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Abstract

In this paper we consider the relationship between the Assouad and box-counting
dimension and how both behave under the operation of taking products. We introduce
the notion of ‘equi-homogeneity’ of a set, which requires a uniformity in the cardinality
of local covers at all length-scales and at all points, and we show that a large class
of homogeneous Moran sets have this property. We prove that the Assouad and box-
counting dimensions coincide for sets that have equal upper and lower box-counting
dimensions provided that the set ‘attains’ these dimensions (analogous to ‘s-sets’ when
considering the Hausdorfl dimension), and the set is equi-homogeneous. Using this fact
we show that for any a € (0,1) and any 5,y € (0,1) such that 8+ v > 1 we can
construct two generalised Cantor sets C' and D such that dimg C' = af, dimg D = a~,
and dimy C = dimp D = dima (C x D) = dimp(C x D) = a.

1. Introduction

In this paper we study the behaviour of the box-counting and Assouad dimensions
(whose definitions we give below) under the action of taking the Cartesian product of
sets. Relatively straightforward arguments can be used to show that the Assouad and
upper box-counting dimensions satisfy

dim(A x B) < dim A + dim B, (1-1)
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but constructing examples showing that this inequality is strict is less straightforward.
For the box-counting dimension, the first example of sets for which there is strict inequal-
ity was constructed in Zubrini¢ [21] who describes two subsets of R such that the sets
and their product have (upper) box-counting dimension one. Later, Robinson & Sharples
[20] provided examples of sets whose box-counting dimensions take arbitrary values sat-
isfying (1-1): these are Cantor-like sets with carefully controlled ratios, much as those in
this paper. A significantly simpler example involving two countable sets followed later
from Olson & Robinson [17]. For the Assouad dimension, there is an example of strict
inequality due to Larman [11] (see also Section 9.2 in Robinson [19]) of two subsets of R
that accumulate at zero in such a way that the sets and their product all have dimension
one.

In this paper we provide a unified treatment of the two dimensions using ‘generalised
Cantor sets’, i.e. Cantor sets in which we allow the portion removed to vary at each stage
of the construction in a controlled way. Our argument to calculate the Assouad dimension
of generalised Cantor sets and their products relies on the ‘equi-homogeneity’ of these
sets (defined below): roughly this means that there is a uniform bound on the range of
the number of balls required in the ‘local covers’ of the set at each length-scale. In Section
2 we demonstrate that a large class of the much studied homogeneous Moran sets (see
Moran [15], Feng et al. [6], Li et al. [12], and Lii et al. [13]), which include generalised
Cantor sets, are equi-homogeneous. Further, we demonstrate that the product of two
equi-homogeneous sets is itself equi-homogeneous.

The equi-homogeneity regularity property is distinct from the measure-theoretic Ahlfors-
David regularity property of sets (see David & Semmes [4]). An Ahlfors-David regular
set necessarily has equal lower box-counting, upper box-counting, Hausdorff and Assouad
dimensions (see Li et al. [12]), which greatly simplifies the otherwise prohibitively dif-
ficult calculation of the Assouad dimension. However, Ahlfors-David regularity is not
enjoyed by many important sets, including the generalised Cantor sets considered in
Robinson & Sharples [20] and Moran sets. In particular, sets with unequal lower and
upper box-counting dimensions are not Ahlfors-David regular.

Homogeneous Moran sets satisfy a weaker measure-theoretic regularity property, in-
troduced in Lii et al. [13], provided that the contraction ratios that define the Moran
set are bounded away from zero. This result is used to calculate the Hausdorff and box-
counting dimensions and provide embedding and approximation results for this class of
Moran sets. In contrast, the equi-homogeneity property introduced in this paper requires
no restriction on the contraction ratios of Moran sets, making it a natural notion of
regularity for homogeneous Moran sets.

We discuss equi-homogeneity in a more general setting in Henderson et al. [9] where
we prove that the attractors of a large class of iterated function systems are equi-
homogeneous. However, the arguments presented here will serve as prototypes for the
more general results in Henderson et al. [9].

1-1. Counting covers

We begin by defining some notions of dimension for subsets of a metric space (X, dx).
For a set F' C X and a length 6 > 0 we denote by D(F,J) the minimum number of sets
of diameter ¢ that cover F', which is to say that F' is contained in their union, where the
diameter of a set A is given by diam (A4) = sup {dx (z,y) : z,y € A}. If D(F,J) is finite
for all 6 > 0 we say that the set F' is totally bounded.
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There are many similar geometric quantities, some of which we will make use of in

what follows:

e N(F,§), the minimum number of balls of radius ¢ (‘6-balls’) with centres in F
required to cover F’;
e P(F,¢), the maximum number of disjoint d-balls with centres in F.

It is a short exercise to establish that these geometric quantities satisfy

(see, for example, ‘Equivalent definitions’ 2.1 in Falconer [5] or Lemma 2.1 in Robinson
& Sharples [20]1).

We adopt the cover by centred d-balls as our primary measure since it is convenient
for sets of the form Bs (x) N F with « € F', which feature in the definition of the Assouad
dimension.

We recall that for each 6 > 0 the function N(-,4) is

e monotonic, that is A C B = N(A4,§) < N(B,§), and
e subadditive, that is N (AU B, d) < N(4,0) + N(B,9),

and that for each set F' C X the function N'(F,-) is non-increasing.

1-2. Box-Counting Dimension

First, we recall the definition of the familiar box-counting dimensions.

DEFINITION 1-1. For a totally bounded set F' C X we define the lower and upper
boz-counting dimensions of F' as the quantities

dimpg F := liminf 710gN(F, 5),
s—0+ —logd
1 F, 5
and dimp F := lim sup log N'(F’ 9)
50+ —logd

respectively.

In light of the inequalities (1-2), replacing A (F, §) with any of the geometric quantities
mentioned above gives an equivalent definition. The box-counting dimensions essentially
capture the exponent s € R* for which the minimum number of centred é-balls required
to cover F scales like N'(F, ) ~ §—%. More precisely, it follows from Definition 1-1 that
for all 5y > 0 and any € > 0 there exists a constant C' > 1 such that

Oty dimue e < N(F§) < 0§~ dimp F=e for all 0 < § < 8. (1-3)

In some cases the bounds (1-3) will also hold at the limit ¢ — 0, that is for each 6y > 0
there exists a constant C > 1 such that

1. .
65—d1mLBF <N (F§) <co~dmel forall 0 < § < d, (1-4)

giving precise control of the growth of N (F,§). We distinguish this class of sets in the
following definition:

! Both Falconer [5] and Robinson & Sharples [20] instead consider A'(F, §) to be the minimum
number of arbitrary J-balls required to cover F. However (1-2) follows immediately from the
argument given by these authors.
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DEFINITION 1-2. We say that a bounded set F' C X attains its lower boz-counting
dimension if for all 59 > 0 there exists a positive constant C' < 1 such that

N(F,8) > o~ dimes F for all 0 <6 <.

