THE RELATIVE HELLER OPERATOR AND RELATIVE
COHOMOLOGY FOR THE KLEIN 4-GROUP.

JONATHAN ELMER

ABSTRACT. Let G be the Klein Four-group and let k be an arbitrary field of
characteristic 2. A classification of indecomposable kG-modules is known. We
calculate the relative cohomology groups H. ;VC(G7 N) for every indecomposable
kG-module N, where x is the set of proper subgroups in G. This extends work
of Pamuk and Yalcin to cohomology with non-trivial coefficients. We also show
that all cup products in strictly positive degree in H} (G, k) are trivial.

1. INTRODUCTION

Let G be a finite group and k a field of characteristic p > 0. If p }|G|, then every
representation of G over k is projective. Thus, by decomposing the regular module
kG we can obtain all isomorphism classes of kG-modules immediately.

From now on assume p||G|. Then the above is no longer true. However, it is
well-known that, given a kG-module M, we can find a projective module Py and a
surjective kG-morphism

o - Po — M.
If we choose Py and 7y so that Py has smallest possible dimension, then this pair
is unique, and known as the projective cover of M. The kernel of 7y is denoted
Q(M). This is known as the Heller shift of M. Q(—) can be viewed as an operation
on the set of kGG-modules which takes indecomposable modules to indecomposable
modules.

This construction can be iterated. For each i > 0, let m; : P; — Q!(M) be the
projective cover of Q'(M). By composing these maps with the inclusions Q¢(M) —
P;_1, we obtain an exact sequence

(1) .P—>P_1—...>FP—M-—0.

This is an example of a projective resolution for M. If N is any kG-module,
then the above induces a complex

O%Hom]kc(Po,N) — ... —)HOIH]kG(Pi,N) — ...

which is not exact in general. The homology groups of this complex are by
definition the groups Exty (M, N). A special case is

HY(G,N) := Extis(k, N).
We call this the cohomology of G with coefficients in N.

There is a long and fruitful history of study of the cohomology groups H(G, N)
in modular representation theory. Further, one may define a pairing

—: HY(G,k) ® H (G, k) — H™(G,k)

Date: September 10, 2021.

1991 Mathematics Subject Classification. 20J06,20C20.

Key words and phrases. cohomology of groups, relative cohomology, modular representation
theory, cup product.

1



2 JONATHAN ELMER

which gives H*(G,k) the structure of a graded-commutative graded ring. A cele-
brated theorem of Evens (see [3, Theorem 4.2.1]) states that, for any G, the ring
H*(G, k) is finitely generated.

Now let x be a set of proper subgroups of G. A kG-module M is said to
be projective relative to x if M is a direct summand of ®xe, M 1x1¢. Other
equivalent definitions will be given in section 2. It is less well-known, but still true,
that every kG-module has a unique relative projective cover with respect to x. This
is defined to be a kG-module @)y of smallest dimension such that

(1) Qo is projective relative to x;
(2) There is a surjective kG-morphism 7y : Qo — M which splits on restriction
to each X € x.

The kernel of 7y is denoted Q, (M) and called the relative Heller shift of M with
respect to x. We can mimic the construction of (1) to obtain a relative projective
resolution of M, that is, an exact sequence

(2) ...QZ‘—>Q1‘,1—>...—>Q0—>M—>O.

of kG modules which are projective relative to x and in which the connecting
homomorphisms split over each X € x. Given any kG-module N, the above induces
a complex

0— Homkg<Q0,N) — .. Homkg(Qi,N) — ...

which is in general no longer exact. The homology groups of this complex are
by definition the relative Ext-groups Ext]]iG’X(M ,N). The relative cohomology of
G with respect to x with coefficients in N is the special case

H} (G,N) := Extq , (k, N).
Further, one may define a pairing
—: H} (G,k) ® H (G, k) — H;ﬂ (G,k)
which gives H;(G, k) the structure of a graded-commutative graded ring.

Computations of H} (G, N) are rare in the literature. It is notable that the ring
H}(G,k) is not finitely generated in general. This was first discovered by Blowers
[4], who showed that if G; and G2 are finite groups of order divisible by p, and
X1, X2 are sets of subgroups of G1, Gy respectively with order divisible by p, then
all products of elements of positive degree in H (G, k) are zero, where G = G x G
and x = {G1 x X : X € x2} U{X X G3: X € x1}. See also [5].

For the rest of this section, let G = (o, 7) denote the Klein four-group, and let
k be a field of characteristic 2. We set x = {Hy, Ha, H3}, the set of all proper
nontrivial subgroups of G, where Hy = (o), Hy = (1), H3 = (o).

