discussions on the nature of math-
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ap Mapuja Posa Maca EcreBe
INonurexnmuxku yHuBepsureT Karanonuje, VicTpakuBadky LieHTap 3a UCTOPHjY TEXHOJIOTHje,

bapcenona, lllnannja
VicTopujcke akTMBHOCTH Ha YacoBMMa MateMaTnke: Taprambuna Nova Scientia (1537)

VicTopujcku cagpixaju MaTeMaTHKe MOTY Jia C€ PasBMjajy M MMIUIMIIMTHO ¥ eKCIIMIIUTHO Ha YaCOBMMA.
Yueme 0 ICTOpUju MaTeMaTHKe MOXKe J1a TOTIpUHece HOO0/bIIahy MHTETPATHOT 06pa3oBarba 1 0CIIOCO6/baBamba
y4eHuka. VicTopujy MaTeMaryke, Kao VIMIUIMIIITHY M3BOP, HACTABHUIIM MOTY Jla KOPUCTe f1a 61 OCMUCIIIIN
¢asy yaca kopucrehu pasnuunTe KOHTEKCTe, IpUNPeMajyhn HacTaBHe aKTMBHOCTHU (IIpO6IeMCKe CUTYallje
u ToMohHe M3BOpe 3a casHaBame) U Kpenpajyhu HactaBHU cumabyc y GyHKIMjU popMupama M0jMOBa N
upaeja. OcuM Kao MMIUIMIIMTHOM CPECTBY 3a MOOO/bIIame yyerha MaTeMaTIKe, ICTOPYja MaTeMaTHKe MOXe
Jla ce KOPYCTY eKCIUIMIJUTHO Y paspefly pajiui IIoydaBarma MaTeMaTyKe. VIMIIIeMeHTaIja BaKHUX NCTOPMCKIX
TEKCTOBa MOJKe Jia 06e36emy cpefcTBa Koja he ydenmimMa omoryhutu na 607be pasyMejy MaTeMaTUIKY IOjaM.
IIn/beBy MMIIEMEHTAIMje ICTOPYjCKe aKTYBHOCTY Ha YaCOBMMA MaTeMAaTHKe CY: @) yuerbe O MI3BOpUMa Ha KOjiMa
Ce 3aCHMBA 3Hambe MaTeMaTyKe y IPONUIOCTY; 6) IMpernosHaBambe HajsHAYajHMjUX IPOMEHA Y MaTeMaTIIKIM
AVCHMIVITHAMA — OHe KOje Cy yTHI[ale Ha CTPYKTYpPY U KIacuduKaIjy, Ha lbeHe MeTOofie, OCHOBHE I0jMOBe 1
Be3y ca IpyTMM HayKaMa; B) yKas/Bambe YUYeHMIMIMA Ha COIMOKY/ITYPHY Be3y MaTeMaTUKe U ITO/TUTHKeE, PeuTuje,
dmnozoduje n Kynrype, y CBaKOM HepHOTY, Kao I Be3e ca OCTa/IMM cdepaMa, I KOHAYHO, IITO je HajBaXHIje,
TIOJICTHUIIAkbe YYEHMKA JTa Ce M3Pa3e y Be3V Ca MaTeMaTIKOM MUIIbY ¥ TpaHcopMaIjoM mpupopnse punosoduje.
IIn/b oBOT pajia je aHa/IM3a CTyAVje CTydaja MpeyIora ICTOPHjCKe aKTMBHOCTY, 6a3upaHe Ha pajy ,Nova Sci-
entia“ (1537) Huxona ®@ontane Taprame (Niccolo Fontana Tartaglia (1499/1500-1557)), 3a xopuuheme Ha
JacoBuMa MareMaTuke. OBa aHa/m3a he mokasaTu ynmorpeby peHeCaHCHOT MaTeMaTWYKOI MHCTPYMEHTa 3a
Mepeme BIUCIHE IUVIAaHMHe f1a OM ce MOTUBIICA/IO IPOyJaBamke TPUTOHOMETPHje Ha YaCOBMMA MaTeMaTuKe, Kao
VI TIOKa3uBambe y/IoTe MaTeMaTuKe y objallmaBamy npuponHor ceeta. llltaBuime, y pagy pasmMarpamo ja
paji Ha MHCTPYMEHTVIMA J Meperba IIOMONyY IIX, TPeIopyYMBaHNX KOPYCHUIIMMA Y IIPOIIOCTH, oMoryhaBajy
YIeHUIVMMA Y CaJjAllllbOCTH aleKBaTHO BPeJHOBAae MepeheM MHCTPYMEHTIMA U3 IPOIITOCTH.

Kmyune peuu: icropuja maremaruke, moydasamwe, Huxomno Taptama, ,Nova Scientia®, reomerpuyja.
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C Book Review )

SPIRITUAL LIFE ENRICHED BY NEW

KNOWLEDGE

Mirko Deji¢ (2013). Number, Measure, Inmeasurability.

From Mathematics to Anthropology (in Serbian).

Belgrade: Teacher Education Faculty, 337. p.

Two previous books by the same
author (from 1990 and 1995) and his
scientific and professional papers pub-
lished between 2001 and 2012 in vari-
ous periodicals and annuals form the
basis of this book. Nevertheless, it
cannot be said that this book repre-
sents the collection of the chosen pa-
pers or anything similar. It is the re-
sult of the serious effort of the author
to give a critical review on the men-
tioned books and papers, to systema-
tize them, and as far as it is possible,
to make them comprehensible to wide
scope of readers. The author, Mirko
Dejic, particularly stressed their gen-
eral cultural significance, and the
strictly professional component be-
came secondary issue.We are sure hat
in this way, the author gave his con-
tribution to positioning Mathemat-
ics as an integral part of general cul-
ture, its position belonging undoubt-
edly to it along the significant periods
of the development of humankind.
Nowadays this position is being im-
pugned, although in the conditions
of IT development and fast techno-
logical growth, it should be otherwise.
Apart from this, a significant part in
the book is devoted to the status of
Mathematics in reality of Serbia, gen-
eral and educational, as well as pres-

ence and influence of Serbian Mathe-
maticians and other creators in Math-
ematics development and its applica-
tions worldwide.

Texts in the books are formed
within three chapters: I Philosophy of
Mathematics; II History of Mathemat-
ics; III Mathematics and Religion. We
are going to try to reveal the contents
through brief reviews.

At the very beginning of the first
chapter, in the sub-chapter Mathemat-
ics, there is a short review of efforts of
Mathematicians, and not only them,
to come to rational, widely accepted
definition of Mathematics as science
and universal actions of a sensible be-
ing as the man is. The reader, reading
many definitions, by the rule adjusted
to the needs or subjective relation of
the individual, will see that generally
accepted definition does not exist. We
are going to be free to add to the defi-
nition a sentence written by a famous
German-American ~ Mathematician
Richard Courant (1888-1972)) (para-
phrasing): “The active doing of math-
ematics will help us to get the answer
to the question: What is mathemat-
ics?“. In the second chapter, Nature
of Mathematical Knowledge, the au-
thor deals with the questions of build-

ing deductive mathematical systems.
With the example of axiom based ge-
ometry, from Euclidean to non-Eu-
clidean, he points at the significance
of creators of the non-Euclidean ge-
ometry from traditional loyalty to
perception experience, which resulted
in significant encouragement to crea-
tors in Mathematics and other scien-
tific fields to found new scientific dis-
ciplines, and build up new theories.
This is how, for instance, in theoretical
physics, theory of relativity and quan-
tum physics appeared. In the chapter
Nature of mathematical being, a re-
view of some philosophical learning
(Platonism, constructivism, intuition-
ism, nominalism, realism and formal-
ism) is given, first of all through de-
scription of bases of attitudes about
origins and essence of mathematical
objects and relations between them.
The third chapter is Mathematical cre-
ativity. The significance which M. De-
jic gives to this chapter, the way it is
being discussed, the scope and atten-
tion relating to the issues in question,
we can recognize his life vocation to-
wards revealing and nourishing the
gifted young mathematicians, their
careful leading to the level of knowl-
edge and devotion to Mathematics,
in which their mathematical abilities
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will enable them to create within its
frames. Carefully chosen examples
illustrate various aspects of the way
from spotting the problem to enlight-
ment, through which discovery ap-
pears and in this way to the realiza-
tion of creators” tendencies.

The second chapter starts with
the sub-chapter Short review on the
historical development of Mathemat-
ics until Dekart, within which M.
Dejic, accepting periodisation of
the historical development of Math-
ematics of the eminent Russian
mathematician A. N. Kolmogorov
(Augpeit Hukomnaesnu Konmmoropos,
1903-1987), showed development
of Mathematics through the peri-
od of its foundation, development of
elementary Mathematics, through
the Mathematics of variable quan-
tities and the period of contempo-
rary Mathematics. In the next chap-
ter, this review became richer because
of the biographies and works of an-
tique mathematicians: Tales, Pythag-
oras (ITvBayopal), Plato (IThatwv),
Euclid (EvkAewdnl), Archimedes, Er-
atosthenes, (Epatoofevn(), Heron
(Xepov), Diofant (Awogavtol)... The
next two chapters are devoted to Ser-
bian Mathematics, its highlights in
forming Serbian Mathematics School
in the 19th century, as well as great
contribution of Mihajlo Petrovic Alas
(1868—1943), the most significant of
its members, for teaching Mathemat-
ics in high schools in Serbia. Further,
on, within this chapter, the contents
are analysed, concerning the histo-
ry of some mathematical symbols
and terms, developmental phases of
the concept of numbers, their names
and ways of noting them. Chapters,
which follow, are about the counting
tools (abacus and tables) and count-
ing with the aid of them. The last sub-

chapter of this chapter refers to num-
ber systems, history of numeration
from its existence to contemporary
numeration the origin of the zero
and its marking through history, as
well as ways of noting big numbers.
The reader will, in the way in which
final subchapters are analysed, recog-
nise interest of the author, his deep
and thorough knowledge of those
contents, which undoubtedly comes
from his scientific and profession-
al interests and realised results from
this area.

The third chapter will provoke
significant interest of wide scientif-
ic and professional public. The title
Mathematics and religion points out
its interdisciplinarity, as well as non-
standard, and in scientific and pro-
fessional works of Mathematicians
rarely present contents. Being aware
of these facts, the author opens a new
chapter with the sentences in which
he stresses that Mathematics and re-
ligion, although at first sight have
nothing in common, are close, even
interwoven in many segments; [...]”
The chapter Mathematics in Religion
and Religion in Mathematics starts by
stressing similarities between Math-
ematics and Religion. It seems to us
that these similarities have been suc-
cessfully expressed through the role
of intuition through sensing the truth
and the need to approve this truth,
both in Mathematics and Religion.
Nevertheless the methods of approv-
ing are different. There is a parallel
between dogmats, which are a part
of dogma, who present the basis of
religion and adopt it without check-
ing, they are trusted, and the system
of axioms, which have the same role
in forming each of mathematical the-
ories. The guarantee of the axiom
truth is the man’s mind and the guar-

antee of the truth of dogma is God.
Various mathematical proofs about
the existence of God and the fact
that these tendencies are met in the
work of mathematicians who created
Mathematics through their work, wit-
ness the presence and justification of
stressing the mentioned parallel. The
author states the example of the geni-
us Indian Mathematician Ramanu-
jan (Srinivas Ramanujan), who stat-
ed at the beginning of the 20" centu-
ry that in his dreams he received vi-
sions from Gods in the from of com-
plex mathematical truths. In this way,
he gave to Mathematics significant re-
sults, incomprehensible to the mind.
The chapter finishes with reviews of
the influence of religion to forming
some mathematical terms, relation of
churches towards Mathematics, pres-
ence of Mathematics in the Bible and
review on the relation between Math-
ematics and religion. In the chap-
ter Influence of Religion on Develop-
ment of the term Infinity, the author
gave the retrospective of development
of the term infinity in Mathematics,
which analogues in religion can be
recognized in the terms infinity and
immensity, which can be found in
the Bible. The author sees many dif-
ficulties and challenges concerning
introduction and using this term. In
the book, the reader will face Aristo-
tles (Apiototehn() problem of actu-
al and potential infinity and Zenon’s
paradox and Euclidus’s (EvkAeidn()
theorem about the infinity of the
set of simple numbers and Cantor’s
Kantopose (Georg Cantor) transfi-
nite numbers and his statement that
he is only the God’s messenger and
famous Kronecker’s (Leopold Kro-
necker) statement that whole num-
bers were made by God, and every-
thing else is made by man® The chap-
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ter Mystique of Numbers in the first
part leads the readers to Pythagorean
school, in which numbers and their
relations represent the essence of the
real world, through their world of po-
lygonal numbers and introduction
of different classes of numbers, with
the stressed mystic abilities, as well as
the crisis they faced by the realization
that the side and the diagonal of the
square are not co-measurable. Cer-
tain knowledge about the mystique
appearances and the role of Mathe-
matics in oculistics will certainly at-
tract readers. It is particularly seen in
the titles of sub-chapters Numbers de-
termine human character, Destiny is
in names or How to determine a for-
tunate city? Magic of Number 7... Up
to the final sub-chapter Aritmology
of Early Christian Scholars that can
briefly be characterized by the atti-
tude of Nicomah I (Nwopay I), (1st
century BC): “Everything in nature is
determined or is in accordance with
number, according to thoughts and
mind of the one who created it”. The
chapter Mathematicians Priests, Mon-
archs and Meolosts is the result of
many and various kinds of pursue of
the author. The chapter starts with the
review of life and mathematical con-
tributions of about forty priests and
theologians who come from the envi-
ronment in which we can put West-
ern civilization (Ancient Rome, Italy,

England, France, Germany, Spain...).
We can see many famous names
among them. We are going to state
some of them, without any preten-
tions to estimate their contribution to
Mathematics. Those were Roger Ba-
con, Bernhard Bolzano, Rudjer Bosk-
ovic, Bonaventura Cavalieri and Luc-
ca Paciolli, Michael Stifel. M. Dejic
included in his book the chapter Or-
thodox Monarchs - Mathematicians
too. The life and work of the Russian
Monarch from the 12 century Kirik
Novogorodski was presented, as well
as Byzantine Monarcchs from the 13*
and 14" centuries Maxim Planuedes,
Theodore Metohit and Argir, Serbi-
an Monarch Lazar Hilandarac who
lived between 14" and 15" century
and L.M. Pevusin, Russian priest from
the 19" century. The writer of this re-
view was particularly impressed by
the new “meeting” with the first, up
to now preserved Russian manuscript
of mathematical contents of Kirk No-
vogorodski (Kupuk Hosropomcxmit),
what he saw in the ancient Orthodox
Monastery Veliki Novgrod. In the
chapter The First Mechanical Clock
in Moscow, a piece of the Serb Lazar
Hilandarac, a short history of medi-
eval mechanical clocks is given, as
well as the historical situation in Byz-
antium and Russia of that time and
the history of producing and techni-
cal characteristics of the clock which

the Monarch Lazar Hilandarac made
in Kremlin in 1404. Undoubted-
ly, this represents a significant detail
within the frames of cultural history
of the Serbs. In the chapter, The Sys-
tem of Measurement in the Bible, there
is a list of measures for length, vol-
ume, weight and money made, which
were afterwards transferred into the
contemporary measurement system.
The author made some additional re-
marks concerning the efforts of he
translators of the Bible into Serbian,
to find suitable words, sometimes in-
troducing new words, enriching lexi-
cal fund of Serbian. In the final chap-
ter, Calculating the Date of Celebrat-
ing Easter the author thoroughly and
widely shows historical thoughts con-
cerning these issues, including efforts
for the calendar reform and the role of
the Serbian Orthodox Church within
them and Milutin Milankovi¢. Apart
from stating table for date determina-
tion of Easter, the author instructs the
reader how to directly determine the
date of Easter in certain year.