Similarly, we say that F attains its upper boz-counting dimension if for all 69 > 0 there
exists a constant C' > 1 such that

N(F,8) <o dime F for all 0<6< .

We remark that a similar distinction is made with regard to the Hausdorff dimension of
sets: recall that the Hausdorff measures are a one-parameter family of measures, denoted
H?® with parameter s € RT, and that for each set ' C R" there exists a value dimyg F' €
R*, called the Hausdorff dimension of F, such that

H (F) = {oo s < dimpg F

0 s>dimygF.
For a set F' to have Hausdorfl dimension d it is sufficient, but not necessary, for the
Hausdorff measure with parameter d to satisfy 0 < H¢ (F) < oo. Sets with this property
are sometimes called d-sets (see, for example, Falconer [5] pp.48) and are distinguished
as they have many convenient properties. For example, the Hausdorff dimension product
formula dimy (F x G) > dimp F + dimpg G was first proved for sets F and G in this
restricted class (see Besicovitch & Moran [2]) before being extended to hold for all sets
(see Howroyd [10]).

1-3. Homogeneity and the Assouad Dimension

The Assouad dimension is a less familiar notion of dimension, in which we are concerned
with ‘local’ coverings of a set F': for more details see Assouad [1], Bouligand [3], Fraser
[7], Luukkainen [14], Olson [16], or Robinson [19].

DEFINITION 1-3. A set FF C X is s-homogeneous if for all 6o > 0 there exists a
constant C' > 0 such that

sup N (Bs (z) N F,p) < C(6/p)° for all 6, p with 0 < p < § < dy.
zEF
Note that we do not require a set to be totally bounded in order for it to be s-
homogeneous.
DEFINITION 1-4. The Assouad dimension of a set F' C R"™ is defined by
dimp F :=inf {5 eRY: Fis s—homogeneous}

It is known that for a totally bounded set F' C X the three notions of dimension that we
have now introduced satisfy

dimLB F § dimB F S dimA F (15)

(see, for example, Lemma 9.6 in Robinson [19] or Lemma 1.9 of Henderson et al. [9]). An
interesting example is given by the compact countable set Fi, := {n=*} U{0} C R
with a > 0 for which
dimLB Fa = dll’IlB Fa = (1 + Oé)_1
but dimpy F, = 1.
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(see Olson [16] and Example 13.4 in Robinson [18]).

1-4. Product Sets

Let (X,dx) and (Y, dy) be metric spaces and endow the product space X x Y with a
metric dxxy that satisfies

mi maX(dx,dy) ngXY ST)’LQmaX(dx,dy) (16)
for some mq,mg > 0 with my < msy. Clearly the familiar product metric
dxxy,e0 1 = max (dx,dy)

satisfies (1-6), as do the metrics

=

dxxyyp = (d5% +d¥) for p € [1, 00)

with mq = 1 and mg = 2.
It is well known that if FF C X and G C Y are two totally bounded sets then the
box-counting and Assouad dimensions of their product F' x G C X x Y satisfy

dimy,p (F X G) > dimp,g F +dim,g G (17)
dimp (F X G) < dimgp F + dimg G (18)
and dimp (F X G) < dimp F + dimy G. (1-9)

provided that the product metric dx xy satisfies (1-6) (see, for example, ‘Product formula
7.5 of Falconer [5], and §9.2 of Robinson [19]).

The box-counting dimension product formulae were improved in Robinson & Sharples
[20] who demonstrate that product sets satisfy the chain of inequalities

dimpg F 4 dimpg G < dimp,p (F X G)
< min {dimy,g F + dimp G, dimp F + dim;,5 G}
< max {dimyg F + dimpg G, dimgp F + dimy,5 G}
< dimg (F x G) < dimp F + dimg G, (1-10)
and that paper provides a method for constructing sets so that their box-counting di-
mensions can take arbitrary values satisfying this chain of inequalities.

We remark that if dimpg F' = dimp F' then it follows from (1-10) that there is equality
in (1-7) and (1-8), so the good behaviour of just one set guarantees equality in the box-
counting product formulas.

The box-counting dimension product formulae in (1-10) are all consequences of the
geometric inequalities

N(F X C;’7 m25)
and P (F x G,my9)

< N(F,0)N(G,9)
> P (F,0)P(G,9),

which in turn follow from the inclusions

B5/m2 (LE) X B5/m2 (y) C Bs ((*T7y)> - B&/m1 (.’[7) X B&/m1 (y)v (1'11)

as the product of centred J-ball covers of F' and G gives rise to a centred mqd-ball
cover of ' x GG, and the product of disjoint d-balls with centres in F' and G gives rise
to a set of disjoint mjd-balls with centres in F' x G (see, for example, Falconer [5] or
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Robinson & Sharples [20] for further details). Combining these product inequalities with
the relationships in (1-2) we obtain the expression

N(F,45/m1)N(G,46/m1) < N(F x G,8) < N(F,5/m2)N(G,5/ms2) (1-12)

which will be useful in the remainder.

To establish the Assouad dimension product inequality we prove the following geo-
metric relationship. One can find a very similar argument for both bounds in Olson [16]
(Theorem 3.2) and for the upper bound in Robinson [19] (Lemma 9.7).

LEMMA 1-5. If FC X and G CY then for allx = (z,y) € F x G and all §,p > 0
N (Bs(x) N (F x G), p) N (Bsm, (x) N F, p/ma) N (Bs jm, (y) N G, p/ms3)
and
N (Bs(x) N (F x G), p) = N (Bsmy (x) N F,4p/my) N (Bsjm, (y) N G, 4p/my) .
Proof. From (1-11) it follows that
Bs(x) N (F x G) C (Bsjm, (@) N F) x (Bs/m, (y) N G)
and Bs(x) N (F x G) D (Bsjm, (@) NF) x (Bs/m,(y) NG) .
Consequently, as the function N (-, p) is monotonic, it follows from (1-12) that

N (Bs(x) N (F x G), p) <N ((Bs/m, (x) N F) % (Bsjm, (y) N G) , p)
<N (Bsjm, (x) N F, p/ma) N (Bsm, (y) N G, p/m2)

and

N(B5(X) N (F X G) ,P) ((86/7712(55) N F) X (Bé/mz(y) N G) ap)

>N
> N (Bsjms, (x) N F,4p/m1) N (Bs jm, (y) N G, 4p/m1)
as required. [

It is now simple to prove the following Assouad dimension formula for products. We
remark that in Olson [16], Theorem 3.2, it was mistakenly asserted that equality holds
in this product formula. However, the argument there (which we reproduce here) shows
that equality does hold for products of the form F' x F.