The cohomology groups H;(G ,k) were computed, by indirect means, by Pamuk
and Yalcin [10]. In the present article we recover their result, and also compute
H;(Gﬂ N) for any kG-module N. Our methods are more direct; we compute an ex-
plicit relative projective resolution for each IN. Of course we are helped enormously
by the fact that the representations of G are completely classified. Our first main
result is:

Theorem 1. Let M be an indecomposable kG-module, which is not projective rel-
ative to x. Then we have

if M has odd dimension, and

otherwise.
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The ring structure of H (G, k) was not considered in [10]. Note, however, that if
X' is a subset of x with size 2, then all products in H, (G, k) are zero, by a special
case of Blowers’ result. It is perhaps not surprising, therefore, that we have

Theorem 2. Let oy, an € H;(G, k), where both have strictly positive degree. Then
a1~ Qg = 0.

This paper is organised as follows. In section 2 we define relative projectivity
and derive the results we will need to do the computations in later sections. This
section follows [9, Section 2] fairly closely. As most proofs can be constructed by
adapting familiar results on projectivity to the relative case, they are omitted. In
section 3 we describe the classification of modules for the Klein-four group and
prove Theorem 1. We also compute H;'((G7 N) for every kG-module N and prove
Theorem 2.

1.1. Notation. All groups under consideration are finite groups, and for any group
G, by a kG-module we mean a finitely-generated k-vector space with compatible
G action. The one-dimensional trivial kG-module will be denoted by k¢ or simply
k when the group acting is obvious, and for n € N and M a kG-module we write
nM for the direct sum of n copies of M.

Acknowledgements. Thanks to an anonymous referee for some helpful sugges-
tions.

2. RELATIVE PROJECTIVITY

In this section, let p > 0 be a prime and let G be a finite group of order divisible
by p. Let k be a field of characteristic p and let x be a set of subgroups of G. Now
let M be a finitely generated kG-module. M is said to be projective relative to x
if the following holds: let ¢ : M — Y be a kG-homomorphism and j: X — Y a
surjective kG-homomorphism which splits on restriction to any subgroup of H € ¥,
then there exists a kG-homomorphism 1 making the following diagram commute.

M
¢
¢
k/ ]
X Y 0

Dually, one says that M is injective relative to x if the following holds: given an
injective kG-homomorphism ¢ : X — Y which splits on restriction to each H € x
and a kG-homomorphism ¢ : X — M, there exists a kG-homomorphism ¢ making
the following diagram commute.

0 X Y
o
e
M

These notions are equivalent to the usual definitions of projective and injective
kG-modules when we take x = {1}. We will say a kG-homomorphism is y-split if
it splits on restriction to each H € y. Since a kG-module is projective relative to
H if and only if it is also projective relative to the set of all subgroups of H, we
often assume Y is closed under taking subgroups.
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We denote the set of G-fixed points in M by M%. For any H < G there is a
kG-map MH — MSC defined as follows:

% (z) = Z ox

oces

where z € M and S is a left-transversal of H in G. This is called the relative trace
or transfer. It is clear that the map is independent of the choice of S. If H =1
we usually write this as Tr and call it simply the trace or transfer. For any set of
subgroups x of G we define the subspace

MEX =" Teg (M)
Hex
and quotient
MG' o MG
X MG,X :
Now let N be another kG-module. We can define an action of G on Homy (M, N):

(9-9)(x) = go(g~"x) for g € G,z € M.

Notice that with this action we have Homy (M, N)¢ = Homyg (M, N). Further, the
transfer construction gives a map

% : Homy g (M, N) — Homyq (M, N).
There are various ways to characterize relative projectivity:

Proposition 3. Let G be a finite group of order divisible by p, x a set of subgroups
of G and M a kG-module. Then the following are equivalent:
(i) M is projective relative to x;
(ii) Ewvery x-split epimorphism of kG-modules ¢ : N — M splits;
(iii) M is injective relative to x;
(iv) Ewvery x-split monomorphism of kG-modules ¢ : M — N splits;
(v) M is a direct summand of ®pe, M Iyt
)

(vi) M is a direct summand of a direct sum of modules induced from subgroups
m X

(vil) There exists a set of homomorphisms {8y : H € x} such that By €
Homy (M, M) and Y ., T (Bur) = idas.

The last of these is called Higman’s criterion.

Proof. The proof when x consists of a single subgroup of G can be found in [2,
Proposition 3.6.4]. This can easily be generalised. (]

For homomorphisms o € Homgg (M, N) we have the following:
Lemma 4. Let M, N be kG-modules, x a collection of subgroups of G, and o €

Homgg (M, N). Then the following are equivalent:

(i) « factors through ©pe,M LutC.
(ii) « factors through some module which is projective relative to x.
(i) There exist homomorphisms {Bg € Homyy(M,N) : H € x} such that

o= EHeX Trg(ﬂH)'
Proof. This is easily deduced from [2, Proposition 3.6.6]. O

The above tells us that Homy (M, N)¥X consists of the kG-homomorphsims
which factor through a module which is projective relative to xy. We write

Hom, (M, N) := Homy (M, N)$.
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Let M be a kG-module and let X be a kG-module that is projective relative to
x- It is easily shown, using Proposition 3, that M ® X is projective relative to .
For example, the module M ® X where X = @HEX ky 1€ is projective relative to
x- Moreover, with X as defined above, the natural map o : M ® X — M given by

clm@z)=m

is a x-split kG-epimorphism (to see the splitting, use the Mackey Theorem). It
follows that for each M, there exists a kG-module Q)¢ which is projective relative
to x and a x-split kG-epimorphism g : Qg — M.