We are convinsed that the
reader of the book Number, Measure,
Immeasurability, From Mathematics
to Anthropology by Mirko Dejic, will
enrich spiritual life by new knowl-
edge and that the new contents will
motivate him/her towards new chal-
lenges.

Vladimir Miéié¢, PhD
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IIpuxas

JAYXOBHV CBET ObOTAREH
HOBUM CABHAKBVMA

Mupxo [Jejuh (2013). Bpoj, mepa u desmepje.

Y ocHOBu OBe KmbuUTe Hamase ce
IBe paHMuje Kwure ayropa (13 1990. n
u3 1995. ropuHe), Kao 1 BeroBy Hay4-
HM VM CTPYYHU PajioBU IYOIVKOBAaHN
y nepuopy of 2001. mo 2012. roguue y
PasHUM 4YacoIMcyMa M 360pHMIMMA
paposa. Ilpu Tome ce 3a 0BO fieno He
Moxe pehu na mpencraB/ba 360pHUK
oflabpaHMX pajoBa WM HEIITO CINY-
Ho. OHO je pe3ynTaT 036M/BHOT TPy/a
ayTopa Jia ce Ha cafip>Kaje IIOMEHYTUX
KIbUTa M PajjoBa KPUTUYKM OCBPHE,
objenyHM MX ¥ CHUCTeMaTusyje, Kao
U JlJa VX, Y MepU Y KOjOj je TO OIpaB-
maHo ¥ Moryhe, y4MHM NpucTymad-
HUM ¥ PasyM/bMBUM IIMPOKOM Kpy-
ry unranana. Ayrop M. Hejuh je na-
CTOjao [ia TMOCe6HO HAaTIACU HUXOB
OIIIITEKY/ITYPONIOIIKA 3Ha4aj, IITO je
Y’KeCTpy4Hy KOMIIOHEHTY, IO IIpa-
BIUITY, JOBOAIMIO Y pyru InaH. Tume
je, YBEpeHH CMO, J1a0 CBOj JOIPUHOC
MO3UIIVIOHNPAaby MaTeMaTMKe Kao
CaCTaBHOT Jlefla OIIITe KY/AType, Mo-
JI0Kaja KOjU jOj je HEOCIIOpHO IIpUIIa-
720 TOKOM 3HA4ajHMX MEepUOJa Y pas-
BOjy 4OBEYAHCTBA, a JJaHAC jOj ce BU-
IIEer/IaCHO OCIIOpaBa, Mako 6u y ycro-
BJMMa OIILITe KOMIjyTepusanuje u 6y-
PHOT TEXHOJIOIIKOT pPa3Boja MOpaso
6utn 06puyTO. OCUM TOra, 3HA4YajHO
MecTo y Kiu3y mocseheHo je crary-
cy Maremaryke y crapHoctu Cp6uje,

Og mattiemaitiuke go anitipoiionoiuje.

OIIITOj M 0Opa3soBHOj, Kao M IpuU-
CYCTBY M YTUIIAjy CPIICKMX MaTeMaTH-
Japa 1 JPYTUX CTBapasala y pasBojy
MaTeMaTVKe ¥ IeHIX NPUMEHA Y IIN-
UM, CBETCKUM pasMepama.

TexcToBM Y KBU3U Cy 0POpMIbe-
HU y OKBUPY Tpujy rnasa: 1. Qunoso-
puja maitiemaitiuxe; 1. Vciiopuja ma-
wemainuxe; III. Maitiemaitiuka u pe-
nuiuja. Tloxymahemo ma xpo3 Kpart-
Ke TIpMKase NPUOIVIKIMO YUTAOLIMA
IbUXOBE CafipXKaje.

Ha camom mnoderky mnpBe Inma-
Be, Y IoIMIaB/by Maitiemaimiuka, jaT je
Kpahu nmpere; HacTOjarba MaTeMaTH-
yapa, ¥ He caMo BIX, fa ce jobe fio
palMOHa/IHe, IIMPOKO IIPNXBAT/bIBE
mebMHUIMje MaTeMaTUKe Kao Hayke
U Kao YHUBep3aJIHe JeMaTHOCTH pas-
yMmHor 61ha, kakas je 4oBek. Unranary
he, unrajyhu 6pojue nednnunuje, o
ImpaBwIy npuiarobeHe morpebama
wm cy6jeKTVBHOM OJHOCY IOjefu-
Hama, yOo4nTy a TakKBa OIIIITE ITPUX-
BaheHa ge¢unnIYja He mocToju. [los-
Bommhemo cebu crmobony fa HaBeneHe
medMHUIVje YHIOTIYHUMO peYeHN-
LIOM KOjy je HaIllCao IMO3HaTh HeMau-
Ko-amepuuku Matemarudap P. Kypant
(Richard Courant (1888-1972)) (ma-
padpasupamo): ,AKTUBHO OaB/berbe
MmareMatukoM nomohm he nam ga

beoipag: Yuuitierncku ¢paxyniiei, 337 ciup.

mobemo fo ofroBopa Ha nurame: [lTa
je MaTeMatuka?“. Y IpyroM HoImaBIby,
IIpupoga mattiemaitiuukoi 3Harva, ay-
TOp Ce, TIpe CBera, 6aByM IUTamUMAa
usrpajitbe JIENYKTUBHUX MaTeMaTh4-
Kux cuctema. Ha mpumepy akcmomar-
CKOT 3aCHUBarba reoMeTpHje, Of €yK-
JIUJCKe [0 HeeyKIMJCKe, OH yKasyje
Ha 3Hayaj OTK/IOHA CTBapajala Hee-
YKIUJICKE TeOMETpHje Of, TPaJMULMO-
HaJTHOT poOoBama OIaXKajHUM UC-
KYCTBUMa, IITO je Pe3yATUpano 3Ha-
YajHUM TOACTHUIIAjMA CTBapaolMa
Yy MaTeMaTuLllM M JAPYTMM HayYHUM
obnacTyMa fla 3acHYjy HOBe HaydHe
JUCUVIINHE, USTPajie HOBE Teopuje.
Tako cy, Ha IpuMep, y Teopujckoj du-
3MLM HAacTaJsle Teopyja PelaTUBHOCTHI
U KBaHTHa ¢usuka. ¥ onebky Ipupo-
ga maitiemaitiuukoi duha far je mpu-
Ka3 HeKMX off Gpumo30dcKux mpasara
(mmaToHM3aM, KOHCTPYKTMBU3aM, MH-
TYMLMOHM3AaM, HOMMHAIN3aM, pea-
nm3aM, popManusam), Ipe cBera Kpos
IpMKa3 OCHOBA Ha KOj/Ma Ce TeMeTbe
CTaBOBU O IIOPEKTY M CYIUTMHM Ma-
TeMaTN4KMX objekaTa 1 ofHOCa Mehy
muMa. Tpehe nornasmwe je Maitiema-
MuuKo cieapanawiiieo. Y 3Hadajy
koju M. Iejuh npupaje oBom morna-
B/bY, HAUMHY Ha Koju ra obpabyje, kao
¥ 06MIMY U HaXXEY C KOjOM Ce OTHOCK
IpeMa IpobmeMaTuiy o Kojoj je ped,
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IIPENI03HajeMO HeroBO XVMBOTHO OI-
pefeberbe IpeMa OTKPMBAKbY M HEero-
Baiby 00JapeHNX MIafiuX MaTeMaTu-
Yapa, BJMXOBOM NaXX/bUBOM BoDhemy
0O HMBOA 3Hama M mnocsehenoctu
MaTeMaTHIM, Ha KojeM he uM muxo-
Be MaTeMaTy4Ke CIIOCOOHOCTU OMO-
ryhutu fia cTBapajy y meHMM OKBU-
puma. [TaxxpuBoO ofabpany npuMepn
WIYCTPYjy OpojHe acIeKkTe myTa Of
youaBama Ipobiema 1o 6mecka (o3a-
pema), Kpo3 KOju ce CTIDKe Jio OT-
kpuha 11 THMe O OCTBapema CTBapa-
NAYKUX TEXIM.

Ipyry rmaBy oTBapa MOITaB/be
Kpaitiax ocepiti Ha ucttiopujcku pas-
80j mamiemawiuxe go [lexapiua, y
OKBMpY Kojer je M. Iejuh, mpuxsa-
Tajyhu meprozmsaiujy MCTOPMjCKOT
pasBoja MaTeMaTHKe UCTAKHYTOT Py-
ckor matemaTtnyapa A. H. Konmoro-
poBa (Auppeit Hukomaesuy Konmo-
ropos, 1903-1987), mpuxasao pas-
BOj MaTeMaTMKe KPO3 NepUOJ, HheHOT
pabama, mepuon pasBoja enemMeHTap-
He MaTeMaTMKa, Iepuofi CTBapama
MaTeMaTyuKe IPOMEH/bUBUX BEINYM-
Ha U IIepuoJi CaBpeMeHe MaTeMaTy-
ke. OBaj je mpernep y cnegehem mor-
TaB/by YNOTNYH-€H NpUKasuMa >XU-
BOTa M Jle/la HAj3HAYajHUX AHTUY-
Kux Maremarudapa: Taneca (@ain(),
[Inrarope (ITvBayopal), IDnato-
Ha (IN\atwv), Eyxmuga (Evkhednl),
Apxumena (Apxiundnl), Epatoctena
(EpatooBevnl), Xepona (Xepov), Tu-
odanra (Aogavtol), ... Cnepeha nBa
THoITaB/ka nocBeheHa cy cprckoj Ma-
TeMaTHLY, (beHNM y3/neTuMa 1 ¢op-
MUpamy CPICKE MaTeMaTH4Ke LIKO-
ne 'y 19. BeKy, Kao 1 BEIMKOM JOIIpU-
Hocy Muxajma IlerpoBuha Amaca
(1868—1943), HajsHavYajHUjeT Of Hbe-
HUX 4Y/IaHOBA, HACTaBY MaTeMaTUKe ¥
cpenmuM mkonama y Cpouju. Jame
Cy, Y OKBUpY OBe InaBe, obpabheHn
cagpyKaju 0 MCTOpPMjaTy HEKMX MaTe-

MaTHYKNX cumbona u tepMuHa, da-
3aMa pasBoja mojMa 6poja, BUXOBUM
Ha3MBMMa ¥ HAYMHMMA 3aIMCHBalba.
Creie mormaB/ba 0 IPBUM padyHap-
CKMM romarannma (abakycuma u tab-
JmuaMa) ¥ padyyHamy IoMohy muX.
3aBpIIHa IIOI7NAB/ba OBE IVIaBE Of-
Hoce ce Ha OpojeBHe CHUCTeMe, UCTO-
pujy HyMepanuje off ’beHOT HaCTaHKa
0 caBpeMeHe HyMepaluje, IIOPeKIo
Hy/Ie U BeHO 3allCUBambe Kpo3 MC-
TOPMjY, KaO U 3alMCUBAIbE BEIMKUX
6pojesa. Unurasnar he y Haunny obpa-
fie 3aBpIIHUX IIOI/IaB/ba JpyTe ITaBe
HPENo3HaTH HaITALIeHO HMHTepeco-
Bame ayTopa, BEeroBo JyOOKO U CBe-
06yXBaTHO IT03HaBake TUX CafpiKaja
IITO, HECYMIBMBO, IPOVICTIYE U3 Hbe-
TOBVX HayYHUX U CTPYYHUX MHTepe-
coBama ¥ OCTBAPEHUX pe3y/ITara 13
Te pobIeMaTHKe.

Tpeha rmaBa he, curypuo cmo
y TO, U3a3BaTy 3HAYajHO MHTEPECO-
Balbe IIMPOKE Hay4yHe 1 CTPYYHE jaB-
Hoctu. kben HacnoB Maitiemaiiuka
U penuiuja yKasyje Ha MHTEPAUCLIN-
IVIMHAPHOCT, Kao 1 Ha HeCTaHJapfiHe,
U Yy HayYHVM U CTPYYHMM pafjoBMMa
MaTeMaTuyapa, ¥ He caMo IbUX, pe-
TKO TIpUCyTHe cafpxaje. CpecraH
OBMX 4MILEHMI]A, AyTOP OTBapa OBY
I7IaBy pedeHMIlaMa y KOjuMa MCTu4e
Ia ,MaremaTuka u penmruja, MaKko
HausI/ef HeMajy NONMPHUX Tada-
Ka, Y MHOTMM CETMEHTUMa Ce TOfu-
PYjy, 4aK u mpoxumajy; [...].“ ITorna-
B/be Matiemamiuka y penuiuju u pe-
Auiuja y maiiemaitiuyy Io9nme Uc-
TULIAKeM CIMYHOCTM MaTeMaTUKe U
pennruje. Hama ce 4mHmM fa cy oBe
C/IMYHOCTY YCIENIHO U3PpakeHe KPOo3
yJIOTy MHTYHLUje Y HacnyhuBamy uc-
THHe U NOTpeby [la ce MCTUHA [OKa-
Ke, KaKO y MaTeMaTULM, TaKO 1 Y pe-
muruju. IIpu Tome ce merone moOKa-
3uBama pasnukyjy. Ilocroju napane-
na usMeby mormara, Koju umMHe JOT-