LEMMA 1-6. If F C X and G CY then
dimA(F X G) < dimyg F + dimy G (1~13)
and

dima(F x F) = 2dimy4 F. (1-14)

Proof. Fix g > 0. If F' is an s-homogeneous set and G is a t-homogeneous set then
from Lemma 1.5 it follows that for all §, p with 0 < p < § <

N(Bs (x) N (F x G),p) <N (Bs/m, (x) NV F, p/ma) N (Bs/m, (y) N G, p/ms) .
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Therefore, since the sets F' and G are homogeneous and 0 < p/mg < d/m; < do/maq,

there exist constants C'r, Ce > 0 so that

< oo (Ym) ()
< CrCq (ma/my) ™ (5/p)°"".

As g > 0 was arbitrary we conclude that the set F' x G is (s + t)-homogeneous, from
which we obtain (1-13).
Now suppose that F' = G. Given € > 0, find z € F such that

N(Bs(2) 0 F,p) > C(6/p)*
for some 0 < p < §. Then for x = (z,z) € F x F we have
N (Bimos(x) N (F x F) ,mip/4) = N (Bs(x) N F, p) N (Bs(x) N G, p)
> C2(3/p);
it follows that dim4(F x F) > 2(s — €) for every ¢ > 0, which yields (1-14). [

2. FEqui-homogeneous sets

From Definition 1-3 we see that homogeneity encodes the mazimum cardinality of a
local optimal cover at a particular length-scale. However, the minimal cardinality of a
local optimal cover is not captured by homogeneity, and indeed this minimum cardinality
can scale very differently, as the set described in Section 1-3 illustrates.

EXAMPLE 2-1. For each o > 0 the set F, := {n~*}, .y U{0} has Assouad dimension
equal to 1, so for alle > 0
sup N(Bi(z) 0 Fas p)(3/0) 17
fASH
is unbounded on §, p with 0 < p < 4.
On the other hand 1 € F,, is an isolated point so

i€n1£ N(Bs(x) N F,,p) =1 forall §,p with0 < p<d<1—27° (2-1)

as Bs(1) N F, = {1} for such & and this isolated point can be covered by a single ball of
any radius.

It is worth remarking that the lower Assouad dimension of F,, denoted dimpa Fl,, is
zero: the quantity dimypa F', also called the minimal dimension, was defined in Larman
[11] as the supremum over all s for which there exists constants ¢ and dy such that

in%J\f(B(; ()N F,p)>c(5/p)° for all 4, p with 0 < p < § < dy. (2:2)
zE

For the set Fy, it is immediate from (2-1) that (2-2) holds only for s = 0, hence dimy,5 F,, =
0. This argument is easily adapted to demonstrate that dimpa F' = 0 for any set F
containing an isolated point.

The minimal and Assouad dimensions form a pair that respectively provide lower and
upper bounds on the scaling of the quantity N (Bs (z) N F, p), which is analogous to the
lower and upper box-counting dimensions providing bounds on the scaling on N (F,§) in
(1-3).
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The equi-homogeneity property (defined below) holds if the quantity of interest for the
minimal dimension, inf,cr N'(Bs(x) N F, p), scales identically (up to a constant) to the
quantity of interest for the Assouad dimension sup,p N (Bs(z) N F, p). In fact, it follows
that both of these quantities scale identically to N'(Bs(z) N F, p) for any x € F, which
we can interpret as equi-homogeneous sets having identical fractal detail at every point.

However it does not follow that the minimal and Assouad dimensions are equal for
equi-homogeneous sets: the upper bound on the scaling of N (Bs(z) N F, p) may differ
from the lower bound if the cardinality of local covers oscillates rapidly as we change the
length-scales. See Henderson et al. [9] for a detailed example.

For a totally bounded set the maximal and minimal cardinality of local optimal covers
can be estimated by more elementary quantities.

LEMMA 2-2. For a totally bounded set F C X and 6, p satisfying 0 < p < ¢
N(F, p)

inf B Fp) < —L 2

Inf N(Bs(2) N F,p) < N 40) (2:3)
N(F,p)
d N(Bs(z) N F, p) > L 2.4
an sup (Bs(z) N F,p) = NF,0) (2-4)
Proof. Let x1,...,2z7(F,s) € I be the centres of 4-balls that form a cover of F'. Clearly,
N(F,5)
N(F.p) < 3" N(Bs(a;) 1 F.p) < N(F,6) sup N(Bs(a) (1 F.p),
j=1 zTE

which is (2-4).

Next, let 6, p satisfy 0 < p < § and let x1,...,7p(r4s5) € F be the centres of disjoint
44-balls. Observe that an arbitrary p-ball B,(z) intersects at most one of the balls B;(;):
indeed, if there exist z,y € B,(z) with € Bs(z;) and y € Bs(x;) with ¢ # j then

dx (vi,x5) < dx (s, x) +dx (2, 2) + dx (2, y) +dx(y, ;) <26 +2p < 40

and so z; € Bys(x;), which is a contradiction. Consequently, as F' contains the union
Uf:(f’u) Bs(z;) N F, it follows that

P(F,49)
NEp) = S N(Bs(z;) N Fp)
j=1
P(F,49) inf N (Bs(x) O F, p),

>
> N(F,48) inf N (By(x) N F, )

from (1-2), which is precisely (2-3). [

In contrast there is, in general, no similar elementary upper bound on the quantity
sup,er N(Bs () N F, p), the existence of which would be useful in determining the As-
souad dimension of F'. For this reason we introduce the notion of equi-homogeneity. A set
is equi-homogeneous if the maximal cardinality of local covers at one length-scale can be
bounded by the minimal cardinality of local covers at another length-scale in a uniform
way.

DEFINITION 2-3. We say that a set F' C X is equi-homogeneous if for all g > 0 there
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exist constants M > 1, and A1, A2 > 0 such that

sup AV (B (x) (1 E, p) < M inf N (By,5(2) 1 F, ap) (2:5)
zeF z

for all 6,p with 0 < p < < dg.