Let mg : Qo — M and 7, :— Q{ — M be two such pairs. The proof of Schanuel’s
Lemma (see [2, Lemma 1.5.3, Lemma 3.9.1]) extends more or less verbatim to the
relative case; if Ky = ker(mp) and K| = ker(w() then Ko ® Qf = K @ Qo.

If we choose among all such pairs, one in which the dimension of @)y is minimal,
the kernel Ky is defined uniquely. This pair (Qq, 7g) is called the relative projective
cover of M. For this choice we set Q, (M) = K. We can interate this construction,
setting QF (M) = Q, (@' (M)). Minimality implies that if K{ is the kernel of any
other x-split kG-epimorphism Qf — M, then Kj = Q, (M) & (rel.proj), where
(rel. proj) is some module which is projective relative to x.

Dually, we always have that M is a submodule of M ® X with X = @Hex kg 1,
and the inclusion p : M — M ® X splits on restriction to each H € x. It follows
that for each M, there exists a kG-module Jy and a y-split kG-monomorphism
po: M — Jy.

Let po : M — Jo and pj : M — J| be two such pairs. Again, by the relative
version of Schanuel’s Lemma, if Cy = coker(rw) and Cj) = coker(n()) then Cy @ J§ =
CL® Jp.

If we choose among all such pairs, one in which the dimension of Jy is minimal,
the cokernel Cj is defined uniquely. The pair (Jy, po) is called a relative injective
hull of M with respect to x. For this choice we set Q '(M) = Co. We can
iterate this construction, setting Q*(M) = Q;l(Q;(%l)(M)). Minimality implies
that if C{ is the kernel of any other x-split kG-monomorphism M — Jy, then
Cy = Q1 (M) & (rel.proj), where (rel. proj) is some module which is projective
relative to y.

The following gives some properties of the operators Q;C

Proposition 5. Let M7, My be kG-modules without summands which are projective
relative to x, and i,j nonzero integers. Then:
(i) (M, © M) = QL (M) & Q4 (My);
(ii) 5 (M)" = Q7 (M");
(ili) M = Q (1 (M))® (rel. proj) = Q (0 (M))® (rel. proj.).

Lemma. O

(i) above shows that Qgc is a well-defined operator on the set of indecomposable
kG-modules which are not relatively projective to x. Note that (iii) does not say
that €, o Q' is the identity in general. If we define QJ(M) to be the direct
sum of all summands of M which are not projective relative to x, then we have
Qi = Q; o Qg( for all ¢ and j.

The following result is sometimes useful.

Lemma 6. Let M be a kG-module which is projective relative to a set x of subgroups
of G. Then ME =3, . TrG(MH).

Proof. See [9, Lemma 2.9] O
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As a consequence of the above, if M = N&@ (rel. proj.), we get that Mf = Ng.
The operators Q; extend in a natural way to homomorphisms between modules.
Let f € Homygg(M,N). Let (Q,7),(Q',n") be the relative projective covers of
M, N. Then the relative projectivity of () ensures the existence of a homomor-
phism f € Homys(Q, Q') making the following diagram commute

0y (M) Q u M 0
Q. (V) o m N 0

and an easy diagram chase shows that the image of Q, (f, H=f |ker(x) is con-
tained in ker(7’). In this way, f induces a homomorphism

QX(fa f) € HomkG<QX<M)’ QX(N))

Moreover, this homomorphism factors through a relative projective if and only if f
does so.

The homomorphism €, (f, f) depends, as the notation suggests, on the choice
of f in general. However, if f and f € Homy(Q, Q') are both homomorphisms
making the diagram commute, then one can show that

QX(fvf)_QX(faf)

factors through a relative projective.
For a given homomorphism f : M — N, denote by [f] its equivalence class in
Hom; (M, N). By the discussion following Lemma 4, the equivalence class

[ (f, £)] € Homg (4 (M), 2, (N))

does not depend on f, so we write this as Q,[f]. In this way, we obtain a well-
defined homomorphism

Qy : HomX.(M, N) — Hom;.(Qy (M), Qy (N)).

In a similar fashion, let (J, p), (J’, p’) be the relative injective hulls of M, N re-
spectively. Then relative injectivity of J’ ensures the existence of a homomorphism
f € Hom(J, J') making the following diagram commute,

Q. (M) J P M 0
O | il /
Q;l(N; }' P N 0

and a diagram chase shows that f induces a homomorphism

QM (f, f) € Hom(Q ' (M), Q1 (N)).