MYy, TIpEICTaB/bajy OCHOBE BEPE I YC-
Bajajy ce 6e3 mpoBepe, Bepyje UM Ce,
U CCTEMa aKCUOMa, KOjU UMajy UCTY
Y/IOTy y CTPOTOM 3aCHUBAby CBaKe Off
MaTeMaTU4Kux Teopuja. [Ipu Tome je
rapaHT UCTUMHUTOCTY aKCMOMa YOBe-
KOB yM, a TAPAHT MCTUHUTOCTHU JIOTME
je bor. bpojau MaremMaTnykn foKasu
0 mocrojamy bora m uynmennua ma
TaKBa HacTojamwa cpehemo u y memu-
Ma MaTeMaTu4apa Koju Cy CBOjUM Jie-
JMMa CTBapajIi MaTeMaTUKY, CBeflo4e
O IPUCYTHOCTY U OIPABIaHOCTHU JIC-
TUIlakba TIOMEHYTe Iapasene. AyTop
HAaBO[Y U TIPUMEP TE€HMja/THOT UH-
IMjCKOT MaTeMaTudapa Pamanynana
(Srinivas Ramanujan), xoju je moue-
TKoM 20. BeKa TBPAMO Jia je y CHOBU-
Ma IpuMao Busuje of 6orosa y o6mu-
Ky C/IO)KEHMX MAaTeMaTUYKUX UCTU-
Ha. Tako je mao MaTremaTuIM U3y3eET-
HO 3HayajHe pe3y/TaTe, TEMIKO CXBa-
T/BMBe 0OMYHOM YOBedjeM ymy. Ilor-
NaB/be Ce 3aBplilaBa IPUKa3uMa yTHU-
Iaja penuruje Ha popMmUparbe HeKUX
MaTeMaTUYKMX [I0jMOBa, OfIHOCA 1Ip-
KaBa [IPeMa MaTeMaTUIIM, IPUCYCTBA
MaremaTuke y Budnuju u ocBpToM Ha
OfIHOC HacTaBe MaTeMaTyuKa U Bepo-
HayKe. Y NOINIaB/by Yitiuyaj penuiuje
Ha pa3eoj tiojma SeckoHauHOCTHY faTa
je peTpoCIIeKTHBa pasBoja mojMa bec-
KOHAYHOCTYM y MaTeMaTULIM, IMji Ce
aHAJIOTOHM Y PEUTUjU MOTY HpeIo-
3HATU y TIOjMOBMMA BEYHOCTU U He-
U3MEepPHOCTH, IPUCYTHUM Y Budnuju.
AyTop ce ocephe Ha 6pojue Teukohe
¥ 1133a30Be y Be3M C yBODemeM I KO-
puithemeM oBor mojma. YV KiU3U
he umraman cpectm m Apucrorenos
(Apiototehn) mnpobmem axTyenHe
U TIOTeHLMjaHe OeCKOHaYHOCTH, U
3eHoHOBe (Zevo) mapapiokce, u Eyk-
mpoBy (EvkAednl) Teopemy o Gec-
KOHAYHOCTHM CKyIla IIPOCTUX Opoje-
Ba, n Kanropose (Georg Cantor)
TpaHCcOMHUTHe OpojeBe U HErOBO
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TBpbemwe fa je oH camo ,,Boxju r1a-
cHuK, amu u mo3Hato KpoHekeposo
(Leopold Kronecker) tepbeme ma je
»liene 6pojese crBopuo Tocmox Bor,
a CBe OCTAJIO je [Ie/o JBYACKUX PYKy'.
[Tornasse Mucitiuka dpojesa y mp-
BOM JIe/Ty BOAM 4MTAOLla KO3 IMTa-
TOpejcKy LIKOTY, Y K0joj OpojeBu u
opHocu Meby muMa mpercraBbajy
CYIITUHY II0jaBHOT CBETa, KPO3 bU-
XOB CBET MHOIOYTaoHMX OpojeBa M
yBoDbeme pasnmnuutux Kmaca 6pojena
ca HaIJIAIIeHVM MUCTMYHMM CBOjCT-
BYIMa, aJIM U J10 Kpu3e y KOjy Cy 3aIla-
U ca3HambeM Jja CTPaHNLA U Aujaro-
HaJla KBafiparta HIcy camepspuse. Of-
pebeHa casHama 0 MUCTMYHMM I10ja-
BaMa M Y/I03M MaTeMaTyKe Yy OKyII-
TUCTHULIY CUTYPHO he sauHTpUIrnparn
gyuTaole. [Toce6HO ako ce cyoye ¢ Ha-
C/IOBMIMA ITOTIIOIVIaB/ba THIa Bpojesu
ogpehyjy mygcku kapaxiiep, Cygou-
Ha y umenuma vmu Kaxo ogpeguitiu
cpehan ipag?, Maiuja dpoja 7... cBe
IO 3aBpLIHOT IOTIOINaB/ba Apuii-
Mmornoiuja panoxpumhanckux mucau-
71aya, Koje ce, YKpaTKo, MOXKe OKa-
pakrtepucatu craBoM Hwukxomaxa I
(Nwopay I), (1. Bex Hatue epe): ,Cse
LITO je y IpUpOAN, ofpeheHo je u y
CaIZIacHOCTM ca 6pojeM, ITpeMa IIpe-
OYMUIIbAjy M YMY OHOT'a KOju je CBe
crBopuo*. Ilornasme Mattiemaitiuua-
pu ceewuttieHuyu, mMoHacu U iieono-
3u pesynTar je 0OMMHUX ¥ CBecTpa-
HMX Tparama ayrtopa. Ilornasmbe 3a-
HOYMIbe MIPUKA30M XKMBOTA U Mare-
MaTUMYKNUX JIOIPUMHOCA YeTpheceTaK
CBELITEHMKA M TEO/NOra KOjy JojIa-
3e M3 CpeiMHa Koje, YC/IOBHO, MOXKe-

MO CBPCTaTM y 3amafiHy LUBWIN-
sanujy (Crapm Pum, Uramnmja, En-
rnecka, @pannycka, Hemauxa, lma-
H1ja...). Meby muma cpehemo mMHora
nosHata uMeHa. Hasemrhemo Hexa,
6e3 IpeTeH3Nja 1a POLIEHYjeMO Hbi-
XOBe JIoNpMHOCce MaTeMatuiy: Poyzep
Bexon (Roger Bacon), bepuapn bor-
naHo (Bernhard Bolzano), Pybep
Bourkosuh, Bonasenrypa Kasamepn
(Bonaventura Cavalieri), J/Iyka ITago-
nn (Lucca Paciolli), Muxann lltnden
(Michel Stifel). IToce6ro 6pm>KBUBO
M. Jlejuh je obpapgmno moToriasmbe
IIpasocnasnu monacu - mailiema-
wuyapu. IIpukasan je XUBOT U [i€/10
pyckor MoHaxa u3 12. Beka Kupuka
Hosropopckor, BU3aHTIjCKMX MOHa-
xa u3 13. n 14. Beka Makcuma IInany-
ma (Maksim Planudes), Teogopa Me-
toxuta (Theodor Metohit) n Apru-
pa (Argir), cprckor MoHaxa Jlasapa
XumaHpaplia, Koju je )KMBEeO Ha IIpe-
nasy u3 14. y 15. Bex nu V. M. Ilep-
BymmHa (M.M.IlepBymuH), pyckor
cBemTeHnka u3 19. Bexka. Ha mucia
OBOT IIpMKa3a MocebaH yTUCaK oCTa-
BHO je TIOHOBHM ,,CYCPeT" ca MpPBUM,
IO JaHaC cadyyBaHMM, PYCKMM PYKO-
IMCOM MaTeMaTuyke cajpxuHe Ku-
puxa Hosropopnckor (Kupux Hosro-
POMICKMIT), KOjU je MMao MpUINKe fa
BUM Y IPOCTOPMMA JIPEBHOT IIPaBO-
cmaBHOr MaHacTupa Benuku Hosro-
poxn. Y mornasmy Ilpsu mexanuuxu
caii y Mocxeu, geno Cpéuna Jlasa-
pa Xunangapya onmcaH je UCTOpujaT
CPefmbOBEKOBHIX MEXaHMYKMX ca-
TOBa, VICTOPMjCKe MpuanKe y Busan-
Tuju u Pycuju Tor BpeMeHa, Kao u uc-

TOpMjaT M3pajie ¥ TEXHUYKE Kapak-
TEPUCTHUKE caTa Koju je MoHax Jlasap
Xwunanpgapay Hanpasuo 1404. ropm-
He Y Kpemmy. To, HecymmwuBo, npef-
CTaB/ba 3Ha4ajaH JIeTa/b Y OKBUPUMA
KynTypHe ucropuje Cpba. ¥ morna-
Bby Cucitiem mepa y budnuju Hanpa-
B/b€H je TIOIMC Mepa 3a [y>KUHY, H0-
BpIINHY, 3alPEMMHY, Macy 1 HOBall,
Koje Cy, IIOTOM, IIpeBeJieHe y caBpe-
MEHU CUCTeM Mepa. AYTOp je yIoXIo
MOflaTHU TPYA Ha OV YMTAoLy IpHU-
6mkmno Hamope npeBomguaana bué-
Jiije Ha CPIICKY je3uK fia mpoHaby ox-
roBapajyhe peun, moHekay ysopmehu
U HOBe peun, unMe cy oborahusanu
JeKCUYKM (POHM CPICKOT jesmka. Y
3aBpIIHOM IIOINIaB/bY M3pauynasarve
gaiyma upasHosarba Yckpca ayTop
UCLPIIHO U CBECTPAHO IIpMKa3yje
UCTOPMjCKE YNIbEHULIE Y BE3U C TOM
mpobeMaTuKoM, YK/py4dyjyhu un Ha-
nope 3a pedopMe KaJleHapa ¥ yIory
y wuma CpIicke IpaBOC/IaBHE L[PKBe
u Munytuna Munankosuha. Ocum
HaBobema Taberne 3a ofpehuBame ma-
TyMa YCKpca, ayTop obydyaBa 4MTa0-
1]a KaKo Jla IPAKTUYIHO OfPEM JaTyM
Yckpca y xe/beHoj TONMHIL.

YBepeHn cmo ga he umranar
kwure bpoj, mepa u Sesmepje. Og
mailemaiiuke go aniipoionoiuje ay-
topa Mupka [ejuha ob6oratutu cBoj
AYXOBHM CBeT HOBMM CasHamlMa I
ma he ra ymosHartu cafpyxaju mokpe-
HYTU Y CMepy HOBUX 13a30Ba.

IIpoep. gp Bnagumup Muhuh
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FUTURE INTERATIONAL CONFERENCES

2015

CERME 9, Prague, Czech Repub-
lic, February 4-8, 2015. http://
www.mathematik.uni-dortmund.
de/~erme/

II International Symposium on
Mathematical Education (SIME),
Costa Rica, February 25-27, 2015.
http://www.cimpa.ucr.ac.cr/sim-
mac/en/sime.html

The Second International Confer-
ence on Mathematics and Statistics,
AUS-ICMS ‘15, The Department of
Mathematics & Statistics, Ameri-
can University of Sharjah, April
2 - 5, 2015. http://www.aus.edu/
ICMS15

XIV CIAEM-IACME, Inter-Amer-
ican Conference on Mathematics
Education, Tuxtla Gutierrez, Chia-
pas, Mexico - May 3-7, 2015. http://
xiv.ciaem-iacme.org/index.php/
Xiv_ciaem/xiv ciaem

EARCOME 7 - ICMI East Asia Re-
gional Conference on Mathematics
Education, “In Pursuit of Quality
Mathematics Education for All’,
Waterfront Hotel, Cebu City, Cebu,
Philippines, May 11-15, 2015.
http://earcome7.weebly.com/

ICMI STUDY 23 conference, Ma-
cau SAR, China. Under the aus-
pices of the International Commis-
sion on Mathematical Instruction
(ICMI), University of Macau, Ma-
cau SAR, China, from June 3 to 7,
2015.  http://www.umac.mo/fed/
ICMI23/index.html

ICTMT 12 - 12th International
Conference on Technology in
Mathematics Teaching Faculty of
Sciences and Technology, Univer-
sity of Algarve, Faro, Portugal, June
24-27,2015. http://ictmt12.pt/

IV SIPEMAT, From June 29 to
July 01, 2015, UESC, Ilhéus-Bahia,
Brasil, Theme: Mathematical Edu-
cation and contexts of cultural di-

versity. ~http://ppgemuesc.com.br/
sipematd/english/

PME 39, 2015: July, 13-18: Hobart,
Tasmania, Australia. http://www.
igpme.org/index.php/annual-con-
ference

SEMT ‘15: International Sympo-
sium on Elementary Mathematics
Teaching, Charles University, Fac-
ulty of Education, Prague, Czech
Republic, August 16-21, 2015.

http://www.semt.cz/

e Espace  Mathématique  Fran-
cophone, Alger, Algérie, 10-
14 Octobre 2015. http://www.

mathunion.org/icmi/events/
details/?tx_ttnews%5Btt news%5

D=829&cHash=27033db6a2fd357

03d9f546dec7fa48f
2016
ICME-13, Hamburg, Germany,

Sunday, 24th July to Sunday, 31st
July 2016. http://www.icmel3.org/
PME 40, 2016: August, 3-7: Szeged,
Hungary.  http://www.igpme.org/
index.php/annual-conference

Olivera Djoki¢, PhD
Teacher Education Faculty, Belgrade
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POPULARIZATION OF MATHEMATICS

MATHEMATICS EDUCATION AND

Links to the videos of the invited

talks and panels of the “Mathematics Ed-
ucation and Popularization of Math-
ematics” of ICM 2014 that was held in
Seoul, Korea, August 13 - 21,2014.

ICM Panel 2. How should we
teach better? http://www.youtube.
com/v/Bvg2VegWulp4

Moderator

Bill Barton, University of Auck-
land, New Zealand
Panelists

Bill Barton, University of Auck-
land, New Zealand

Jean-Marie Laborde, Université
Joseph Fourier, France

Man Keung Siu, University of
Hong Kong

ICM Panel 1. Why STEM? http://
www.youtube.com/v/WiHKMz-
izNI

Moderator

Youngah Park, President of
KISTEP (Korea Institute of S&T
Evaluation and Planning)

Panelists

Jean Pierre Bourguignon, Presi-
dent of ERC (European Research
Council)

Ingrid Daubechies, President of
IMU International Mathematical
Union)

Myung-Hwan Kim, President of
KMS (Korean Mathematical Soci-
ety)

ICM Panel 3. Mathematics is eve-
rywhere by Christiane Rousseau
http://www.youtube.com/v/r14n-
pluGM78

Panelists

Eduardo Colli, Universidade de
Sao Paulo, Brazil

Fidel Nemenzo, University of the
Philippines, Philippines

Konrad Polthier, Universitat Freie
Berlin, Germany

IMAGINARY Panel

Math communication for the fu-
ture - a Vision Slam by Gert-Mar-
tin Greuel http://www.youtube.
com/watch?v=IdzT7KIRuEg&feat
ure=youtu.be

Panelists

Cedric Villani, Institut Henri Poin-
caré, France

David Griinberg, International
School of Lausanne, Switzerland
Carla Cederbaum, MFO and Uni-
versity of Tiibingen, Germany
Hyungju Park, NIMS and
POSTECH, South Korea

e IMU Panel 1

Mathematical Massive Open On-
line Courses http://www.youtube.
com/v/bRjkbmuCm20

Moderator

James Davenport, University of
Bath, UK

Panelists
Bill Barton, The University of
Auckland, New Zealand

Robert Ghrist, University of Penn-
sylvania, USA

Matti Pauna, University of Helsin-
ki, Finland

Angel Ruiz, Universidad de Costa
Rica, Costa Rica

ICM2014: Mathematics Education
and Popularization of Mathemat-
ics

Teaching and learning ‘What is
Mathematics’ by Gunter M. Zie-
gler  http://www.youtube.com/
v/51C7vQPTPd

ICM2014: Mathematics Education
and Popularization of Mathemat-
ics

The internet and the populariza-
tion of mathematics by Etienne

Ghys http://www.youtube.com/v/
T3azgb7vynQ

Olivera Djoki¢, PhD
Teacher Education Faculty, Belgrade
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Mathematics is as old as the hu-
mankind itself is. Mathematics has
had essential role in improving sci-
ence, engineering and philosophy
since ancient times. It has evaluated
from the simple counting, measuring
and accounting, to systematic study-
ing of objects and moving of the phys-
ical objects, through application of ab-
straction and imagination, logic, sub-
sequently becoming wide, complex
and very often abstract discipline.