As with the definition of the box-counting dimensions, it follows from the geometric in-
equalities (1-2) that replacing N with the geometric quantities P or D gives an equivalent
definition of equi-homogeneity. Further, note that as A (Bs (z) N F, p) increases with &
and decreases with p we can assume that A2 < A\j in (2-5). If a totally bounded set F
is equi-homogeneous then, in addition to the lower bound (2-4), we can find an upper
bound for the maximal size of the local coverings.

COROLLARY 2-4. IfF C X is totally bounded and equi-homogeneous then for all o > 0
there exist constants M > 1 and A1, Ao > 0 with Ay < Ay such that

F.
N < S (B0 (01 < 0 N (B ) ) < 0

forall0 < p <9 < dyg.

N(F7 >\2p)
N (F,400)

Proof. The corollary immediately follows from Definition 2-3 and Lemma 2-2 as 0 <
A2p</\1(51f0<)\2§/\1and0<p<(5. O

In fact, with this bound we can precisely find the Assouad dimension of equi-homogeneous
sets provided that their box-counting dimensions are suitably ‘well behaved’.

THEOREM 2-5. If a set F' C X is equi-homogeneous, attains both its upper and lower
boz-counting dimensions, and dimrg F' = dimp F, then
dimA F = dimB F = dimLB F.
Proof. Assume that F satisfies the above hypotheses and fix g > 0. As F attains both

its upper and lower box-counting dimensions and these dimensions are equal it is clear
from Definition 1-2 that there exists a constant C' > 1 such that

1 ‘ )
657 dimp N(F,8) < C§~ dimp F° for all0 < § < dp.  (2:6)

Next, as F' is equi-homogeneous it follows from Corollary 2-4 that

sup A (Bs (2) (1 F p) < M 2T Ap)

—_— f 11 d <9
zEF N (F,4X19) cralll<p<d=d

for some constants M > 1 and Ay, A2 > 0, which from (2-6)

(AZP)— dimgp F
(4)\15)7dim5 F

_ M02(4/\1/)\2)dim]3 F((S/p>dim]3 F

< MC?

for all 4, p with 0 < p < § < dg, so the set F is (dimp F')-homogeneous. Consequently,
dima F' < dimp F', but from (1-5) the Assouad dimension dominates the upper box-
counting dimension so we obtain the equality dimy F' = dimg F. []
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2-1. Product sets

The generalised Cantor sets introduced in the next section are the prototypical ex-
amples of equi-homogeneous sets, and it is precisely these sets that we use to construct
examples of strict inequality in the Assouad dimension product formula. In this construc-
tion we will determine the Assouad dimension of the product of generalised Cantor sets by
applying the above theorem, which first requires us to show that the product set is equi-
homogeneous. However, this immediately follows from the fact that equi-homogeneity is
preserved upon taking products, which we now prove.

LEMMA 2:6. If F C X and G C Y are equi-homogeneous and the product space X XY
is endowed with a metric satisfying (1-6), then the product F x G C X XY is equi-
homogeneous.

Proof. Fix §p > 0. As F and G are equi-homogeneous, there exist constants Mp, Mg >
1 and fi, f2, 91,92 > 0 such that for all 0 < p < § < §p/my

sup/\f(35 (l‘) ﬂF,p) < Mp inf N(B.f15 (Z‘) nF, pr)
zeF zel

< Mp irelfF./\/'(BA15 () N F, A2p) (2:7)
and

sup NV (Bs (y) NG, p) < Mg inf N (By,s (y) NG, g2p)
yeg yEG

< MG HelgN(Bklé (y) N G7 )‘Zp) ) (28)
Yy

where A\ = max (f1,¢1) and Ay = min (f2, g2), and the second inequalities follow from
the monotonicity of N (-, p) and the fact that A/ (A, -) is non-increasing.

Now, from Lemma 1-5 for all 0 < p < § < §p

Nrxa (6, p) = ESEPGN(Ba(X)ﬂ(F x G),p)

< [igg/\f (Bs/m, (x) N F, p/mz)] [Eggf\/ (Bs/mi (y) NG, p/ m2)}

as taking suprema is submultiplicative. Since 0 < p/mo < §/m1 < §o/m; it follows from
(2-7) and (2-8) that Npx¢ (6, p) is bounded above by
|:MF ;QE,N (B)\16/7n1 (iﬂ) N Fa )‘Qp/mQ):| |:MG ylggN (B)\15/m1 (y) N Gv )‘2p/m2):|

<MpMg  inf N (Bys/m, (x) N F,Aap/ma) N (Bx,s5/m, (y) N G, Aep/m2) ,
(z,y)EFXG

as taking infima is supermultiplicative. Again applying Lemma 1-5 we obtain the upper
bound

N (6,0) < MiMo_ipf N (Basm (000 (F % G 2 )

for all 0 < p < 0 < ég and as §y > 0 was arbitrary we conclude that F' x G is equi-
homogeneous. [
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2-2. Homogeneous Moran sets

We now demonstrate that homogeneous Moran sets are equi-homogeneous. Moran sets
were introduced in Moran [15] and remain a frequently studied class of fractal sets. We
recall the definition of homogeneous Moran sets (see, for example, Feng et al. [6]).

Let J C R? be a compact set with non-empty interior. Let {ny} wen De a sequence of
integers with ng > 2 and {cp}, .y be a sequence of contraction ratios c; € (0,1) with
ng(cp)® < 1 for each k € N. For each k € N define Dy, = {ujus - - - ug|l < uj <nj,j <k}
to be the set of words of length k, let Dy = {(}} be the set consisting of the empty word
0, and let D = U2 Dy, be the set of all finite words. We say that a collection of sets
{Julu € D} with Jy = J satisfies the Moran structure conditions if

(i) for each u € D there exists a similarity Sy: R? — R? such that J, = Sy (J),
(i) for all k € N and all u € Dy_; the k'"-level sets Ju1, - -, Jun,

(a) are the kt"-level subsets of Jy, that is Jyu; C Jy for i = 1,...,ny and, for all
ve Dy, J, CJy=v=uiforsomei=1,... ng,

(b) have pairwise disjoint interiors, that is int (Jy;) Nint (Jy;) = 0 for i # j,

(¢) have diameters diam (Jy;) = ¢; diam (Jy) for all i = 1,...,ny.