Moreover 2 L(f, f) factors through a projective if and only if f does so, and
although L(f, f) depends on the choice of f in general, the equivalence class
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Q1 (f, f)] depends only on f, so we write it as Q;'[f]. Thus, we obtain a well-
defined homomorphism

Q' HomX, (M, N) — Hom; (Q ' (M), Q (V).

One can show further that, for [f] € Hom, (M, N) we have

1] = 9" [f] = 205 (),
which justifies the following:

Proposition 7. For alli € Z, Q;(f) induces an isomorphism
Hoim]ifG(M, N) = mﬁG(QQ(M)vQ;(N))

As explained in the introduction, the idea of a relatively projective cover can be
extended to a relatively projective resolution; that is, an exact complex

(3) 2 Qi 2 Qi1 — ... > Qo> M =0

of relatively projective modules in which the connecting homomorphisms split over
x. If

(4) Q= Qi — . Q> M =0

is another relatively projective resolution, then it turns out that any two chain
maps between them are chain homotopic (see [2, Theorem 3.9.3] for the version
with x consisting of one subgroup - the proof of the more general version is the
same). Consequently, for any kG-module N, the homology groups of the induced
complex

0— HomkG(QO,N) — .. Homkg(Qi,N) — ...
are independent of the choice of resolution. The homology groups of this complex
are by definition the relative Ext-groups Extys (M, N). The relative cohomology
of G with respect to x with coefficients in N is the special case
H.(G,N):=Extis (k,N).

We will use a minimal relative projective resolution of the trivial module to
compute relative cohomology; that is, a relatively projective resolution

(5) —)Qlal—_gQZ,l—)a#Qoﬁk—)O

in which ker(d;_;) = Q! (k). We can construct this by taking for each i a short
exact sequence

i+1 5 T Oyi
0— Q7 (k) = Qi = Q5 (k) =0
and setting 0; := p;m;11. For each i let

6; : Homy (Qi, k) — Homue (Qit1,k)
denote the map induced by 0;.
Our main tool will be the following:

Proposition 8. Let N be a kG-module. Then we have
(i) HY(G,N) = N;
(ii) Hi(G,N) = Hoimgc(fli(k),N).

The proof is the same as in the case y = {1}, but we give a sketch for lack of a
good reference to this proof.



8 JONATHAN ELMER

Proof. We first show that for each i > 0,
ker(d;) = Homgg (Q; (k), N).

To see this, let ¢ € ker(d;) C Homya(Q;, N). For x € Q;(k), choose ¢ € Q;
such that 7;(¢) = « and define (;B(x) = ¢(q). Then b € Homkg(Q;(k, N)). The
assignment ¢ — ¢ is well-defined: for if ¢ € Q; with 7i(¢') = = and qg(x) = ¢(q"),
then since ¢ — ¢’ € ker(m;) we get ¢—¢' € im(9;) and ¢(q¢—¢') = 0 since ¢ € ker(d;).
Conversely, given ¢ € Homyg (€2 (k), N) we can define b= ¢om € ker(d;). It's
easy to see that the two assignments are inverse to each other.

This in particular shows that (i) holds, since Homyg (k, N) & N“. We now show
that im(8;_1) consists of the homomorphisms in Homyg(Q¢(k), N) which factor
through a module which is projective relative to x. To see this, first suppose
¢ € im(d;—1) € Homge(Qi, N), say ¢ = ¢ o 9;—1 where ¢ € Homga(Q;—1,N).
Then with z € € (k) and q, ¢ as before we note that

b opi—i(x) =P opiromilq) =1 odi(q) = dlq) = dlx)

which shows that gﬁ factors through the module @;_; which is projective relative to
x- Conversely, if ¢ € Homkg(Q;, k) factors through any module which is projective
relative to y, then it factors through @;_1, because p;_; is injective and @;_1 is
also an injective module with respect to x by Lemma 3.

O

One can define a pairing —: H. (G, k)@ H{ (G, k) — H*7 (G, k) in a few different
ways. On the one hand, elements of Hy(G,k) = Extyq , (k k) can be viewed as
equivalence classes of extensions of k by k split over y, and the usual Yoneda splice
gives the required pairing; see [2, Section 2.6,3.9] for details in the case x consisting
of only one subgroup. Some other constructions in the case x = {1} are given
in [6], and all of these extend in a natural way to arbitrary x. Happily, all these
methods give the same construction. In the present article we will use the following
construction: recall that

H, (G, k) = Homy, (2 (k), k).
Similarly
(G, k) = Homl (€, (k). k) = Homle, (07 (k), 24 (k)
with the second isomorphism arising from Proposition 7. Therefore we may define a
product as follows: for o € H} (G, k) and 8 € H} (G, k) choose f € Homg (2} (k), k),
g € Homyg (€, (k), k) respresenting a, 3 respectively. Then Q! (g) € Homya (Q (k), Q2 (k)),
so that
foQ(g) € Homyua (U (k), k).
We take a — ( to be the cohomology class represented by f o Q;(g) This is
called the cup product of o and /3.