Within the rubric useful web lo-
cations of the periodical Teaching In-
novations, we are going to present the
Internet resources from the field of
Mathematics, that we consider to be
useful for presenters, researchers, stu-
dents, pupils and all the people inter-
ested in Mathematics.

Mathematical Institute of the SASA
http://www.sanu.ac.rs/sanunov/
matematicki_institut.asp

Mathematical Institute of the
SASA, one of the institutes of the Ser-
bian Academy of Sciences and Arts
was founded in 1946. Mathematical
Institute of the SASA does researches
in the filed of Mathematics, Mechan-
ics and Information, but actively par-

USEFUL WEB-LOCATIONS

ticipates in Mathematics promotion in
wider public, among students, teach-
ers and citizens.

AL
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Association of Mathematicians of
Serbia
http://www.dms.rs/

Association of mathematicians of
Serbia encourages and coordinates ac-
tivities of its members towards realiza-
tion mutual aims and tasks, in accord-
ance with the Constitution, Law on
social institutions and citizens’ groups
and other legislative regulations. As-
sociation contributes to improvement
mathematical and computer sciences,
their realization and popularization,
and this is all in realization these aims
and tasks. It also encourages scientif-
ic and professional work of its mem-
bers, it helps scientific and profession-
al research in the field of Mathematics,

Professional
information

computer sciences and their applica-
tion; it deals with the issues of taching
mathematics and computer scienc-
es in primary schools, higher schools
and faculties and contributes to im-
provement of this kind of teaching; it
deals with revealing, nourishing and
developing gifted young mathema-
ticians and computer programmers;
it deals with the issues of status and
protection of mathematics and math-
ematicians through certain organiza-
tional forms. The association reaches
its aims through periodical meetings
and gatherings at which they present
scientific, professional and pedagogi-
cal works and papers about different
issues of mathematical and compute
sciences and their applications; issu-
ing for their members periodicals and
other publications in the field of Math-
ematics and other computer sciences;
organizing different after school ac-
tivities for young mathematicians and
programmers (competitions, summer
and winter schools, cycles of lectures,
etc.); cooperation with scientific and
educational institutions for Mathe-
matics and Computer Science, suit-
able pedagogical institutions an oth-
er social organizations, cooperation
with similar societies in the territory
of Serbia and with similar societies in
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other countries; through active co-
operation with syndicates, chambers
and similar organizations of teach-
ers, collecting reference books from
Mathematics and computer science
and their application. With the aim of
realization common needs and inter-
ests, there are programmes and plans
of work brought out in the Associa-
tion, and creativity is encouraged.

ApywTeo mateMmaTtuyapa Cpouje
PenyGnuka Cpbuja

OCHOBHW NOAALM 0 AMC-y.

Pyremopcteo Apywrea M
Micija u suanja Opywrsa

Heropuja fpywrea Matem

Mathematical herald
http://elib.mi.sanu.ac.rs/pages/
browse_publication.php?db=mv

Association of Mathematicians
of Serbia has been issuing this peri-
odical since 1949. Scientific papers
containing original contribution to
mathematical and computer sciences
have been published in it. Papers are
published in the following languag-
es: English, Russian, French or Ger-
man. Mathematical Herald has inter-
national editorial board and digital
versions of the old issues of the peri-
odical.

o
0) eLibrary of Math
of the Ser Aca

Rt | Brawse sirary
> Home- | Al docemiak |

Matematicki Vesnik [P
Pusikinar Deubivo masmantan i, Beograd e
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winne
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reree
Lt 30 Day
64_472014 54213012 61_4/ 2008 Lonteer
Cvpenil
4113012 61_3/ 2008

66_373014

Apart from the stated periodical,
the Association of Mathematicians of
Serbia issues the following periodi-
cals:

e Matematicki list — periodical for
Mathematics and Computer Sci-
enceforhighschool students. Avail-

able at: http://www.dms.org.rs/
index.php?action=matematicki
list&change=true

e Nastava matematike - periodi-
cal for primary and secondary
school teachers, as well as higher
vocational schools and faculties.
Available at: http://elib.mi.sanu.

ac.rs/pages/browse publication.
php?db=nm

o The Teaching of Mathematics — re-
search periodical in the field of
Mathematics and computer sci-
ence. Available at: elib.mi.sanu.

ac.rs/journals/tm

Short history of Mathematics
http://elementarium.cpn.
rs/elementi/kratka-istorija-
matematike/

The site of the Centre for Science
Promotion, which is in charge for sci-
ence and promotion of science, offers
brief history of Mathematics.
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The following sites offer more in-
formation on history of Mathematics:

e The MacTutor History of Math-
ematics archive
http://www-groups.dcs.st-and.
ac.uk/~history/

e The story of mathematics
http://www.storyofmathematics.
com/

¢ History of Mathematics Web Sites
http://homepages.
bw.edu/~dcalvis/history.html

o Texts on the History of Math-
ematics
http://aleph0.clarku.edu/~djoyce/
mathhist/textbooks.html

o The British Society for the History
of Mathematics

http://www.dcs.warwick.ac.uk/
bshm/

o The Canadian Society for the
History and Philosophy of Math-
ematics
http://www.cshpm.org/

e Material for the History of Statis-
tics
http://www.york.ac.uk/depts/
maths/histstat/welcome.htm

e Teaching with Original Historical
Sources in Mathematics
http://math.nmsu.edu/~history/

¢ Images of Mathematicians on
Postage Stamps
http://members.tripod.com/
jeft560/index.html

e Free Math eBooks Online
http://www.techsupportalert.com/
free-books-math

Archimedes
http://www.arhimedes.co.rs/

Mathematical association Ar-
chimedes (previously: Club of young
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Mathematicians Archimedes) is a spe-
cialized professional society in the
field of education and pedagogical
work, which primarily gathers gift-
ed young mathematicians and oth-
er mathematical and computer fans
of different ages (primary and high
school students, teachers and other
adults who are dealing with Mathe-
matics), and this is in the whole re-
gion of Serbia (mostly in Belgrade).
It was founded on October 1st 1973
in Belgrade. There are two catego-
ries of members: a) adults, 6) stu-
dents and pupils (the young). There
have been over 30 350 members so
far (28 400 students and 1 950 teach-
ers and other Mathematics, Comput-
er science and Natural Sciences fans).
The statute of the association propos-
es the aims, tasks, organization, man-
agement and the whole work. The
Managing board consisting of elev-
en members, among which there are
University professors, teachers from
primary and high schools, associates
from other institutions, manages it.
Archimedes organises mathematical
tournaments, seminars and courses.
If you want to learn more about the
club of young mathematicians, visit
their web site.

OAPXHMEHEG'

1 T 1501wl

AKTHBHOCTIA - MPOCPAM MANH NOSCE THHK
"APYHMENECOBE" AKTMBHOCTM y mmancaci 20142015, roansn

Khan Academy in Serbian
http://khanacademy.rs/

Han Academy is the Internet por-
tal in which we can find educational
contents in the form of video record-
ings, which localization in Serbian is
in progress. Digital educational con-
tents of Khan Academy can be used
both in formal and informal edu-

cation and this is represented in the
motto of the academy: “Our mission
is giving free education of the highest
level to all the people, everywhere”. In
order to be acquainted with the con-
tents of the portal, have a look at in-
troductory video lessons about addi-
tion and subtraction, multiplication
and division and geometry.

(Recommended location: https://
www.khanacademy.org/math/)

Kxan Akagemuja Ha Cprickom
MpeameT: MaTematuka

. " L)
e .4 -
L4
cu\W
-
Q6nact: 4th grade (U.S.)
Bpsmume ca ua ¢ :

SERBIAN

Tema: MHoxetse W fen-ere Ca
Comparing with multiplication (Bpx)

Mulllplymg Whole Numbers and Applications 6
e Mutiplying Whole Numbers snd Apphcations 6

“ “ T

Mathematics in Europe
http://www.mathematics-in-europe.eu/

Public comprehension of Math-
ematics is totally opposite to sig-
nificance of that science in society.
Many of our contemporaries consider
Mathematics to be the field in which
all significant results have been giv-
en long time ago, many centuries ago,
and there is not much if any connec-
tions to real life. This is far from the
truth. It is true that Mathematics is
an important ingredient in our every-
day life, that Mathematics is fascinat-
ing: mathematical problem can oc-
cupy your attention for days, months
and even years; without Mathematics
it could not be possible to compre-
hend how contemporary science de-
scribes the world: theory of relativi-
ty, quant mechanics etc.; they cannot
be understood without the certain
mathematical foundation. The aim
of this web page, as the authors say,

is to lessen the gap between the usual
comprehension of Mathematics and
truth. It addresses everyone who is
interested in Mathematics: reporters,
high school students, university stu-
dents, teachers, professional Mathe-
maticians, everyone who tries to find
to way of raising public awareness of
Mathematics. Nevertheless, we want
to stress that our aim is not describing
the “tough” scientific part of Mathe-
matics. We want to present the con-
tents, which can be understood, at
least in most cases, without particular
mathematical previous knowledge.
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Inspirational mathematical lectures
http://www.ted.com/

TED (Technology, Education
and Design) - non-profitable organ-
isation devoted to spreading inspira-
tional lectures, experience and ide-
as. At the site TED.com, we can ac-
cess quality free lectures from differ-
ent fields. We select four TED films,
recommended by the Centre for Sci-
ence Promotion, which were shown
within manifestation “May - month
of Mathematics®

e Jean-Baptiste Michel:
The mathematics of history
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https://www.youtube.com/
watch?v=RkTE1LZ_tLk

o Conrad Wolfram: Teaching kids
real math with computers
ttps://www.youtube.com/
watch?v=600VIfAUPJg

e Marcus du Sautoy: Symmetry, real-
ity’s riddle
https://www.youtube.com/
watch?v=415VX3QX4cU

o Geoffrey West: The surprising
math of cities and corporations
https://www.youtube.com/
watch?v=XyCY6mjWOPc

Conrad Wolfram:
aytop: TED
http://mww.ted.com F
most thrilling creation

= [pe

Math World
http://mathworld.wolfram.com

Math World is interactive math-
ematical encyclopaedia aimed at
teachers, students, researchers and
lovers of Mathematics. It covers all
mathematical fields.

Wolframathiedd

Famous mathematicians
http://famous-mathematicians.org/

Mathematics is the field in which
many researchers are interested.
They searched for the ways to under-
stand the world referring to number

Albert Einstein (1379-1955)
Nationality: German, American
Famous For: E=m*c®

Albert Einstein excelled in
mathematics early in his childhoed.

He liked to study math on his ocwn.

He was once quoted as saying, 1

never failed in mathematics... before | was fifteen | had

mastered differential integral calculus.”

Leonarde Pisano Bigollo (1170-1250)

Nationality: Italian

Famous For: Fibonacci sequence
Heralded as “the most talented
western mathematician of the

middle ages,” Leonardo Pisano

Bigello is better known as Fibenacci.
He introduced the Arabic-Hindu

number system to the western world. In his bock, Liber Abaci

(Book of Caleulation), he included & sequence of numbers that

are known today as “Fibonacci numbers.”

and their contribution is immense.
The given site offers a list of names
of some of the researchers and their
achievements.

History of Mathematics for Young
Mathematicians
http://www.mathsisgoodforyou.com/

The site Maths is good for you was
created in April 2005 with the aim of
getting the young acquainted with
history of Mathematics. It is aimed
for students age 11 to 18 and teachers.
The site is regularly updated and it is
very organized.

Isaac Newton (1642-1727)

English

Nationali
Famous For:Mathematical Principles
of Natural Philosephy

The book of Sir Isaac Newton,

Mathematical Principles of Natural

Philosophy, became the catalyst to
understanding mechanics. He is also
the person credited for the development of the binomial

theorem.

Thales (c. 624 — ©.547/546 BC)

Nationality: Greek

Famous For: Father of science &

Thales' theorem
Thales used principles of

mathematics, specifically geometry,

to solve everyday problems. He is

considered as the “first trus

mathematician®. His deductive reascning principles are applied

n geametry that is a product of “Thales’ Theorem.”

Mathematics
http://www.math.com/

Site  Math.com is devoted to
Mathematics popularization and
its understanding. It is for students,
teachers, parents and all the people
interested in Mathematics. Math.com
offers unique experience through ed-
ucational multimedia through play
and research.

“math.com.
L,
Heme | Imachar
Homework e Pracios Tum
Sadact Subfect
+ Bamig Math
.
N I Click for
Sanmatrs 20 free
Mathematics

http://www.mathgoodies.com/

Math Goodies is one of the first
free sites, which deal with teaching,
and learning Mathematics and it was
built in 1988. At this site, we can find
over 500 pages with lessons and activ-
ities connected to teaching and learn-
ing Mathematics. The site is for stu-
dents, teachers and parents.
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Site for teachers of Mathematics
https://www.kutasoftware.com/
freeipa.html

Authors of the site, based on ex-
perience in teaching Mathematics,
created the site with the aim of help-
ing teachers to make classes of Math-
ematics efficient.

Test and Warkslwet Generators for Math Teachers

‘hl"l.\\'
l b
= R MR ™ v rery

Fros Fri-Aigetra Wonahaets ey

= 2

Centre for Innovation in
Mathematics Teaching
http://www.cimt.plymouth.ac.uk/

The centre for innovation in
mathematics teaching was founded in
1986 because of improving teaching
Mathematics at schools and universi-
ties in Great Britain. One of the con-
tributions of this centre is presenting
and updating the location Mathemat-
ics Enhancement Programme.

CENTRE ror INNOVATION v
MATHEMATICS TEACHING

™ 10 The

Considering the fact that the lan-
guage of Mathematics is universal,

the given materials can be useful to
students and teachers all around the
world. Most of the data are in PDFE.

Mathematical games for children
http://www.kidsmathgamesonline.
com/

Apart from the wide scope of free
mathematical games, the site is full
of different interesting digital edu-
cational resources, which motivate
young mathematicians.

ids Games =M o e “
HEs N pgming caine e

—— Oy O U —

Fun math 2ames Far kids!

Mathematics
http://www.mathway.com/

Given location is for students,
teachers and parents. We can find
more than ten million mathematical
problems from different fields, with
the key. The site is simple to use, and
contents are presented in an interest-
ing way.

& Mathway: 2 proven [1] arapn | | wrkebear ) clasaary

Baclz Walh  Predigebrs  Mlgshta Trigsnemedy  Precalune
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Over 83,240,716 problems solved
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Mathematical museum in Gisen
http://www.mathematikum.de/

Mathematical museum in Gis-
en (Germany) was opened in 2002. It
is proud of the fact that it is the first
mathematical scientific centre in the
world with more than one hundred
fifty items for visitors of all ages and
levels of education. Apart from fun
exhibitions, Mathematikum organis-

es festival for children and lectures,
which are being held every month.

mgthem g ikam A "

Museum of Mathematics in New York
http://momath.org/

According to the words of the
founder of the New York Muse-
um of Mathematics, tendencies will
be focused to improvement of un-
derstanding and comprehension of
Mathematics. Dynamic exhibitions
and programmes will provoke re-
search and curiosity, subsequently
revealing wonders of Mathematics.
Museum activities will attract vari-
ous visitors and get them acquainted
with creative, humane and aesthetic
nature of Mathematics that has been
changing and improving all the time.
As it is stated at the site, the idea for
opening this museum appeared af-
ter closing a small museum of Math-
ematics in Long Island. After several
meetings, it was concluded that in the
whole USA, there was no mathemati-
cal museum, but that there is a great
need for the programmes, which will
enable Mathematics to be approached
in an interesting way.