We call F =N, Uuep, Ju & homogeneous Moran set if {Ju|u € D} satisfies the Moran
structure conditions (i) and (ii) above.

We adopt the following notation: we write Ly = Hle ¢; and Ly = 1, and for each
u € Dy, and each m € NU {0} we write

Dy jeym = {V € Digm|v1 ... v, = u}

for the set of words of length k£ + m which when truncated to the first k places are equal
to the word u. We also note that card (Dy k+m) = card (Dg4m )/ card (Dy).

More general Moran sets are considered in Li et al. [12] where the contraction ratios
in (ii)(c) may differ between the k*-level sets, that is diam (Jyu;) = cx; diam (Jy) for all
i=1,...,nk, provided that the ¢ ; satisfy > %, (c;mv)d <1 for each k € N.

Before proving that homogeneous Moran sets are equi-homogeneous we first demon-
strate that, due to the disjoint interiors property (ii)(b), the sets J, are ‘well separated’
in the sense that there is a constant w, independent of k, such that every ball of radius
L, intersects at most w of the J, with v € Dy.

LEMMA 2-7. If F C R? is a homogeneous Moran set then there exists a constant w € N
such that for all x € F and all k € N

card ({v € D_1|Bs (x)NJ, #0}) <w

for all § in the range 0 < § < Lj_1.

Proof. Without loss of generality assume that diam(J) = 1 and let I C int(J) be a
ball of radius n for some n < 1/2. Let I, = Sy (I) C int (Jy,) and observe from the Moran
structure conditions (i) and (ii)(c) that for u € Dy, the set I is a ball of radius 7L and
that diam (Jyu) = L.

Fix x € Fand k € Nand let 6 < Lg_;. If y € Bs(x) N Jy for some v € Dy
then z € I, implies that |z — 2| < |z —y| + |y — 2| < § + diam(Jy) < 2Lj_1, hence
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I, C Bay,_,(z). Consequently,
card ({v € Dy_1|B; (z) N J, # 0}) < card ({v € Dy_1|Iy C Bor,_,(2)})
< w(Bar,_, (%)) /1 (Byr,_, (0))
< (2/m)u(B1(0))

where 4 is the Lebesgue measure on R?, as the balls I, lie inside the interiors of the
Jyv, which are pairwise disjoint by the Moran structure condition (ii)(b). Writing w =
[(2/1)%u(B1(0))], where the ceiling function [z] is the smallest integer not less than z,
and noting that this constant is independent of x, § and k completes the proof. []

In the remainder we adopt as our primary measure the geometric quantity D (F,J),
which we recall is the minimum cover of sets of diameter d, since it is convenient to cover
a Moran set by the sets J, whose diameter is known. This avoids the factor of 1/2 that
would occur if we used covers by d-balls

THEOREM 2-8. If F C R? is a homogeneous Moran set such that n,, < n* < oo for all
k € N then F' is equi-homogeneous.

Proof. Without loss of generality assume that diam (J) = 1. First we demonstrate that
for each k € N

max D (Jy, N F,p) <wn® min D (J, NF,p/2) for all p > 0, (2-9)
veDy veEDy

where w is the constants from Lemma 2.7. Fix £ € N and u,v € Dy. Fix p € (0, L) and
let m € N be such that Ly, < p < Lggm—1. Observe that from the Moran structure
condition (ii)(a) the set J, N F is contained in the union of the sets Jy with w € Dy g4m,
which have diameter Ly, ,,. Consequently,

card (Dg4m)

D(JuNF,p) <D (JuNF,Liym) < card (Dypim) = card (Dy)

(210)

Further, from the Moran structure condition (ii)(a)
JNF= |J JwnF
WEDy kfm—1

and each of the Jy N F' is non-empty. As p < Lgim—1 it follows from Lemma 2-7 that
a p-ball intersects at most w of the sets Jy with w € Dy 14.m—1. Consequently, at least
card (Dy k4+m—1) /w p-balls are required to intersect all of the Jy hence

card (Dg4m)

N (Jy N F,p) > card (Dy gtm—1) /w = card (Dy ktm) /Nktmw = e card (D1)’

from which, with the geometric inequalities (1-2), we conclude that

card (Dg4m)

D(JNF,p/2) >N (JoNF,p) > . 2.11

( p/2) = N ( p) e card (Dr) (211)

It follows from the inequalities (2-10) and (2-11) and the bound nj; < n* that
D(JuNF,p) <wn™D(Jy N F,p/2) (2:12)

for all p € (0, Ly). Further, if p > Lj = diam (J,) = diam (J) then each of the sets
JuN F and J, N F can be covered by a single set of diameter p, hence (2-12) holds for
all p > 0. Finally, since u, v € Dy, were chosen arbitrarily then (2-9) holds for all &k € N.
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Next, let z,y € F, fix 6 € (0,1) and let k¥ € N be such that Ly < § < Li_;. Now,
x € Jy for some u € Dy, and as diam (J,) = L < § it follows that J,, C Bs (x), hence

min D (Jy (1 F,p) < D (Ju (1 F,p) <D (Bs () N F, p) (213)
veDy

for all p > 0. Next, as F is contained in the (k — 1)*"-level sets .J, with v € Dj,_; it is
clear that

Nk
BswnFc |J A&nFc |J JnF
vEDE_1 veEDg_1 i=1
B(S(y)m']v;é@ Bé(y)m‘]v;é@

where for each v € Dj,_; the sets Jy; are the k*"-level subsets of J,. Consequently,

D (Bs (y)NF,p) <card({v € Di_1|Bs (y) N Jy # 0})ng Inax D (Jw NF, p)

for all p > 0. As § < Li_; it follows from Lemma 2-7 and the bound nj; < n* that

D (Bs (y) N F,p) < wn” max D (Jw N F,p)
weE Dy
which, by (2-9) and (2-13),
< (wn*)2 min D (J, N F, p/2)
veEDy

< (wn*)* D (B (x) N F, p/2)

for all p > 0 and all § in the range Ly < § < Li_1, hence
D (B (y) N F,p) < (wn*)> D (By () O F, p/2)
for all p > 0 and § € (0,1). Further, if § > 1 then Bs(x) N F = F as diam (F) <
diam (J) = 1, hence
D (Bs (y) N F,p) = D(F,p) <D(F,p/2) =D (Bs (z) N F,p/2)
as D (F,-) is a non-increasing function. We conclude that
D(Bs (y) N Fp) < (wn”)* D (Bs (#) N F,p/2)

for all p > 0 and 6 > 0. As x,y € F were chosen arbitrarily it follows that

sup D (Bs (y) N F, p) < (wn*)? inf D (Bs (x) N F,p/2)
yeF TzeF

for all 6 > 0 and p > 0 so F is equi-homogeneous. []

3. Generalised Cantor Sets

A generalised Cantor set is a variation of the well known Cantor middle third set
that permits the proportion removed from each interval to vary throughout the iterative
process. Formally, a generalised Cantor set is a homogeneous Moran set with initial set
J =0,1], a sequence of contraction ratios {cy},cy with ¢ € (0,1/2), and ny = 2 for all
k € N. The intermediary sets Jy are inductively defined as follows: Jy = [0, 1] and for all
keNand ue€ Dy_q

e Jy1 is the interval of length ¢y diam (J,) sharing a common left end-point with
the interval J,, and
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e Juo is the interval of length ¢ diam (J,) sharing a common right end-point with
the interval J.