3. REPRESENTATIONS OF (5 x (9

In this section, let G = (o, 7) denote the Klein four-group, and let k be a field of
characteristic 2 (not necessarily algebraically closed). We set x = {H1, Ha, H3}, the
set of all proper nontrivial subgroups of G, where Hy = (o), Hy = (1), H3 = (o).

Let X :=0—-1€kG,Y :=7—-1€kG. Then X? =Y? =0, kG is isomorphic
to the quotient ring

R:=Kk[X,Y]/(X?Y?),
and kG-modules can be viewed as R-modules. We will describe R-modules by
means of the diagrams for modules popularised by Alperin in [1]. In these diagrams,
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nodes represent basis elements, and two nodes labelled a and b are joined by a south-
west directed arrow if Xa = b, and by a south-east directed arrow if Ya = b. If no
south-west arrow begins at a then it is understood that Xa = 0, similarly for Y.

Our statement of the classification of kG-modules resembles that found in [7],
which is based on calculations first found in [8]. We recommend the former reference
as an easily accessible proof.

Proposition 9. Let M be an indecomposable kKG-module. Then M is isomorphic
to one of the following:

(1) The module ‘én+1 n > 0), wzth odd dimension 2n + 1 and diagram

NN

(2) The module V_(25,41y (n > 0), with odd dimension 2n + 1 and diagram

al Gnp
bO b1 bn—l bn

Note that Vi = V_1 =2 k, with trivial G-action, but otherwise these
modules are pairwise non-isomorphic.
(3) The module Vay, o, (n > 1), with even dimension 2n and diagram
an—1

NN

(4) The module Va, 9, (n > 1), with even dimension 2n and diagram,

Here, 9(x) =>", )\ix"’i is a power of an irreducible monic polynomial
with coefficients in k and the dotted line labelled by 0 indicates that Xa, =

o Aibi
(5) The projective indecomposable module P, with dimension 4 and diagram
a
by bo
c

The following, also taken from [7], may be proved directly from the classification
above.

Proposition 10. Let M be an indecomposable kKG-module. Then we have

(1) M =2 M* if M is even-dimensional.
(2) M* = V_(2541) if M = Vauyy is odd dimensional.
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(3) M* = Vopyr if M = V_(2,41) is odd-dimensional.

Clearly (3) follows from (2) above, but we include it for completeness. In addi-
tion,

Proposition 11. Let M be an indecomposable kG-module. Then we have
(1) QM) = M if M is even-dimensional.
(2) Q7 HM) = V_(ap43) if M =2 V_(2,11) is odd dimensional.
(3) QUM) = Vopgs if M = Vayiq is odd-dimensional.

Again (3) follows from (2) when we take into account that Q(M)* = Q=1 (M*)
in general.

3.1. Relative shifts. The goal of this subsection is to prove Theorem 1.

Among the indecomposable kG-modules listed in the previous section, only four
are projective relative to x. These are the projective indecomposable P, and the
three modules V3 oo, V2, and Vo ;1. Here the last two are the indecomposable
modules V3 g where §(z) is the monic irreducible x or x +1 € k[z]. Note that 7 acts
trivially on V3 o« = kg, TG, while ¢ acts trivially on Vo, = kg, TG and o7 acts
trivially on Vo o1 = kg, 1G . As these three play in important role in what follows,
we denote them by Q,, Q, and Q.. respectively. We set Q = Q, ® Qr D Qor-

We begin by considering odd-dimensional modules.

Lemma 12. Let n > 0:

(1) The relative projective cover of V_ (2541 is Q @ nP.
(2) We have QX(V—(QTL-‘,-l)) = V_(2n+5).

Proof. Let M = V_(3,,41) and let m : N — M be its relative projective cover with
respect to x. N must decompose as a direct sum of modules of the form P, @,
QT and QO’T‘

Let a1,as,...,a,,b9,b1,...,b, be abasis of M, with action given by the diagram
as in Proposition 9. Since 7 is a surjective kG-map and no a; is fixed by any element
of G, the same must be true of their unique pre-images. The modules @, @, and
Q. all have non-trivial kernels. Therefore N contains at least n copies of P.

On the other hand, we have, for any 1,

(6) M |, =2 ku, ® nkH;

The restrictions to Hy of P, @, and Q,, contain no trivial H;-summands. So NV
must contain a direct summand isomorphic to @, if 7 is to split on restriction to H;.
A similar argument (restricting to Hay, H3) shows that N must contain summands
isomorphic to @) and Q.

We will construct a surjective kG-homomorphism @ @ nP — M. The following
diagrams label the basis elements:

L1 T2 3 w1 Wn,
\\ / i : 1 Y1 - Tp
S1 S92 S3
Qo Q- Qor ¥ Y

(the diagram for @), is not as described in Proposition 9, but makes sense, because
Xa; = Yay = by in this case). We now define a linear map 7 : Q ® nP — M by

o m(w;)=a; fori=1,...,n.

o w(x;)=bi_qfori=1,...,n

o m(y;)=0b;fori=1,...,n.
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e (z;)=0fori=1,...,n.
e m(s;)=0fori=1,2,3.

e 7w(ry) =7(r3) = ag.

o 7w(ry) = ay,.