MOMATH
The coolest thing

that ever happened
to math!




Science for children and adults
www.brainpop.com

The Internet location Brain POP
is full of digital educational contents
in the field of basic education. It is for
children, parents and teachers. Data
and explanations from the field of
Mathematics are easily understanda-
ble owing to relevant and quality mul-
timedia contents.

E-learning for kids
http://www.e-learningforkids.org/
math/

E-learning for kids is a global,
non-profitable organization devoted
to open learning and fun on the In-
ternet for children age 5 to 12. The
site was founded in 2004 because of
introduction innovation in teaching
surrounding rich in ICT. There are
digital materials at the site necessary
for basic education and pedagogi-
cal work from natural and social sci-
ences. It is for children, parents and
teachers. From the field of Mathemat-
ics, there are over 336 analyzed teach-
ing topics.
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Geometry - step by step
http://agutie.homestead.com/files/
index.html

Geometry — step by step is a Ca-
nadian site, which has been awarded
many times. It has been authentical-
ly created. There is a great number
or animations, programmes and edu-
cational computer games devoted to
Geometry. There is a chapter on geo-
metrical problems on the site as well
as their detailed solutions. Quizzes on
the location offer practical techniques
of solving geometry assignments, and
connections to similar locations make
contents of this location even richer.
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Let’s do mathematical exercises
http://www.ixl.com/

Doing mathematical exercises
can be fun! The site IXL.com enables
teachers and parents to follow their
children’s advancement and to moti-
vate them by interactive games and
quizzes, which are on the site.

The site needs dynamic sur-
rounding which stimulates students
to exercise and enjoy Mathematics.
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Third grade math
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Educational computer games
http://www.abcya.com/

When we talk about educa-
tional computer games and activi-
ties for primary schools on the Inter-
net, ABC.com is one of the leaders.
All the educational games are free of
charge. They include Mathematics,
Language, Art and Basic Computer
knowledge and skills.

Free mathematical games
http://www.math-play.com/

Digital games are well known
to children and the young. Their en-
gagement during the play, interac-
tions often form new ways of learn-
ing and teaching. In recent years, dig-
ital games are more than before in the
centre of the research of many fields
and teachers, but more people deal
with them in the industry of digital
games. In the given site, we can find
free mathematical games for prima-
ry school students, categorized by the

age, contents and type of game.
MATH=-PLAY .COM
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Most visited web locations for
educational mathematical games

OBPA3OBHE MATEMATHYKE UTPE

10

HajcnoceheHunjux
cajToBa

http://www.mathchimp.com/
http://www.aaamath.com/
http://www.mathgametime.com/
http://www.coolmath4kids.com/
http://calculator.com/

http://www.numbernut.com/
http://www.toytheater.com/math.php
http://www.multiplication.com/
games/all-games
http://www.mathsisfun.com/index.
htm

http://www.arcademicskillbuilders.
com/

Free Learning Academy
http://ucislobodno.com/

Learn free is the site with video
instructions for solving mathematical
tasks at the final exam of the middle
school. The site attracted attention of

students and parents and these points
at the need for educational sites of
this type.

Miroslava Ristic, PhD

Teacher Education Faculty,
Belgrade
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Maremaruka je cTapa CKOpo Ko-
JMKO U caMo 4oBedaHcTBO. Of AaB-
HMHA, MaTeMaTMKa je Off CYIITMH-
CKOT' 3Hayaja 3a HamlpelaK y HayI,
UHXewepcTBY U ¢unosoduju. Ona
je eBonyupana of IpocTor 6pojama,
Mepema 1 o6padyHa, IIPeKo CUCTeMa-
TUYHOT IIpOy4YaBama OOMKa U Kpe-
Tama PU3NIKUX objekara, Kpo3 IIpu-
MeHY alCTpakIjyje, MaIlTe U JOTUKE,
y JaHac IIMPOKY, CIOKEHY M 4ecTo
aNCTPaKTHY JUCHUIUINHY.

Y oxBupy pybpuxe KopucHe Be6-
7oKanumje, yaconuca Muosayuje y Ha-
cifiasu, y OBOM TeMaTCKoOM Opojy mpe-
seHToBaheMo MHTepHeT pecypce 13
obmacTy MaTeMaTuKe 3a Koje cMarpa-
MO Jia MOTY OMTU Off KOPUCTU Ipefa-
Ba4MMa, VICTPKMUBAYNMa, CTYREHTN-
Ma, yYeHNIMMa, a1 ¥ CBMMa OHNMMa
KOjU Cy 3aMHTEPECOBaHM 33 MaTeMa-
THUKY.

Marematiuku mHCTUTYT CAHY
http://www.sanu.ac.rs/sanunov/
matematicki_institut.asp

Maremariaku nacTnTyT CAHY,
jeman op mHCTMTyTa CpIICKe akape-
MHje HayKa ¥ YMETHOCTH, OCHOBAH je
1946. roguHe. MaTeMaTUIKM MHCTU-
tyT CAHY crpoBogy ucTpaxuBama

KOPJHICHE BEb-/IOKALIJE

y 00acTi MaTeMaTyKe, MeXaHUKe U
uHpopMartuke, anu Takohe aKTMBHO
y4ecTByje y IPOMOLMjM MaTeMaTuKe
y LIpoj jaBHOCTH, Meby cTynmeHTUMA,
HacTaBHMIMMA U TpahaHuMa.

ToueTsa

Anparrep: 42 Tz Mapumih
ADDACA: Higa MOGMnR 35, 1N 357, 11000 Searead
E-sowra: dfico@im san o

Lawrag i

i

P —

JpymrBo MmaTemaTiraapa Cp6uje
http://www.dms.rs/

OpymrtBo Matemarnmuapa Cp-
Ouje mopcTHde ¥ KOOPAMHMpA akK-
TUBHOCT CBOjUX Y/IaHOBA Ha OCTBa-
puBamy 3ajefHNYKMX Iy/beBa M 3a-
faTaka y CKIafy ca YCTaBOM, 3ako-
HOM O JpPYLITBEHMM OpraHu3alyja-
Ma U yapyxXemyMa rpabaHa 1 pyrum
3aKOHCKMM Ipomucuma. Y OCTBa-
puBamy OBMX LWbEBA M 3afaTaka
JpyLITBO: FOIPMHOCK HAIIPETKy Ma-
TEeMaTWIKMX ¥ PadyHAPCKUX HayKa,
BUXOBIUX IPUMMEHa ) MOIy/lIapusa-
LVIj/ OBVIX HAyKa; MOACTH-
4ye Ha HAYYHM M CTPYIHM paf CBOje

Crpyune
nHpopManuje

YIaHOBE, IIOMake Hay4YHa U CTPy4YHA
UCTpaXMBamwa y 06/1acTu MaTeMaTu-
Ke, pauyHapCTBa M HUXOBUX IIpMMe-
Ha; 6aBM Cce MMTambMMa HacTaBe Mare-
MaTMKe J payyHapCTBa Y OCHOBHUM
IIKO/IaMa, Y CPefIbMM IIKOJaMa, Ha
BUIIMM IIKO/IaMa ¥ Ha (aKynTeTrMa
U fonpuHOCH yHanpebemy Te HacTa-
Be; 6aBIU Ce OTKPUBAIbEM, HETOBAbEM
U pasBUjambeM OOJapeHMX MIafux
MaTeMaTu4apa M Hporpamepa; 6aBu
ce MUTambUMa CTaTyca U 3alITUTe Ma-
TeMaTMKe M MaTeMaTudapa Kpos Ofi-
roBapajyhe opranmsaiyone d¢opme.
CBoje mwmbeBe [IpylITBO IOCTIDKE:
HepUOAVYHNAM CKYTIOBUMA M CacTaH-
LJMa Ha KOjuMa ce IIpUKa3yjy Hayd-
HM, CTPYYHM U TENATOUIKV pPajjOBU
u pedepaTu o pasHuUM IpobreMyuMa
MaTeMaTMYKUX U payyHapCKMX Hay-
Ka U BJXOBUX HPVMeHa; U3JlaBabeM
3a CBOje YWIaHOBE JacOINca U PYTUX
nyonukanuja y o6macTy MareMarud-
KIX M pauyHapCKUX HayKa; OPraHNn30-
BambeM PasHMX BU/J0BA BAHHACTABHUX
aKTUBHOCTY 3a M/Iajie MaTeMaTu4ape
U mporpamepe (TaKMUYeHa, TeTHUX
M 3MMCKUX IIKOJa, IUKIyca Ipefa-
Bama U C1.); capabuBameM ca Hayu-
HMM U 0OpPa3sOBHMM MHCTUTYIMjaMa
3a MaTeMaTUKY U pa4yHapCTBO, OfTO-
BapajyhuM IpocBeTHO-TIearomKmum
MHCTUTYLMjaMa M APYTUM PafHUM U
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OPYIITBEHVM OpTraHM3allMjaMa; ca-
pabuBameM ca CPOgHMM [pYIITBHU-
Ma Ha Teputopuju Cpbuje u ca cpo-
JOHUM JPYIITBUMA Y APYTUM 3€M/ba-
Ma; Kpo3 aKTMBHY Capajby ca CUH-
IVMKaTMMa, KOMOpaMa ¥ CIMYHUM
opraHmusanyjaMa IPOCBETHUX paj-
HUKa; IPUKYIbAEM JINTEPAType U3
MaTeMaTyKe U pPauyHapCTBa M HbIXO-
BUX IIpMMeHA. Y LU/by OCTBapuBamba
3ajefHMYKMX TMOTpeba M MHTepeca
y IpywmTBy ce foHOCE MporpamMu u
IJIAHOBYM Pajia, IIOMaXke U IOACTUYE
CTBapasalTBo.

ApywTEO MaTemMaTu4apa Cpbuje
PenyGnnka Cpbunja

OCHOBHK Nogaw o OMC-y.

r / PyrxomofcTRS JpyIITED M3
v Muchja n Bianja dpywrsa
MaTreMaTUYKy BECHUK

http://elib.mi.sanu.ac.rs/pages/
browse_publication.php?db=mv

Heropuja fpywrea Matem

OBaj HayyHu yaconuc JpymTso
maremarndapa Cpbuje uspmaje op
1949. ropure. Y mweMy ce 06jaBmbyjy
Hay4YyHM pafioBM KOjU Cafip>Ke Opu-
TMHA/HE JOIPUHOCE MAaTEMATUIKUM
U padyHapcKMM Haykama. PayjoBu ce
00jaB/byjy Ha jerHOM Of cnemehux je-
3MKa: €HITIECKM, PYCKM, (PpaHIycKu
VM HeMadKy. MaTeMaT4Ky BECHUK
VIMa VIHTEPHALIMOHAIHY pefaKUujy 1
IUTUTANN30BaHE Bep3Mje CTapuX ro-
JMIITA YaCOIMUCa.

OcuM  HaBefleHOT  YacoIuCa,
IpymrBo MatemaTngapa Cpbuje us-
maje u cnenehe yacomnmce:

o MailiemattiuuKy AUCTE — YACOUUC
30 MatleMaliuKy U pavyHapciieo
HamerveH yUeHUUUMA cpegroux

wixona. Jlocitiyiian Ha: http://

www.dms.org.rs/index.

php?action=matematicki
list&change=true

e Hacinasa maitiemaitiuke —
YACoOUUC HamerbeH HACTUABHUUUMA
U fipogecopuma 0CHOBHUX U
cpegroux uKond, Kao U 6UUX
wKona U yHusepuiteuia.

Hociyiian na: http://elib.mi.sanu.
ac.rs/pages/browse publication.
php?db=nm

e The Teaching of Mathemat-
iCS — UCHUPANUBAYKY YACOUUC Y
odnaciiu Haciiage maiiemaiiuxe
u pauynapciiéa. [ociiyilan Ha:
elib.mi.sanu.ac.rs/journals/tm

,__o'f)
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Kparka ncropuja maTemMaTike
http://elementarium.cpn.
rs/elementi/kratka-istorija-
matematike/

Ha cajry lenTpa 3a nmpomonujy
HayKe, KOjU je HaJi/leXkaH 3a IIPOMO-
LMjy U IOIy/JIapu3alnujy Hayke, MO-
>KeMo IpoHahyt KpaTKy MCTOpujy Ma-
TEMATUKE.

O ucropuju MareMaTke MoXKe-

Te BUILIe ca3HaTy Ha crefehum cajro-

BYIMa:

e The MacTutor History of Math-
ematics archive
http://www-groups.dcs.st-and.
ac.uk/~history/

e The story of mathematics

http://www.storyofmathematics.
com/

e History of Mathematics Web Sites

http://homepages.
bw.edu/~dcalvis/history.html

o Texts on the History of Math-

ematics
http://aleph0.clarku.edu/~djoyce/
mathhist/textbooks.html

o The British Society for the History

of Mathematics

http://www.dcs.warwick.ac.uk/
bshm/

o The Canadian Society for the

History and Philosophy of Math-
ematics
http://www.cshpm.org/

o Material for the History of Statis-

tics
http://www.york.ac.uk/depts/
maths/histstat/welcome.htm

o Teaching with Original Historical

Sources in Mathematics
http://math.nmsu.edu/~history/

o Images of Mathematicians on

Postage Stamps
http://members.tripod.com/
jeff560/index.html

e TFree Math eBooks Online

http://www.techsupportalert.com/
free-books-math

&‘ EneMeHTapuiyH

KPATKA
MCTOPHUJA
MATEMATUKE




Apxumepec
http://www.arhimedes.co.rs/

MaremaTniko ApymTBO Apxu-
megec (pannuje: Kny6 mmagmx mare-
matudapa Apxumegec) jecTe cie-
I[1ja/IM30BAHO CTPYYHO APYIITBO Yy
obmactu o6pasoBama U BacINUTAIba,
KOje OKYI/ba IIPBEHCTBEHO NApOBU-
Te MyIafie MaTeMaTu4dape u Apyre /by-
OuTe/be MaTeMaTUKe M pavyyHapCTBa
pasHuX y3pacra (y4eHUI[ OCHOBHUX
U CpelmbVX IIKOMA, CTY[eHTH, HacTa-
BHUIIY ¥ APYTY OFpAcIy Koju ce 6aBe
MaTeMaTUKOM), U TO Ha I[eJIOM IIOfi-
py4jy Penybnuke Cpbuje (uajBuie
y Beorpazny). OcHoBas je 1. okTobpa
1973. ropune y beorpany. Vima nse
KaTeropiuje WIAHOBA: a) Ofpaciu, 6)
yIeHULM U CTyHeHTH (IIOEMIIAfaK).
o capa je eBupmeHTHMpaHOo npeko 30
350 umanoBa (28 400 yuenmka m 1
950 HacTaBHMKA U OPYTUX JbYyOUTEBA
MaTeMaTMKe, pavyyHapcTBa U IIpU-
popHux Hayka). Craryrom JpymrBa
yTBpbeHu cy 1wp u 3aanu, opraHu-
3aliyja, yIIpaB/babe U IeJIOKYIIHA Hbe-
roBa fieMatHocT. Pajom Ipymrsa py-
KOBOZIM YIIpaBHU 0f00p Off jefaHaecT
4IaHOBa, MeDy Kojuma cy yHUBep3u-
TeTCKM Ipodecopu, HACTABHULIU 13
OCHOBHIIX U CPebUX IIKOMA, capaj-
HUIY U3 [PYTUX MHCTUTYLUjA. Apxu-
Megec OpraHusyje MaTeMaTH4Ke Typ-
HMpe, CeMMHape 1 KypceBe. AKO xe-
JINTe fja Ca3HaTe HEIITO BUIE O KITy-
0y MIafiuxX MaTeMaTndapa, MOCeTUTe
IUIXOBY BeO-TTOKaIjy.