It is clear from the construction that the k'-level intervals are obtained by removing
the middle 1 — 2¢; proportion from (k — 1)*"-level intervals. It follows that the k*"-level
sets are disjoint from which it follows that the collection of sets {Ju|u € D} satisfies the
Moran structure conditions so the set C'= N2 ; Uyep, Ju is a homogeneous Moran set.
The familiar Cantor middle third set can be obtained by setting ¢, = 1/3 for all £ € N.

It follows from Theorem 2-8 that generalised Cantor sets are equi-homogeneous and we
will use this fact to determine the Assouad dimension of these sets. First, we calculate the
box-counting dimensions of generalised Cantor sets, which can differ from the Assouad
dimension as the examples in the next section will show.

Feng et al. [6] calculated the upper box-counting dimension (therein referred to as the
upper Bouligand dimension) of a class of sets, including the generalised Cantor sets, as an
intermediary result to find their packing dimension. Here we provide a direct calculation
of both the upper and the lower box-counting dimensions of generalised Cantor sets.

It is not difficult to determine that for § in the range L, < § < L,_; the minimum
number of sets of diameter § required to cover C' satisfies

2"l < D(C,5) < 2" (3-1)
(see, for example, Robinson & Sharples [20].) From this bound we can determine the
upper and lower box-counting dimensions of C' from the sequence {c;}, eN-
LEMMA 3-1. Let C be the generalised Cantor with contraction ratios {c;};cy. The
lower and upper box-counting dimensions of C satisfy
. .. nlog2
log 2
and dimp C' = lim sup 108 (3-3)

nosoo — 2 qloge;
Proof. Fix § in the range 0 < § < 1 and let n € N be such that L,, < d < L,,_1. The
cover estimates (3-1) yield

(n—1)log2 < log D(C, 0) < nlog2

—logL, — —logé — —logL,_1
from which we derive
nlog2  log2 < log D(C, ) < (n—1)log2 log 2 . (3-4)
—loglL, —loglL, —logd —log L,,—1 —log L,,—1

Taking limits as § — 0, it is clear that n — oo and 1/ — log L,, — 0 so taking the limit

inferior of (3-4) we obtain

log 2 log D(C, § —1)log2
tim it 82 pipy g B D) g (0= 1) log2 (35)
n—oo —loglL, ~— é=0+ —logd n—oo —log L, 1
and as the upper and lower bounds of (3-5) are equal we conclude that

lim inf w = lim inf = lim inf

5—0+ —logd n—oo —log Ly, n—roo m7

nlog?2 nlog2

which is precisely (3-2). The upper box-counting dimension equality (3-3) follows similarly
after taking the limit superior of (3-4). O
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This relationship is particularly pleasing as 27:1"1% o = Toga. where a,, is nothing more
than the geometric mean of the partial sequence c1, ..., c,.

In Corollary 1 of Li et al. [12] the authors provide an expression for the Assouad di-
mension of homogeneous Moran sets, which include the generalised Cantor sets, provided
that infren e > 0. Here we calculate the Assouad dimension for all generalised Cantor

sets with no restriction on the contraction ratios cy.

LEMMA 3-2. Let C be the generalised Cantor set with contraction ratios {c;},.y. The
Assouad dimension of C' satisfies
log 2
dimys C = limsup | sup # . (3-6)
m—oo \neN —» " logc;

Proof. As C'is equi-homogeneous from Theorem 2-8, it follows from Corollary 2-4 and
the geometric inequalities (1-2) that for all 6y > 0 there exist constants M > 1 and
A1, Az > 0 with Ao < Aq such that

e W8S o

for all §, p with 0 < p < & < dg.
For brevity we write § = limsup,,_, .. (sup,,cy mlog2/(— Z?:Jrn"il log ¢;)) and observe
that this limit exists and is finite as

mlog 2 mlog2
< =1 for all n € N and m € NU {0}.
— Z:l;ﬁl loge; ~ — Z?jﬁl log1/2

Fix € > 0 and let m. > 2 be sufficiently large that sup,,cy % < f + ¢ for all
m > me.

Let 6,p satisfy 0 < p < 6 < dp, and let n € N and m € N U {0} be such that
L, <6< Lyqand Lyt < p < Lyym—1. From (3-7) and the cover estimates (3-1) it

follows that

2n+m e
iggD (Bsjax, (2) N Cdp/do) < Mo = M2 L (3:9)
Now, if m — 1 < m. then from (3-9)
sup D (By/sx, (x) N C,4p/Ao) < M2™e < M2 (5/p)"** (3-10)

zeC

as 0/p > 1. Alternatively, if m — 1 > m. then from (3-9)

(m—1)log?2

sup D (Bs/sx, () N C,4p/A2) < M2™ ™1 = M (§/p) ™=0070)
zeC

(m—1)log2
n+m—1

< M (§/p)~ Titiia lesei

as 8/p > Lp/Lpim_1 = Hf:ﬁ_}l 1/¢; for m > 2,

SUp,, cx (m—1)log2
—1
(/o) T TR o

M(o/p
M (5/p)"*. (3:11)
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Combining (3-10) and (3-11) we obtain

sup D (Bs /s, () N C,4p/As) < M2™< (5/p)"**

e

for all 0, p satisfying 0 < p < § < dp, from which it follows that C'is (8 + €)-homogeneous.
As £ > 0 was arbitrary we conclude that dimp C < .