The reader should check that 7 is a kG-homomorphism. The kernel of 7 is
spanned by

{zi:i=1,...,n}U{s1, 82,83 U{a; +yi—1: 1 =2,...,n}U{x1+7,21+73,Yn+72}.

It has dimension 2n + 5, and the fixed-point space within this module is spanned
by {z1, 22, ..., 2n, 81, S2, 83}, 80 it has dimension n 4 3. It is easily checked that no
element of the kernel outside of the fixed-point space is fixed by any subgroup H;.
Therefore

ker(m) dg, =2k, ® (n + 2)kH;

for any ¢. This, combined with (6) and the fact that
(Q®nP) {y,~ 2ky, ® (2n+ 2)kH;
shows that 7 splits on restriction to any H;. The construction ensures the min-
imality of Q @ nP, so Q@ @ nP = N, proving (1). Further, Q, (M) = ker(m),
and the classification of kG-modules, together with the fact that ker(w) must be
indecomposable, implies that ker(m) = V_ (5,15, proving (2). O
The following follows immediately from the above using Propositions 10 and
5(3).
Lemma 13. Let n > 0: Then we have Qy(Vi2n45)) = Viont1)-
To complete the picture for odd-dimensional modules, it remains only to show
that
Lemma 14. Let M =2 V3. Then:
(1) The relative projective cover of M is Q;
(2) We have Q,(M) = V_3.

Proof. We have M | g, = kg, ®kH;, for i = 1,2, 3, so once more the projective cover
must contain a summand isomorphic to ). We shall construct a kG-homomorphism
m:Q — M. We retain the notation for a basis of () used in Lemma 12; a basis for
M is {ag, a1,b1} with action given as in the classification.

Define:
e 7w(ry) =agp
o 7w(re) =ap
e 7(rs) =ap+ a.
o 7(s1) =7(s2) = m(s3) = by.

The reader should check this is a kG-homomorphism. The kernel of 7 is spanned
by {s1 + s2,82 + 83,71 + 2 + 73}, and the fixed-point space of the kernel is two-
dimensional, spanned by {s; + s3, s2 + s3}. Noting that
X(Tl +T2 +7’3) = S92 +$3,Y(7"1 +7’2 +7‘3) = 51 +83,
we see that the kernel of 7 is indecomposable, and as a kG-module is isomorphic
to V_3. Therefore
keI‘(’]T)Hi D kHl dkH;
for all ¢, from which we deduce that 7 splits on restriction to each H;. Our con-

struction ensures the minimality of ), so @ is indeed the relative projective cover
of M, proving (1), and ker(mw) = Q, (M) = V_g, proving (2). O

We now turn to even dimensional modules. Note that V5 o, = @Q; is already
projective relative to x, so €, (V2 ) is not defined.
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Lemma 15. Letn > 2 and M = Vay, o. Then:
(1) The relative projective cover of M is 2Q, ® (n — 1)P;
(2) We have Q, (M) = M.

Proof. Let w: N — M be the relative projective cover of M. Notice that

(7) M |g,=nkH;
for ¢ = 1,3 whereas

So if m: N — M is to split on restriction to Hy, N must contain a pair of direct
summands isomorphic to @,. On the other hand, retaining the notation from
Proposition 9, the basis elements aq,...,a,_1 are not fixed by any element of G,
so the same must be true of their unique pre-images in N. From this it follows that
N must contain n — 1 direct summands isomorphic to P.

We will construct a kG-homomorphism 2Q, ® (n — 1)P — M. The following
diagram gives the labelling for a basis of the domain:

T ] w1 Wn—1
/ / MQM e Tp—1 Qyn1
S1 S92

Q- Q- b 2
We define:

o t(w;)=a;fori=1,...,n—1

o w(x;)=b;fori=1,...,n—1.

o w(y;)) =bjyx1fori=1,....,n— 1.

o (z;)=0fori=1,...,n—1.

L] 71'(7'1) = bl.

o m(s1) =0.

o 7(r3) = ap.

o T(s2) = by.

The reader should check that 7 is a kG-homomorphism. The kernel of 7 is
spanned by
{Zl’L: 17...,7171}U{1’i+yi_1 Zi:2,...,7171}U{81,$1+7’2,yn_1+82}.

This has dimension 2n. The fixed points within this module are spanned by

{zi:i=1,...,n—1}U{s1}.
These span the fixed points of H; and Hj3, while Hs has a fixed point space of
dimension n 4 1, spanned by the above and y,,+1 + s2. Therefore we have

ker(m) 4 g, = nkH;
for i =1,3 and
ker(m) g, = 2k, ® (n — 1)kHo.