=

sAPXWMEOEG®

Kxan akageMuja Ha CPIICKOM
http://khanacademy.rs/

Kxan axagemuja je WHTepHeT
HOpTal Ha KojeM ce Mory Hahm o6-
PasoBHMU CafIpXKaju y OOMNKY BUAEO-

CHMMaKa, 4YMja je JOKajnmusaluja Ha
CPIICKM je3sUK YIpaBO y TOKY. {urm-
TaTHM 00pa3oBHM cafpxaju Kxaw
akagemuje MOTYy ce KOPUCTUTH U Y
¢dopmanHoM u y HehopManHOM 06-
pa3oBamy, IITO OffpaXkaBa MOTO Kxaw
axkagemuje: ,Hama mucuja je mpy-
Xame C1000gHOT ob6pasoBama Haj-
BHUIIET HMBOA CBMMa, cByrAe.“ Kako
OucTe ce YHO3HAIM ca cajpxajeM
IIOpTasa, TOITIefiajTe YBOJHE BUJEO
TeKIje U3 cabyparma 1 Ofly3UMaiba,
MHOX€a U JieJbela U TeoMeTpuje.
(ITpemmopyka 3a nokanujy: https://
www.khanacademy.org/math/)

. " - -
:" 0 - KxaH AkageMuja Ha cprcKkom
=% e MpeameT: MaTemaTnka
-
O6nact: 4th grade (U.S.)
KHAN Bpamume cs w3 noewmey
SERBIAN
Tema: MHoNeHe W Aefbetbe Ca

Comparing with multiplication (Bpx)

Multiplying Whele Numbers and Applications 6
£ Multiplying Whole Numbers and Apphcations 6

“ T

MaremaTukay Esponn
http://www.mathematics-in-europe.eu/

JaBHO pasymeBame MaTeMaTH-
Ke je y U3PasUTOj CYNPOTHOCTU ca
3HaYajeM Te HayKe y JpyWTBy. MHO-
TV Hall¥ CaBPEMEHMIM CMaTpajy ha
je MaTeMaTMKa TIO/be Y KOM Cy CBU
OUTHM pe3ynTaTu BOOUjeHV OJaBHO,
Ipe BUIIe BEKOBa, U Jla ¥MMa Marso,
aKo YOIINTe MMa, Be3a Ca CTBaPHUM
KUBOTOM. To je manmeKko of MCTMHE.
Victuna je ma je MareMaTMKa Ba)KaH
CacTojaK y HAIllOj CBAKOJHEBULY; /la
je MaTeMaTyKa pacLMHAHTHA: MaTe-
MaTHYKU NPO6TIeM MOXKe 3a0KyIu-
TH Ballly XXy AaHMMA, MecelMa,
Ila 4aK ¥ ToAMHaMa; ja Oe3 MaTeMa-
THKe Huje Moryhe pasymMeTu Kako ca-
BpeME€Ha HayKa OIIUCYje CBET: Teo-
p¥ja pemaTMBHOCTY, KBAaHTHA MeXa-
HJIKa UTH. He MOTY ce pasyMeru 6e3

oppebeHe MareMaryuKe —IOZJIOTE.
Lwb oBe Beb-CTpaHUIlE, KAKO KaXy
ayTopu, jecTe Aa YMamM pacliell us-
Mmeby yobuuajeHor pasymeBama Ma-
TeMaTyKe 1 cTBapHe ucTuHe. OHa ce
obpaha cBakoM Kora 3aHumMa MaTe-
MAaTHKa: HOBMHAPMMa, CPeIEbOIIKO-
LJIMa, CTYAEHTHMA, HAaCTaBHULMMA,
npodecHOHaTHUM — MaTeMaTHYapH-
Ma, CBaKOM KO TP@XX! IIPEJJIOore KaKo
ma ce moseha cTemeH jaBHe CBECTH O
MateMaruiy. Vmak, xenmumo fa Har-
MIaCKUMO J[a Halll IJ/b HHUje A OIHILIe-
MO ,,TBpAU“ HaYYHU €0 MaTeMaTHKe.
Xemumo fa mpencTaBuMo campikaje
KOjU ce MOTy pasymeTy, 6ap y Behu-
HM C/Ty4ajeBa, 6e3 moce6HOr MaTeMa-
TUYKOT NIPei3HAbA.
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European Maths Mathematical Translation
Communication Dictionary Project

VncnuparnBHa npefgaBama 13
MaTE€MaTUKE
http://www.ted.com/

TED (Technology, Education
and Design) - Hempo¢uTtHa je opra-
HMusanyja nocseheHa umpemy uH-
CNIMPATUBHUX IpeflaBama, MCKyCTa-
Ba u npeja. Ha cajry TED.com mo-
XeMo 6eCIIaTHO TIPUCTYIMUTY KBa-
MUTETHMM IIpefjaBarbliMa U3 Pasinu-
yntux obmactu. VspgBajamo deTupu
TED ¢wunma, no npenopyun Llentpa
3a IIPOMOLMjy HayKe, KOjyu Cy IIPUKa-
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3aHU Y OKBMpY MaHMpecraruje ,Maj
Mecell MaTeMaTHhKe

o Jean-Baptiste Michel:
Hcinopuja matiemaiiuxe
https://www.youtube.com/
watch?v=RkTE1LZ_tLk

e Conrad Wolfram: Jleya yue
cilieapHy matiiemaimiuky iomohy
pauyHapa
https://www.youtube.com/
watch?v=600VIfAUP]g

e Marcus du Sautoy: Cumeilipuja,
3al0oHeliKa peanHoCiiu
https://www.youtube.com/
watch?v=415VX3QX4cU

o Geoftrey West: Yygecra
maillemaiiuxa ipagoea u
Kopiiopayuja
https://www.youtube.com/
watch?v=XyCY6mjWOPc

Conrad Wolfram:
aytop: TED £ = lpe
hitp://www.ted.com F
most thrilling creation

CBer MaTeMaTHKe
http://mathworld.wolfram.com

Ceeill mailiemailiuxe je MHTEPaK-
TUBHA MaTeMAaTM4Ka €HIMKIIONEuja
HaMeleHa HaCTaBHULIVMA, YYEHNLIN-
Ma, UCTPaKMBAYMMa U JbyOuTe/bUMa
MaTeMatyike. OHa IIOKpMBa CBe 06/1a-
CTU MaTeMaTUKE.

WolframMathWarld
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Albert Einstein (1879-1955)
Nationality: German, American
Famous For: E=m*c®

Albert Einstein excelled in
mathematics early in his childhoed.

He liked to study math on his ocwn.

He was once quoted as saying, 1
never failed in mathematics... before | was fifteen | had

mastered differential integral calculus.”

Leonarde Pisano Bigollo (1170-1250)

y: Italian

Famous For: Fibonacci sequence
Heralded as “the most talented
western mathematician of the

middle ages,” Leonardo Pisano

Bigello is better known as Fibenacci.
He introduced the Arabic-Hindu
number system to the western world. In his bock, Liber Abaci
(Book of Calculation), he included a sequence of numbers that
are known today as “Fibonacci numbers.”
IlosnaTt MmaTeMaTI4apu
http://famous-mathematicians.org/

MatemaTrika je obmact 3a Kojy
CY MHOTYM MCTPa)K/Ba4M IIOKa3UBaIN
MHTepecoBame. Tpaxmnm cy Hauu-
He Jla cXBaTe CBET KOjy Ce O[HOCH Ha
6poj U BUXOBY JJOTIIPYHOCH CY Aparo-
nenn. Ha gaToMm cajry moxemo Hahu
CIIMCAaK MMEHA HEKMX MICTPAXMBaya 1
BUXOBYX JOCTUTHYha.

Vicropuja MmaTeMaTHKe 3a MiIaje
MareMaTmdape
http://www.mathsisgoodforyou.com/

Isaac Newton (1642-1727)
Mationality: English

Famous For:Mathematical Principles
of Natural Philosephy

The book of Sir Isaac Newton,

Mathematical Principles of Natural

Philosophy, became the catalyst to
understanding mechanics. He is also
the person credited for the development of the binomial

theorem.

Thales (c. 624 — ©.547/546 BC)
Mationality: Greek

Famous For: Father of science &
Thales' theorem

Thales used principles of

mathematics, specifically geometry,

to solve everyday problems. He is
considered as the “first trus
mathematician®. His deductive reascning principles are applied

n geametry that is a product of “Thales’ Theorem.”

Cajt Maths is good for you kpe-
upad je y anpumy 2005. rogune ca
LU/bEM Jla Cé MIaJi YIIO3Hajy ca Mc-
TopujoM Maremaruke. Hamemen je
y4YEHUIIMMA y3pacTa Off jelaHaecT [0
0CaMHA€eCT rOfiMHA U HACTaBHULIMMA.
Cajr ce pefoBHO aXXypupa u IIperje-
JaH je.

MaremaTnka
http://www.math.com/

Cajt Math.com nocsehen je mo-
Iy/apu3alyjy MaTeMaTUKE U HEHOM
pasymeBamy. Hamemen je yuyeHunm-
Ma, POAUTE/bMMA, HACTABHUIMMA U
CBMMa 3aMHTEPECOBaHMMA 3a MaTe-
Matuky. Math.com Hyau jemuHCTBe-
HO MCKYCTBO ITyTeM 00pa3oBHe MyII-
TUMeIYje Koja IpeJIIKONLe U yde-
HUKE OCHOBHMX LIKOJIA YBOJM Y CBET
MareMaTuKe KpO3 UIPYy U UCTPaXKu-
Bame.

“math.com.
T &1 s b
Homs | Imachar
Homesrk Mo Procion Tums
Sadact Subpect
+ Daic Math
Bk
ST I Click for
: Emmac 20 free
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MaremaTuka
http://www.mathgoodies.com/

i~ Math Goodies®

% LE) Yeur Dustinatien for Stath Esdscatiznt

Math Goodies je jeman of, mpBUX
OecraTHUX CajToBa Koju ce 6aBu
HACcTaBOM JI y4e€lheM MaTeMaTHKe, a
nocTasjbeH je 1988. roguue. Ha oBom
CajTy maHac MOXKeMo IpoHahm mpe-
KO TIETCTO CTPaHa ca JIeKIjyjaMa 1 aK-
TUBHOCTVMa KOje Cy Y Be3M ca HacTa-
BOM M y4YeHeM MaTeMaTHKe, Kao U
CTPYYHMM Y/IAHIMMA U3 METOAMKE
MaTeMaTuke. CajT je HaMemeH yue-
HUIVMA, HAaCTaBHMLMMAa M POJU-
Te/bMMa.

CajT 3a HacTaBHIKe MaTeMaTKe
https://www.kutasoftware.com/
freeipa.html

lm;:'-:*

| = ]' Fron FriAlgetna Wonahiets -

Test and Warksheet Generators for Math Teachers

e ) e e 15

AyTopu cajra, Ha OCHOBY TOfMHa
JICKYCTBa y IIOy4aBamby MarTeMari-
Ke, KpeUpau Cy CajT ca HaMepoM Ja
IIOMOTHY HAaCTaBHUI[MMA Ja HaCTaBy
MaTeMaTyKe y4uHe e(peKTUBHUjOM U
euKacHUjOM.

Ilenrap 3a ynanpeheme HacraBe
MaTreMaTHKe
http://www.cimt.plymouth.ac.uk/

Ilenrap 3a yHanpebeme HacTaBe
MareMaTHKe je OCHOBaH 1986. rogune

panu yHampebema HacTaBe MareMa-
THKe Yy IIKO/IaMa U Ha paKy/ITeTuMa y
Benmkoj bpuranuju. Jeman og gonpu-
HOCa OBOT'a LIeHTPA je IOCTaB/bakbe U
axypupame nokauuje Mathematics
Enhancement Programme.

CENTRE ror INNOVATION v
MATHEMATICS TEACHING

T

Inarring, wHes tha skm o unying rat, =
coleges. Tis CIWT baried i Wiy £33,
Phirecart: sarvars sttha wad =f July 2008,

v fhe ik, chch o0 one of 18 ks balaw,

C 0631poM Ha To fia je je3uK Ma-
TeMaTVKe YyHUBep3alaH, M3/I0)KeHa
rpaba Mo>xe 61T O KOPYCTY YYEHU-
I[MMa ¥ HaCTaBHUIMMA IIMPOM CBe-
ta. Hajsehu meo noparaxa je y PDF

¢dopmary.

MaremaTiyke urpe 3a geny
http://www.kidsmathgamesonline.
com/

OcuM IMPOKUM CIIEKTpoM bec-
IUVIATHUX MaTeMAaTU4KUX MUIapa, CajT
001Tyje M PasTUUUTUM 3aHMMIBU-
BUM JWIUTATHUM OOPasOBHUM pe-
CypcuMa Koju MOTMBMIIY MJIajie Ma-
TeMaTrnyape.

K ids (Games %ﬂ L Rl “

L ]

Maremaruka
http://www.mathway.com/

JaTa 1oKanuja HaMemEeHa je yde-
HUnyMa, HaCcTaBHUIVMA UM poau-
tespuMa. Ha 10j MoskeMo Hahnm mpe-
KO JleceT MIM/IMOHA pelleHNX 3afia-
TaKa U3 pa3IMUINTUX MATEMATUYKNX
obnmactu. Cajrt je jemHOCTaBaH 3a yIo-

Tpeby, a cafipXKaju Cy Ipe3eHTOBaHM
Ha 3aHMM/LYB HAUVH.