Next, we suppose for a contradiction that dima C' < 3, so there exists an € > 0 and a
constant M > 0 such that

D(Bs(z) N C,p) < M (5/p)" . (312)

From the definition of § there exists an increasing sequence m; € N (for convenience
we assume without loss of generality that m; > 2) such that

m; log 2

sup———— > [ —1/j for all j € N
neN — Zf:ﬁ]l log ¢;
and for each j € N there exists an n; € N such that
m; log 2 m; log 2
- Z?i;:iﬁ loge;  neN — Z:Li':rl log¢;
Now, let 0; = Ly, and p; = Ly, ym; so from (3-8) and the cover estimates (3-1) it
follows that

—e/2>p—-1/j—¢/2.

onj+m;—1 _mjlog2
sup D(Bos (2) 1 G,y 4) 2 T = 271270 = 271 3/ py) "4/
zeC !
mj log2
o [ O]
=277 (0;/py) Tt
WleogQ

njtm;
B log ¢;
J

. -5, gy
=271(6;/p;) T
> 27" (8;/ps) T
for all j € N. It follows from (3-12) that

271(8;/py)" TR < M(85/p)" for all j €N
and by rearranging and recalling that 6;/p; = Ly, /Ly, tm, = H?;:Zi 1/c; > 2™ that
9= 1gmi(=/2=1/0) — 971 (6, /p)) /T < M for all j € N.

Finally, as 1/j < /4 for all j greater than some J. > 0 it follows that

2~ tomie/t < \f for all j > J.,
which is a contradiction as the m; are increasing, hence 2mi€/4 is unbounded. We conclude
that the generalised Cantor set C is not (8 — e)-homogeneous for any ¢ > 0, hence

dima C = 8, proving the lemma. []

4. Strict inequality in the two product formulae

In this section we provide a method for constructing two generalised Cantor sets C'
and D so that the Assouad dimensions of these sets and their product satisfy

dimp C = dimp D = dimp (C x D) = «
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for a € (0, 1). In particular for these sets the Assouad dimension product inequality (1-9)
is strict and maximal in the sense that the sum dima C' + dimp D takes the maximal
value 2dimy (C x D).

This task is significantly simplified using the results of the previous sections that relate
the Assouad dimension to the more manageable box-counting dimensions. In essence we
construct these sets so that the significant length-scales are common to both sets, which
is similar in approach to the compatible generalised Cantor sets of Robinson & Sharples

[20].

Let ¢ € (0,3) and let a = {a;} be a sequence of positive integers. We define two
generalised Cantor sets C' and D via the respective sequences of contraction ratios {c;};.y
and {d;},y defined by

{qaakﬂ i =n; for some k € N
C; =

q otherwise

. {qa2k+1+1 i =my for some k € N
i=

q otherwise,

where ng = 3%

=1 0251 and m = a +Z?=1 ao;. For brevity we say that the pair of sets
(C, D) is generated by (¢,a), and we denote the partial sum s = Zle a;. Essentially,
the sequences of contraction ratios ¢; and d; are chosen so that, when ¢ is restricted
to the range [¢®+1, ¢%], one of the functions D(C, ) or D(D, ) scales like §— 1082/ logg
while the other is essentially constant, and such that these roles alternate as k increases.
While the growth of the individual functions D(C, d) and D(D, §) fluctuates with J, the

product D(C,§)D(D, ) scales like §~1°82/1984 for all 4.

THEOREM 4-1. Let the pair of generalised Cantor sets C and D be generated by (g, a).
For all g > 0 there exists a constant n > 0 such that

n~l6 e < D(C x D,§) < né e for all 0 < § < &, (41)
so that in particular
dimpp (C x D) = dimp (C x D) = dims(C x D) = —log2/logq.

Proof. Using the terminology of the previous section, the nt"-level sets in the con-
struction of C' and D consist of 2" intervals of length L, := []"_, ¢; and M,, :=[]]_, d;
respectively.

We first consider the generalised Cantor set C'. For n € N in the range ny < n < ngy1

all except k of the ¢q,..., ¢, are equal to g, so

k k
Ln — qn—k an2i+1 — qn HthQ,;.
i=1 =1

Taking logarithms for clarity, we derive

k k
log L.,
ogg " ET ;:1 (azi +1)=n+ ;:1 ag

k k k
=n— E azi—1 + g ag;i—1 + E ag; =N — Nk + Sak,
i—1 i=1 i=1
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SO

n—ng+Ss2k

L,=q ng <n < nggi, (4:2)

and, in particular, L, = ¢°** and Ly, ,_1 = q*2+1~1. Observe that for ny < n < ngy1
the length L,, has range [Ln,,,—1, Ln,] = [¢°*+ 1, ¢*2], so inverting the relationship
(4-2), we derive

¢ = Loptj—sons S < J < Sopq1 — 1,

so, from the cover estimates (3-1),

onk+j—s2k—1 < 'D(C, qj) < onk+j—s2k sop < J <, 80041 — L. (43)
Further, as £ € N was arbitrary in the derivation of (4-2) it follows that L., ,, = ¢***+2
and Ly, ,, 1= g1~ 50

Ly, < ¢ < Lpyyi—1 Sopt1 — 1 < j < s9p42,
from which, with the cover estimates (3-1), we conclude that
M2 < P(C ¢l < 2mk Sopt1 — 1 < J <, Sopq0. (4-4)
A very similar argument shows that for the set D the bounds
2mk+j—52k+1—1 < D(D,qj) < 2mk+j—82k+1 Sokt1 <j< Sokt2 — 1. (4,5)
and
2mr=2 < D(D,¢’) < 2™m* sor — 1 < j < sopy1. (4-6)
hold.
Now, taking the product of (4-4) and (4-5) we obtain
QMk+1+Me+j—s2k+1—3 < D(C’ qj)])(D7 qj) < ONk41+ME 4] —S2k+1 (4.7)
for sop+1 < j < Sapt2 — 1, and multiplying (4-3) with (4-6) yields
2nk+mk+j_52k_3 < 'D(C’ qj)D(D’ qj) < 2nk+mk+j—52k (4-8)

for sor, < j < sok4+1 — 1. Finally, since ng + my = sor + a1 and ngy1 + myg = Sok4+1 + a1,
the bounds (4-7) and (4-8) are precisely

213 <D(C,¢')D(D,¢’) < 2tn (49)

for sop < j < sop+o—1 and, as k € N was arbitrary, we see that (4:9) holds for all j > ss.
Fix 6 € (0,¢%) and let j > so be such that ¢! < § < ¢/. As D(C,-) and D(D, ) are
non-increasing it follows that