Note that

(2Q7— ©® (TL — 1)P) \LHig 2’)’LkHZ
for i =1,3 and

Thus, 7 splits on restriction to each H;. The construction ensures the minimality
of 2Q- @ (n—1)P, so this is equal to N and we have (1). Further, ker(r) = Q, (M)
must be indecomposable. By the classification (looking at the dimension of the
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fixed point space of each subgroup of G to distinguish among modules of even
dimension) we must have Q, (M) = M as required for (2). O

Notice that if () = 2™, then V3, ¢ can be obtained from Vs, « by applying the
automorphism of G which swaps ¢ and 7. Similarly if §(z) = (z + 1)", then Va, ¢
can be obtained from Vs, o by applying the automorphism of G’ which swaps o7
and 7. We therefore obtain immediately from Lemma 15 above that Q, (M) = M
if M is one of these.

It remains only to prove the following:

Lemma 16. Let n > 1 and let M = Vi, 9, where 0 is neither ™ nor (v + 1)™.
Then:

(1) The relative projective cover of M is nP;
(2) Q (M) =M.

Proof. Observe that M |, = nkH; for each i. The proof of [7, Proposition 3.1]
shows that the projective (as opposed to relatively projective) cover of M is nP and
Q(M) =2 M, so there is a surjective kG-homomorphism 7 : nP — M with kernel
isomorphic to M. Noting that nP |g,= 2nkH; for each ¢, we see that 7 splits on
restriction to each H;. On the other hand, if N is a kG-module having @, (resp.
Qo, Qor) as a direct summand then N | g, contains a pair of trivial kH;-modules as
direct summand, and no surjective homomorphism N — M may split. This shows
the minimality of the dimension of nP among relatively projective modules with a
X-split epimorphism to M, i.e. we have proved (1). We also have

Q (M) =ker(m) =QM) =M
as required for (2). O

Remark 17. Combining all the Lemmas in this section with Proposition 11, we
obtain Theorem 1.

3.2. Computing Cohomology. In this subsection we will determine H*(G, N)
for all 4 > 0 and for all indecomposable kG-modules N. First observe that if N
is projective relative to x, then H*(G,N) = 0 for all 4 > 0: this is an immediate
consequence of Proposition 8(ii). Further, recall from part (i) of the same that
HY(G,N) = N€ for any kG-module. It follows that:

Proposition 18. Let N € {P,Qs,Q+,Qor}. Then,

1 i =0,
0 otherwise.

dim(H}(G,N)) = {

Now we consider even-dimensional modules which are not relatively projective.
Recall that for ¢ > 0 we have

H(G, N) = HomX, (2 (k), N) = Hom), (k, 2, *(N)) = Hom, (k, N) = N¢

X
using the fact that, for these modules N, we have Q;i(N) =~ N.
We obtain by direct calculation:

Proposition 19. Let N be an even-dimensional kG-module which is not projective
relative to x. Then.

dim(, (G, N)) = { n—1 otherwise
if N = Vap oo 01 N = Vo, g where 0(z) = 2™ or 0(z) = (x + 1), while

dim(H.(G,N)) =n
for any i, if V =2 Vo, g for some other choice of 0.
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For odd-dimensional modules we proceed as follows. Let N be an odd-dimensional
indecomposble module and let 4 > 0. Then

H, (G, N) = Hom, (€ (k), N) = Homy (k, Q5 * (V) = Homy (k, Q% (N)) = Q*(N){
using Theorem 1. Suppose N = Vi, 41 where n > 0. Then Q*(N) = Vo y0iy41-
A basis for Vy(;,424)4+1 is given by {ao,a1,...,an12i,01,b2,...,bpy0i}, with action
given by the diagram in Proposition 9. The b; are all fixed points, and in addition

ap is fixed by Hi, apy2; by Hy and ag+ a1 + ...+ apt2; by Hs. Therefore b1, by, 49,
and by + by + ... + by o lie in Q% (N)EX, We therefore have

Proposition 20. Let N = Va1 for some n > 0. Then
(1) dim(HY(G,N)) =n ifn >0, and 1 if n = 0.
(2) dim(H}(G,N)) = max(0,n + 2i — 3) fori > 0.
Remark 21. This includes [10, Theorem 1.2] as a special case (n = 0).

For the remaining odd dimensional modules things are a little more compli-
cated, since Q%/(N) eventually moves into the “positive” part of the spectrum.
We begin by noting that if n > 0, then v = V§(2n+1) for all i. Therefore

—(2n+1) —
(V—(2n+1))G’X =0. _
Now let N = V_(9,4.1) wheren > 1. Fori < n/2 we have O%(N) = V_(2(n—2i)+1)-
Therefore
H.(G, N) = Homy (2 (K), N) = Homy g (k, 5 (N) = Homy (k, 92 (N)) = Q%(N)C.
For i > n/2 we have Q*(N) = Vi(5;_,)41. We therefore obtain the following:
Proposition 22. Let N = V_(y,,1) where n > 1. Then

n+1-—2i i<n/2

dim(H} (G, N)) = { max(0,2i —n —3) i>n/2.