= Mathway- A Provsen [] aragn | ivorketmar ) clossary

Fasis Wi Prohigeis g Tiganommtry  Precaicie  Gainbis  Statetics

[——

Qver 83,240,716 probiems solved v

[l Mathway

Marematiraku mysej y [useny
http://www.mathematikum.de/

Matematnuxku Mmysej Mathema-
tikum y Tuseny (Hemauka) oTBOpeH
je 2002. ropuHe M IOHOCK C€ YMIbe-
HMI[OM Jia je IPBY MaTeMaTW4KM Ha-
Y4HU LIEHTap y CBETy ca IIPEeKO CTO
mefieceT eKCIIOHAaTa 3a MOCETHOLe
CBUX y3pacTa 1 HMBOA 0OpasoBama.
OcuM 3a6aBHUX CTaTHUX MTOCTABKHU,
Mathematikum opranusyje u dectu-
BaJI 3a JIelly, Kao U IIpefiaBarba Koja ce
OfIpXKaBajy CBaKOr Mecela.

mathermgikem # [ ]

Mysej matemaTuke y Ibyjopky
http://momath.org/

[To peunma OCHMBaya HYjopll-
KOI' My3eja MaTeMaTHKe, TeXma he
OuTH ycMepeHa Ha yHanpehuBame
pasyMeBama U JOXWB/baBama Ma-
TeMaryuke. [[MHaMI4YHe NOCTaBKe U
nporpamu he momcTumaTM ucCTpa-
JKVUBame U Pafo3HAIOCT U OTKpPU-
BaTM uyfa MareMaryuke. Mysejcke
akTMBHOCTY he mmpoky m pasHo-
BPCHY ITyO/MKY YIIO3HaBaTH ca Kpe-
aTMBHOM, XyMaHOM, €CTeTCKOM IIpy-
pOLOM MaTeMaTHKe, Koja ce CTaaHO
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Mema 1 yHanpebyje. Kako HaBoze Ha
CajTy, UMejy 3a OTBaparme Myseja [o-
6wy Cy 10 3aTBapamwy MajIor Myseja
matemaruke Ha Jlonr Ajnenpy. Ilo-
C/le HEKONMKO CacTaHaKa, yCTaHO-
B/beHO je fa y untaBuM CjeaureHum
Amepnukum JIp>)kaBaMa He IOCTOjU
HUjeJlaH MaTeMaTUIKM MY3€j, anu fia
3a mporpamuma koju 6u omoryhasa-
7Y Jla cé MaTeMaTULV IPUCTYNM Ha
3aHMM/BMB Ha4uMH IIOCTOjM BeIMKa

TIOTpaXKiba.

MOEMATH

The coalest thing
that ever happened
to math!

rwicorne 1o e Sadensl Museun of Meferatics
Ui s armsen #18 Farksarn o wcan

Hayxka 3a meny n ogpacie
www.brainpop.com

Wurepuer nokanuja Brain POP
obunyje FUrUTATHUM OOpPa3sOBHUM
cagpxajuma 13 obmactu 6a3UYHOT
obpasoBama. HamemeHa je mpe cBe-
ra Jiely, 3aTUM pOANTe/bMA U YIU-
tesbuMa. Ilomanm u objamrmerma 13
obacTy MaTeMaTyKe Cy JaKo pas-
YMIBMBHU 3aXBa/byjyhu pereBaHTHUM
¥ KBaJINTETHUM OOPa3sOBHMM MY/ITH-
MefIMja/IHMM cafip>KajuMa.

E-yueme 3a geny
http://www.e-learningforkids.org/
math/

B o B eE
e hath 4
o ..A

E-yuewe 3a geyy je rnobanHa,
Herpo¢uTHa ¢oHpanyja mocsehena
OTBOPEHOM Yuely U 3ab6aBU Ha MH-
TEpHETY 3a Jlelly y3pacTa Off IeT HO
mBaHaecT rogyuHa. CajT je OoCHOBaH
2004. ropune pagu yBobemwa wuHO-
BallMja y HaCTaBHO OKpy»Xeme Oora-
to VIKT-om. Ha cajry ce Hanase gu-
TUTAHY MaTepyjaay HEONXONHM 3a
6asyyHO 0Opa3oBame U BaCIUTAmbE
U3 IPUPONHNUX M APYIITBEHUX Hay-
ka. HaMemeH je pery, popute/pyma
U HacTaBHMIMMA. VI3 obmacTn MaTe-
MaTMKe IOCTOjU IPeKO TPUCTA TPU-
meceT uiecT obpabeHmx HacTaBHUX
TeMa.

W e g -

Teomerpuja — KOpak o Kopax
http://agutie.homestead.com/files/
index.html

h[: ‘: t"'l: Geometry Problems - Visual Index
A e

€ v A
Coroen, Fonaar ey

Geometry Problems 1-1100 Visual Index.

b Al G e
Geomatry Problams 1-1100

Teomeinpuja - xopax o xopak
je KaHaJICKM CajT KOju je BUILE IIyTa
HarpabuBan. CajT je ayTeHTMYHO
ypeben. Vima Bemmkm 6poj aHmMa-
Iyja, mporpama u o6pasoBHMX pa-
YYHapCKUX urapa nocseheHux reo-
MeTpuju. Ha cajry mocToju opemak
ca reOMeTpUjCKMM IpobIeMmMa, Kao
I BUXOBUM [E€TAa/bHUM peUICHhVMA.
KBM30BM Ha JjIOKaLuju Hyfme IIpak-

TUYHE TEXHMKE pelllaBarba IeoMeT-
PUjCKMX 3ajlaTaka, a Be3e Ka Camd-
HMM JIOKalljaMa YIOTIYIbYjy 6orar
CafpyKaj OBe JIOKalLuje.

Bex6ajMmo MaTeMaTHKy
http://www.ixl.com/

1
e ]
Third grade math

biace s list of all of the skills students lsarm in third grads) Thess skills are crgarized in
ver any 3kill name to view » sample question, To start practing, st dick on any link.
axromasically increase in difficity 23 you improvel

Division - skill builders

Mumbers and comparing
a1 2 in words

H.12 Divida by 12

Bexxbamwe MareMaTMKe MOXe
6utu 3abasuo! Cajr IXL.com omo-
ryhaBa HacTaBHUIIMMa U POJUTEIbU-
Ma fla IIpaTe HaIpefak CBoje fele 1
y4YeHNUKa ¥ [a MX MOTMBMIIY ITyTeM
MHTepaKTVBHUX WUrapa U KBU30Ba
KOjJ Cce Ha/Ia3e Ha CajTy.

CajT HygM IMHaMHUYKO OKpY-
Kemwe Koje CTUMY/IMIIE Y4eHUKe Ja
BeXx0ajy U Y)KMBajy Y MaTeMaTHUIIN.

O6pasoBHe payyHapcKe Urpe
http://www.abcya.com/

00606
sl Lt
e e i v
i i e

&8

] DAY, S, SN, 4SR0S
Doy games,

Kapga cy y muramy obpasoBHe
padyyHapcKe Urpe ¥ aKTUBHOCTU 3a
ocHOBLIe Ha uHTepHeTy, ABCya.com
je jeman op nmupepa. CBe 06pasoBHe
urpe cy 6ecrrarre. O6yxBaTajy 06-
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JIaCTM Kao HITO Cy: MaTe€MaTMKa, je-
3K, YMETHOCT 1 OCHOBE padyHap-
CKUX 3Hakba U BCUITMHA.

BecrratHe MaTeMaTHYKe Urpe
http://www.math-play.com/

MATH-PLAY.COM

Jurnranane urpe cy geuy u Miaa-
numa jo6po nosHare. Fbuxos aHrax-
MaH [P} UTPalby, Kao U MHTepaKuuje,
94eCcTO CTBApajy HOBe HAuyMHE y4erba
am ¥ noy4asama. [locmenmsux ro-
IMHA IUTUTATHE UTPE CY BUIIE HETO
paHje y LeHTPY HaXKibe UCTPaXKMBa-
Ya pasIMYUTUX Opoduia M HacTaB-
HMKA, /I jOII YBEK Ce HBJMa MHOTO
Bulle 6aBe 3aIIOC/IEHN Y MHAYCTPUjU
purutanHux urapa. Ha gatom cajry
MoxeMo Hahu 6ecrtaTHe MareMma-
TUYKE UTPe 32 OCHOBLiE KOje Cy pas-

BpCTaHe ITpeMa Y3pacTy, cafipXajy u
BPCTHU UTpe.

Hajnmocehenuje Be6-noxanmje
ca 06pa3OBHUM MaTeMaTUYKIM
urpama

OBPA30OBHE MATEMATHUYKE UTPE

HajcnoceheHmnjux :
cajToBa

http://www.mathchimp.com/
http://www.aaamath.com/
http://www.mathgametime.com/
http://www.coolmath4kids.com/
http://calculator.com/
http://www.numbernut.com/
http://www.toytheater.com/math.php

http://www.multiplication.com/
games/all-games

http://www.mathsisfun.com/index.
htm
http://www.arcademicskillbuilders.
com/

Yuu cno6ogHo Akagemuja
http://ucislobodno.com/

5678

[ - P

Yuu cnobogro je cajr ca Bupeo-
YIyTCTBMMA 3a pellaBaibe 3ajjaTa-
Ka U3 MaTeMaTMKe Ha 3aBPLIHOM JC-
HUTY, Tj. Manoj marypu. Cajr je npu-
BYKao IMaXXIby yYEHMKA ¥ POJUTEDA,
IITO yKa3yje Ha MOTpeby 3a 06pa3oB-
HJIM CajTOBJMa OBOT THUIIA.

gp Mupocnasa Puciiiuh

Yuuitiervcku daxynitiei,
Beoipag
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Teaching
Innovations

R

GENERAL INFORMATION

Teaching Innovations is a scientific periodical issued by the Teacher Education Faculty, University of
Belgrade. It includes theoretical and systematic review papers and original research papers related to sciences
and scientific disciplines dealing with the teaching process at all levels of pedagogical and educational work
with the aim of its improvement and modernisation. Teaching Innovations is intended to provide support to
researchers, and inspiration to practitioners to find optimal solutions and efficient strategies for introducing
innovations in pre-school, primary, secondary and tertiary education, including life-long learning.

The periodical is issued quarterly.

PAPER SUBMISSION GUIDELINES

The following categories of scientific papers are published in the Teaching Innovations periodical:

1. Original scientific paper (reporting previously unpublished results of the author’s original research
based on the IMRAD (Introduction, Methods, Results and Discussion) scientific method scheme);

2. Systematic review (presenting original, detailed and critical review of the issue under study including
the author’s personal contribution, proved by self-citation);

3. Short scientific paper (original scientific paper which summarises the results of one’s original research
work or work that is still in progress);

4. Review paper (the known findings and results of original research are presented with the aim of
spreading information and knowledge as well as their application in praxis).

Apart from scientific and review papers, the Teaching Innovations periodical publishes translations
of papers, informative reviews and general reviews (of books, computer programmes, educational software,
scientific events, etc.), as well as profession-related information.

Manuscripts should be sent by e-mail and are not returned. The electronic address of the editorial board
is: inovacije@uf.bg.ac.rs. Papers can be submitted in Serbian, English, Russian or French. Papers positively
assessed by the reviewers will be published in the Periodical in the language in which they were written. The
authors who want their paper to be published in a foreign language (English, Russian or French), must have it
translated into the language of their choice.




All papers are anonymously reviewed by two component reviewers. The author is obliged to inform
the editorial board in writing about any changes made in the text (number of the page which includes the
changes with all the changes highlighted) according to the reviewers’ comments and recommendations.
Upon that, the decision regarding publication is made, which the author is informed of within three months.

The paper submitted for publication should conform with the Teaching Innovations style sheet in order
to be taken into consideration for reviewing. Papers which do not comply with the outlined style sheet will
be returned to the author (authors) for revision.

STYLE SHEET

1. Font. The paper should be written in Microsoft Word, font Times New Roman size 12. Paragraphs:
font — Normal, spacing - 1.5, the first line automatically indented. (Col 1)

2. Volume. The full volume of systematic reviews and original research articles is up to 16 pages (36 000
characters); short scientific papers, critiques, polemics and discussions, as well as review papers or translated
papers up to 8 pages (about 15 000 characters); and event reports and short reviews up to 2 - 3 pages (about
3800-5600 characters). The editor has the right to accept longer papers if the research requirements are such.

3. General information about the authors. Name, middle name (initial only) and surname are given in
the heading, affiliation in the line below. The third line should include home address or Institution address and
the birth year (the birth year is not published, but it is used for paper classification at the National library of
Serbia). The author’s name should be accompanied with a footnote stating the author’s e-mail address. If there
are several authors, only one (preferably the first author’s) address should be provided. If the paper is based
on a doctoral thesis, the footnote should include the title of the thesis, place and faculty where the viva took
place. Papers resulting from research projects should include the project title and registry number, the funding
organisation and institution of its application. Position: left.

4. Title of the paper. Three lines below the name. Font: Times New Roman, 12, bold; position: centre.

5. Summary. It can be 150-300 words long, and should be given at the beginning of the paper, one
line below the title. It should state the aim of the paper, applied research methods, the most significant results
and conclusions. The editorial board provides translation of the summaries into English or translation of
extended summaries from other languages into Serbian. The editorial board does not provide translations of
full papers into foreign languages.

6. Key words. They are stated below the summary. There should be up to five words in italics, in standard
letters, separated by a comma (with a full stop behind the last one).

7. The text body. Papers should be written concisely, in a comprehensible style and in a logical order. Asa
rule, it includes the introductory part with a clearly stated aim or the main problem of the paper, description of
methodology, presentation and discussion of the results, and a conclusion with suggestions for further research
Or praxis.

8. References in the text. Literature used is referred to in brackets and included in the body of the
text, not in a footnote. Surnames of foreign authors used in the text body are quoted in the original form or
are phonetically transcribed in Serbian, accompanied by the original in brackets with the year of publishing



included. For example: Mejer (Meyer, 1987). If the paper was written by two authors, surnames of both are
stated; in the case of more than two authors, the surname of the first author is stated, followed by “et al.*

9. Citations. No matter how long, the citation should be followed by a reference to the page number.

10.Tables, graphs, schemas, pictures. Tables and graphs should be in Word or a similar compatible
programme. Each table, graph or schema must be comprehensible without reading the text, i.e. it must be
marked with an ordinal number, title and caption (not longer than one line) and the legend (explanation of
marks, codes and abbreviations). Pictures should be prepared in the electronic form in the 300dpi resolution
and jpg format. Tables, graphs, schemas and pictures should be inserted in proper places in the text. Showing
the same data in table and graph formats is unacceptable. Illustrations taken from other sources (books,
journals) must be quoted with the source. Apart from that, a written consent from the copyright owner should
be obtained and submitted to the editorial office.

11. Statistical analysis results. Results of statistical interpretations should be presented in the following
way: F=25.35, df=1,9, p< . 001 or F(1,9)=25,35, p< .001 (as common in the statistics of pedagogical and
psychological research).

12. Footnotes and abbreviations. Not allowed, except in special cases.

13. List of references. The end of the text should be followed by a list of references quoted in the text, in
alphabetical order and in the following way:

BOOK

Sahlberg, P. (2011). Finnish Lessons. What can the world learn from educational change in Finland? New
York: Teacher College Press, Teachers College, Columbia University.

PAPER IN A PERIODICAL

Haslam, A. A., Jetten, J., Postmes, T. and Haslam, C. (2009). Social Identity, Health and Well-Being: An
Emerging Agenda for Applied Psychology. Applied Psychology, 58 (1), 1-23.

CHAPTER IN A BOOK or REVIEW IN A BOOK OF PROCEEDINGS

Zgaga, P, Devjak, T., Vogring, J. and Repac I. (2001). National report - Slovenia. In: Zgaga, P. (ed.). The
Prospect of Teacher Education in South-east Europe (527-570). Ljubljana: University of Ljubljana, Faculty of
Education.

WEB DOCUMENTS

Kallestad, J. and Olweus, D. (2003). Predicting Teachers and Schools Implementation of the Olweus
Bullying Prevention Program: A Multilevel Study. Prevention and Treatment, Vol. 6, No. 2. Retrieved May 18,
2000. from www: http://www.vanguard.edu/psychology/apa.pdf.

The reference list should only include references cited in the text body or those analysed in a review
paper.