3.3. Calculating cup products. The aim of this section is to prove Theorem 2.
We begin with a lemma:

Lemma 23. Let M = V_(5,11) and N = V_(9,41 for some m > n > 0. Let
¢ € Homyg (M, N). Then

(1) im(¢) € N¢;

(2) MY C ker(¢).
Proof. Note first that ¢(M) C N© for arbitrary G and kG-modules M and N.
Let ay,aza,...,am,bo,b1,...,by and af,al, ... al,b(,by,..., b, be bases of M and
N respectively, with action given by the diagrams in proposition 9. Note that if
n = 0, then (1) is immediate. So suppose n > 0 and (1) does not hold: then we

can find a maximal k£ > 1 such that ¢(ay) ¢ N¢.
We claim that kK = m. To see this, write

olag) = Z)\ia; mod N¢.
i=1
Then
B(br) = ¢(YVar) = Y(ar) = Y Aib.
i=1

If & < m then also
¢(bk) = ¢(Xagt1) = Xp(ag+1) =0
since ¢(ary1) € N¢. So \; = 0 for all i and ¢(ay) € N, a contradiction.
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Now we claim that, for all 0 < j < n, we have

(9) d(tm—j) Z Aia;_;  mod N¢
i=j+1

and \; =0for:=1,...,5. We prove this by induction on j. The base case j = 0 is
true by definition. Assuming the above for some 0 < j < n and noting that n < m,
we have

¢(bm—j—1) = ¢(Xam—;) = Xd(am—;) Z il j—1

i=7+1
But
P(bm—j—1) = ¢(Yam—j—1) =Yd(am—j-1) € YN = (by,...,by,)
which shows that A; 1 = 0. Therefore
m Jj— 1 Z )\bz j—1
=742
which shows that
d)(amjl Z)\azjl mod NG
i=j+2
proving our claim. Taking j = n in (9) shows that ¢(a,,) € N, a contradiction.

This proves (1).

For (2), let 2 € M. We may write

for some coefficients ;. Then

m

©) =Y wid(bi) = pod(Xao) + ZMi¢(Yaz'—1) = poX¢(ao) + Y¢(Z pia;) =0
i=0

i=1 i=1
by (1). O
The following is immediate:

Corollary 24. Let L = V_ig111), M = V_(341) and N = V_(9,41) for some
I>m>n>0. Let ¢ € Homyg (M, N) and ¢ € Homgg (L, M). Then ¢ ot = 0.

We may now proceed with the proof of Theorem 2:

Proof. Leti,j > 0. Let o € HL(G,k) and 8 € HI(G,k). Choose ¢ € Homyq (€2 (k),k)
and ¢ € Homy (9 (k), k), such that the equivalence classes
[¢] € Hom; (€22 (k) k), [¢] € Hom, (2] (k), k)

represent v and [ respectively. By definition, oo ~— 3 is represented by [¢ o Q;(w)]
By Lemma 12 we have

¢ € Hom(V_(2;41), V(—1)), 2%, (¢) € Hom(V_ (2;12j41), V_(2i41))

and by Corollary 24 the composition of these two is the trivial map. U



16

[1]
2]

3]

(10]

JONATHAN ELMER

REFERENCES

J. L. Alperin. Diagrams for modules. J. Pure Appl. Algebra, 16(2):111-119, 1980.

D. J. Benson. Representations and cohomology. I, volume 30 of Cambridge Studies in Ad-
vanced Mathematics. Cambridge University Press, Cambridge, second edition, 1998. Basic
representation theory of finite groups and associative algebras.

D. J. Benson. Representations and cohomology. II, volume 31 of Cambridge Studies in Ad-
vanced Mathematics. Cambridge University Press, Cambridge, second edition, 1998. Coho-
mology of groups and modules.

James V. Blowers. The cohomology rings of certain finite permutation representations. Proc.
Amer. Math. Soc., 45:157-163, 1974.

Daniel G. Brown. Relative cohomology of finite groups and polynomial growth. J. Pure Appl.
Algebra, 97(1):1-13, 1994.

Jon F. Carlson. Cohomology and representation theory. In Group representation theory, pages
3-45. EPFL Press, Lausanne, 2007.

Sunil Chebolu and Jan Mindc. Representations of the miraculous Klein group. Math. Newsl.,
21/22(4-1):135-145, 2012.

S. B. Conlon. Modular representations of Ca x Ca. J. Austral. Math. Soc., 10:363-366, 1969.
Jonathan Elmer. Symmetric powers and modular invariants of elementary abelian p-groups.
J. Algebra, 492:157-184, 2017.

Semra Pamuk and Ergiin Yalci n. Relative group cohomology and the orbit category. Comm.
Algebra, 42(7):3220-3243, 2014.

MIDDLESEX UNIVERSITY, THE BURROUGHS, HENDON, LoNDON, NW4 4BT UK
Email address: j.elmer@mdx.ac.uk