When the same author is cited several times, this should be done following the sequence of years in
which the papers were published. If several cited papers were written by the same author and published in the
same year, references should be marked by letters next to the year of issuance, for example 1999a, 1999b... Citing
unpublished works should be avoided.



NuoBamuje
y HaCTaBU

iR

Yaconuc JMHosayuje y Haciiaéu HAyIHY je 9aCOMNC KOju n3fiaje Yunre/bcku GakynTeT YHMBEP3UTETA y
Beorpany. ¥ meMy 06jaB/byjeMo TeopmjcKe, IIpeT/iefHe ¥ OPUTMHATHE UCTPAKMBAYKe pajioBe 13 HayKa U Ha-
YYHUX IUCIVMIUIMHA KOje TPeTHpajy HaCTaBHMU IIPOIleC Ha CBMM HMBOVMA BacIUTama 1 06pasoBama y IMby
HeroBor yHarnpehema 1 MogepHusanyje. Lus je na Muosayuje 6ymy moapIKa MCTpaXKMBAavMMa, a MHCIINPaA-
IMja MpaKTUYapyMa y IpOHa/IaKekhy ONTYMA/THIX pelllera 1 eUKacHUX CTpaTernja 3a yBoheme MHOBaIja y
HACTaBM Off IIPEIIIKO/ICKOT BaCINUTamha IPEKO OCHOBHOWIKOJICKE, CPEbOIIKOICKE Y YHUBEP3UTETCKE HACTABE
JI0 IIeTIOKVBOTHOT 06pasoBamba.

Yacomuc usnasy 4eTUpy IIyTa TOSUIIbE.

YIIYTCTBO AYTOPUMA

Y waconmcy JHosayuje y Hacitiasu 06jaB/byjeMO HaydHe WiIaHKe KOju IIpUIIajajy cinefgehnm kareropujama:

1. M3BOPHM Hay4IHY WiaHAK (Y KOMe ce M3HOCE IPETXOHO HeobjaB/beHN Pe3y/ITaTi COIICTBEHMX UCTPa-
XIBamwa HayuHUM MeTofoM npema memy IMRAD (Introduction, Methods, Results and Discussion));

2. IperiefHM HayYHY WIaHAK (paj] KOju Cafip)KVl OPUIMHAJIAH, leTa/baH Y KPUTUYKY NIPUKA3 VICTPAXKN-
BAYyKOT ITpo6ieMa y KOMe je ayTop ocTBapuo ofpeheH HonpruHoc, BUI/BUB Ha OCHOBY ay TOLIUTATA);

3. KpaTKy Hay4H! WiaHaK (M3BOPHU HAYYHU YIAHAK KOjU CaXKJIMa Pe3y/ITaTe M3BOPHOT MCTPAsKMBAYKOT
Jiena VIM fienia Koje je joIl y TOKY);

4. cTpyyHM 4TaHaK (Y KOMe Ce CAolIITaBajy I03HaTa Ca3Hamba M Pe3y/ITaTy U3BOPHUX MCTPAKUBAIbA, Ca
HaMepoM Inupera nHGopMaluja 1 ca3Hama, Kao 1 HhUXOBe IPYMeHe Y IPAKCH).

OcuM Hay4YHUX U CTPYYHUX PafioBa, y Yaconucy MHosayuje y Hacitiaéu 06jaB/byjeMo IpeBefeHe pajo-
Be, H(GOpPMaTUBHE IIPIUJIOTe I IIpMKa3e (KbIUra, padyHapCKUX IporpamMa, 06pa3oBHIX cOPTBepa, HAYIHIX [O-
rahaja u fp.), Kao 1 cTpy4yHe nHGOpPMaNHje.

Pyxomucu ce masby eneKTpoHCKOM IIomToM U He Bpahajy ce. EmexTpoHcka appeca pepmaxuuje je:
inovacije@uf.bg.ac.rs. Ayropu Mory nocnaTu pajjoBe Ha CpIICKOM, €HIIECKOM, PYCKOM MM PpaHIIyCKOM je3u-
Ky. CBU pafioBM Koju 0o0Mjy MO3UTHUBHE pelieH3uje 61he 06jaB/beHN y 4acOMICY Ha je3Ky Ha KOM Cy HaIlu-
caHM. YKOJIMKO ayTOpH Kefle fla paji Oye 06jaB/beH y YacoNuCy Ha CTPAHOM je3MKY (€HITIeCKOM, PYCKOM VN
(dpaHIyCKOM), HEOIIXOMIHO je fia ra IIpeBefly Ha je3VK KOoju Cy ofabpan.

CBM paioBU ce aHOHMMHO peLleH3MpPajy Off CTpaHe [iBa KOMIIETEHTHA pelleH3eHTa. AyTop je Ay>KaH fa y
NUCMeHO0j pOpMU peFaKLNjy YIO3HA Ca CBMM M3MeHaMa Koje je HAUMHMO Y TeKCTY (0poj cTpaHuIie Ha K0joj
ce Ha/Ta3y M3MeHa M 03HAYaBalbe MeCTa Ha KOMe je IpOMeHa U3BpIeHa), Y CKIafy ca mpuMeg6aMa u npe-



nopykama peneHsenara. Hakon Tora, ypehusauku on6op moHocn oryky o objaspusamy. O ToMe ob6aBemTa-
Ba ayTopa y POKY Off TP Mecela.

Paj nmpunoxxeH 3a o6jaB/puBame Tpeba ga 6yme mpuiipeM/beH peMa CTaHAapAMa Jacomca MHosayuje
Y Haciliasu Kako 6u 610 yK/bydeH y mpoLeaypy pelieHsnpamwa. Heogrosapajyhe npunpempenn pykonncu
6uhe Bpahenn ayropy (ogH. ayropuma) Ha gopagy.

CTAHJIAPIY 3A IIPUIIPEMY PAJTA

®onT. Pay Tpeba ga 6yze HanmcaH y TeKCT mpouecopy Microsoft Word, ponTom Times New Roman, Be-
ymanHe 12 Tavaka. [Taparpadu: ¢pont — Normal, mpopep — 1.5, npBu pep — yByden ayromarcku (Col 1).

O6uMm. IIpernenun 1 NCTpa>KMBAYKY PajoBU MOTY OUTH Ty>KMHe [0 jefHOT ayTopckor Tabaka (16 crpa-
Ha, 0ko 36.000 3HaKOBa), KPaTKM HayYHN YWIAHIY, KPUTHKE, II0IEMIKe U OCBPTM, KO I CTPYYHU U ITpeBefieHN
panoBu o 8 crpana (oko 15.000 3HaKOBA); M3BeLITAju U IpUKa3u [0 2-3 crpane (mpubmmxuao 3800-5600 3Ha-
KOBa). YpeHNK 3aJp>KaBa IIpaBo ja 00jaBu 0OMMHMje pafioBe KajJja M3pakaBalbe HAYYHOT Cafip)Kaja 3axTeBa
Behu npocrop.

Omurty nogany o ayropuma. Vime, cpeibe C10BO 1 IIpe3yMe ayTopa HABOAIM ce Y IPBOM Pefiy, a Y clle-
nehem ce maje mHCTUTYIMja Y KOjoj pazu. Vicrion Tora Tpeba HaBeCTH afipecy CTaHOBamwa MM MHCTUTYLje ¥
KOjOj je ayTop 3aIloc/ieH 1 rofuHy pohema (rogyHa pobhema ce He 06jaBibyje, ami ce KOPUCTY IPYIIVKOM KJIa-
cudukanyje pagosa y Haponnoj 6ubmorenn Cpbuje). ITosunyja: left. Ilopen cBor numena aytop nonaje dyc-
HOTY, y UMjeM Caip>kajy Ha JHY CTpaHMIle HaBOZIU CBOjy eJIEKTPOHCKY afpecy. AKo je ayTopa Buille, Tpeba gaTu
CaMo aJipecy jeflHOT, OOMYHO IMPBOL. YKOIMKO paj MIOTHYe 13 JOKTOPCKe AucepTranuje, y GycCHOTH y3 HACIOB
Tpeba a CTOju U Ha3WB Te3e, MeCTO U (aKyITeT Ha KojeM je ofbpameHa. 3a pajjoBe KOjy IIOTUYY M3 ICTPAXKN-
BauKMX IpojeKkara Tpeba HaBeCTV HasyuB U OPOj IpojeKTa, pMHAHCKjepa M MHCTUTYLM)Y Y KOjoj ce peanusyje.

Hacnos papma. Tpu pena ucniog nmena. ®@ont: Times New Roman, 12, bold; nosunnja: center.

Pesume. Moxe 6utu gyxnne 150-300 peun, Hamasy ce Ha MOYETKY Pajia, jefaH pex UCIOJ HACTIOBa.
Cagpxy nwb pafia, IpUMembeHe MeTOfe MCTPaK/Bama, Haj3HAYajHIje pe3ylTaTe M 3aK/bydke. Pegakiuja
00e36ehyje mpeBolheme pe3nmea Ha eHITIECKH je3UK WM NpeBolerbe MPOLIMPEHNX pe3nMea ca IPYTUX je-
3MKa Ha CPIICKH je3uK. Penakiinja He 06e36ebyje mpeBof pagoBa y Le/IMHM Ha CTPaHe je3NKe.

Kipyune peun. HaBope ce n3a pesumea. Tpeba na ux 6yfe fo meT, NIy ce UTAINK CTAaHAAPFHNUM CIIO-
BIJIMa U OJJBOjeHe Cy 3ape3oM (113a IOCTIeNibe CTOjU TauKa).

OcHOBHU TeKcT. PajjoBe Tpeba mycaty jesrpoBUTO, pa3yM/BMBUM CTUIOM U JIOTMYKUM pefioM. OH, 110
IpaBWIY, YK/by4yje YBOIHU Jieo, KOju Ce 3aBpluaBa ofpehemeM mmba iy npobiaemMa pajia, Omnmuc MeTOROTIO-
ruje, IpUKa3 fo0VjeHNX pe3y/ITara, AUCKYCHjy pe3y/ITaTa 1 3aK/by4aK ca IpelopykaMa 3a Jja/ba UCTPAKUBaba
WIN 32 TIPAKCY.

Pedepenne y rekcry. Ha murepatypy ce ynyhyje y 3arpagm y camoM TekcTy, a He y dycHOTH. VIMeHa cTpa-
HJX ayTOpa Yy TeKCTY Ce HaBOJe Y CPIICKOj TpaHCKpunuuju (mpema oapenbama y Baxehem IIpaBonucy), a 3aTum
ce y 3arpajy HaBOAM M3BOPHO, Y3 TOAMHY IybnukoBama paja. [Ipumep: Mejep (Meyer, 1987). Kaga nmocroje nBa
ayTopa pajia, HaBoJe ce IIpe3NMeHa 00a, JOK ce y cy4dajy Beher 6poja ayTopa HaBOfu Ipe3uMe IpBOT U ckpahe-
HMIIA ,,V cap. YKOJIMKO je ped O pajly Ha CPIICKOM, MIIN et al.“ YKO/IUKO je ped o pajiy Ha CTPaHOM je3UKY.

IIurarn. Caky nurar, 6e3 063upa Ha AyX1HY, Tpeba ga nparu pedepena ca 6pojem crpane. [Ipumep:
(Meyer, 1987: 38).



Ta6erne, rpadpukony, cxeme, cmke. Tpeba ja 6yny caunmenn y Word-y niy HeKOM BbeMy KOMIaTnomi-
HOM 1nporpamy. Tabere 13 cTaTucTMYKMX nakeTa Tpeba ,,npebanutn” y Word. Caxa Tabena, cxema, C/IuKa 1
CBaKM rpapuKOH MOpajy OMTH pasyM/bUBY U 6€3 YMTamba TeKCTa, OFHOCHO, MOPajy UMATy pefHM 6poj, HaCIoB
(mpenm3aH, He Ty>X) Off jeSHOT pena) 1 nereHAy (objalrmera 03HaKa, mudapa u ckpahennna). Cnuke Tpeba
IPUIIPEMUTH Y eIEKTPOHCKOj popMu ca pezonynujom of 300dpi n y popmary jpg. Taberne, cxeme, cimke u rpa-
¢ukonu Tpeba ga 6yny pacnopehenu Ha ofrosapajyha mecra y Tekcty. [IpukasuBame 1cTuX nogaraxa rabe-
JTapHO U TpadMYKY HUje IPUXBAT/bMBO. 3a MIyCTpalje Ipey3eTe U3 JPYIuX M3Bopa (KIBNUIa, YacoIca) ayTop
je myaH fa ymyTu Ha u3Bop. OcuM Tora, HoTpeOHO je ja mpubaBy 1 JOCTABU pefaKIVji MICMEHO ofo0pembe
BJIACHMKA ay TOPCKIUX IIpaBa.

Pesynraru craructimake obpange. Tpeba a 6yny matu Ha cnepehm Haunn: F=25.35, df=1,9, p<.001 wn
F(1,9)=25,35, p<.001 (kxako je yoOu4ajeHO y CTaTUCTUIV MeJAarOIIKIX U IICUXOTOLIKVX UCTPA>KMBAIbA).

®ycHote u ckpahennue. Hucy no3BorbeHe, 0CMM y M3y3eTHUM CITy4ajeBUMa.

Crucak mureparype. Ha kpajy TekcTa Tpeba IpUIOKNUTY CIIUCAK IuTeparype (1o a30y4HOM pefy ako
je panm mycaH hupummioM, OLHOCHO HO abellefHOM pefly aKo je paji MUCaH TaTUHUIIOM) Ha clefiehn HaumH:
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Y cnucky nureparype HaBofe ce caMo pedepeHIie Ha Koje ce ayTop MO3MBa WIH KOje je aHaInu3nupao
Y IIperiefHoM YIaHKY.

Kapa ce nctut ayTop HaBOAM BUIIIe ITyTa, IIOIITYje Ce PEfOCTIE] TOAMHA Y KOjuMa Cy PafjOBM IIyO/IMKOBa-
HI1. YKO/IMKO ce HaBopu Behu 6poj pafioBa MCTOr ayTopa Iy6/IMKOBaHNX y MCTOj TOVHM, pajjoBu Tpeba fa 6yay
O3HaYeHU CTIOBMMA Y3 TOAMHY Usfama HIp. 1999a, 19996... HaBoheme HeobjaB/beHMX pafioBa HIje IOXKE/BHO.


https://www.researchgate.net/publication/271522147
https://www.researchgate.net/publication/280881789

	Покорица Часописа 

	Journal outer layer 

	Реч уредника 

	Word of editor-in-chief 

	Special Issue / Темат

	CONTENTS 3 /14 

	САДРЖАЈ  3 /14 

	Word of guest editor 

	Уводна реч гостујућег уредника 

	01  Dejić &  Mihajlović 

	02 Czarnocha
	03  Lawrence 

	04 Mailizar, Alafaleq & Fan 

	05 Ueda, Baba & Matsuura  

	06  Pjanić 

	07  Gortcheva 

	08  Nikolić 

	09  Massa Esteve 


	10 Book Review 

	Приказ 


	11 Future international conferences 

	12 Mathematics education and popularization of mathematics 

	13 Useful web-locations 

	 Корисне веб локације  


	14 
Paper Submission guidelines  
	Упутство ауторима 