D(C,¢')D(D,¢’) < D(C,8)D(D, ) < D(C, ¢ ™)D(D, ),

which from (4-9) implies that

log 2

ga1—4 W‘H)% — 9ta=3 < D(C,)D(D, §) < 210 = gurtl (i) B
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As log2/logq < 0 it follows that

9m 4§t < D(C,8)D(D,s) < 21+ §woss (4-10)

for all 0 < § < ¢®2.
Finally, recall from the product inequality (1-12) and the geometric relationships (1-2)
that for all 6 > 0

D(C.85)D(D,85) < D(C x D,8) < D(C,3/2V2)D(D,5/2v/2),
whence
n~l6TEs < D(C x D,8) < notoks  forall 0 < 6§ < ¢°2. (411)

If 69 < ¢°2 then (4-11) implies (4-1), otherwise observe that for J in the range ¢*> < § < §
trivially
_log2 _log2 _log2 45,0
D (C x D,by) (q°*) T=a §losa <D (C x D,d) <D(C x D,q°?)4, ***dlosa
which, together with (4-11), yields (4-1).

This immediately shows that the upper and lower box-counting dimensions coincide,
are attained, and are equal to —log2/logq. The same expression for the Assouad di-
mension then follows using Theorem 2-5 and the fact that the product set C' x D is
equi-homogeneous, being the product of two equi-homogeneous sets C' and D (Lemma
2-6 and Theorem 2-8). [

THEOREM 4-2. Let the pair of generalised Cantor sets C and D be generated by (q, a).
The upper boz-counting dimensions of C' and D are given by

k
log 2 i—1 (25—
dimp C = — ( 08 > lim sup M (4-12)

respectively.

Proof. Recall from Lemma 3-1 that the upper-box counting dimensions of C' and D
are given by

nlog?2 nlog2

dimg C = limsup ——— and dimg D = limsup ——————.
B n~>oop - 10g Ln B n~>oop — 10g Mn
We first consider the generalised Cantor set C. For n € N in the range ny < n < ng41
we obtain from (4-2)

nlog2 _ nlog2 - (logQ) Ngt1
—logL, —(n—mng+s)logg ~ logq ) saki1
_ <log2> I agi
- \logg) Ha

where we have used the fact that n/(a + n) is increasing in n for a > 0. Taking the limit
superior as n (and hence k) tend to infinity we conclude that

k+1

. log2Y .. i1 (25-1

dimp C < — () lim sup %le,
o0 i=1 %
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which is the upper bound in (4-12). To establish the lower bound we consider the subse-
quence ngy1 — 1 and recall from (4-2) that L _1 = ¢***+1~1, Consequently,

Nk41
k+1
(Nkg1 —1)1og2  (nggr —1)log2 (log?) ijl agj_1—1
—log Ly, ,,—1 — (s2k4+1 — 1) logq logq) S22t -1
SO
log 2 —1)log2
dimp C = lim sup o8 > lim sup M
n—oo 1Og Ln k—o00 - IOg Lnk+171
<log2) y j=1 02j-1
=— im su
108q) haned 2,

Since these upper and lower bounds coincide we obtain the equality in (4-12).
The argument for D follows similar lines. []

The Assouad dimension dominates the upper box-counting dimension, so the above
theorem provides lower bounds for the Assouad dimension of the sets C' and D. However,
using the results of the previous section, we can precisely determine the Assouad dimen-
sion of the sets C' and D provided that the odd and even terms of the sequence {a;},;
respectively are unbounded. Essentially, for all k¥ € N the contraction ratios {c;}, .y con-
tains a string of agr+1 — 1 consecutive ratios c¢; equal to ¢. This string corresponds to a
range of length-scales for which sup, ., D (Bs () N C, p) scales like (5/p) ¢/ 154 If the
asp+1 are unbounded then this scaling holds for 6 and p arbitrarily close to zero with the
ratio §/p arbitrarily large, from which it follows that dimy C is at least (—log2/logq).
This approach using strings of increasing length is similar to that used in Fraser et al. [8]
to find lower bounds on the Assouad dimension of attractors of random iterated function
systems.

LEMMA 4-3. If the generalised Cantor sets (C, D) are generated by (q,a) then

sup{ag;_;} = © implies dimp C = —}Zgz,
and sup{ag;} = oo implies dima D = figi?l.

Proof. Observe that

mlog2 < mlog2  log2
_Zziﬁl loge; ~— —mloggq log ¢q

for all n € N and m € NU {0}, as ¢; < ¢ for all i € N. It follows from Lemma 3-2 that
dimp C <log2/logg.
Next, observe that Enk+a2k+1_1 log ¢; = (agg+1 — 1) log g for each k € N as ¢; = ¢ for

t=nr+1
all i =ng +1,...,nk41 — 1 = ng + agx1 — 1. Consequently,
sup (agk+1 — 1) log2 < (agg+1 — 1) log2 _ 710g2
nell — S rt e T o e, T = (agkt1 — 1) logg log g

Assuming that the sequence a1 is unbounded it follows that

mlog 2 S log 2

lim sup sup > —
m—00 neN — Z?jﬁl log ¢; log ¢

which, from Lemma 3-2; is precisely that dima C' > —log2/logq, so we conclude that
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dimy C = —log 2/ log q if the sequence ag 1 is unbounded. The argument for the set D
follows similar lines. [

In summary we have constructed generalised Cantor sets C' and D such that

10g 2 k1 agi—1
dimp C = — limsup ==L =~
o logq koo lei—li_l a;
log?2 . Z?le az;
dimp D = — lim sup i
Iqu k—o0 Zi:l a;
log 2
dima (C x D) = dimp(C x D) = ——2=,
logq
log 2
dimp C = — o8 if {ag;—1} is unbounded,
log q
. log 2 i .
and dimpy D = — if {ag;} is unbounded.
log q

By choosing the {a;} appropriately we can now produce generalised Cantor sets C' and
D such that

dimp C' = dimp D = dimy (C x D) = dimp (C x D) = dimyp (C x D),

where the box-counting dimensions of these sets take arbitrary values satisfying the
product formula

dimg C,dimg D < dimp (C X D) < dimp C + dimg D,
and

0 < dimp C, dimg D < dimpg (C X D) < 1.
In particular the Assouad dimension of the product satisfies
dimp (C x D) < dimy C 4 dima D = 2dimya (C x D)

so there is a strict inequality in the Assouad dimension product formula (1-9). Further,
these sets give extreme examples of strict inequality in the product formula as dima F +
dimy G < 2dimp (F x G) for arbitrary sets F and G.

LEMMA 4-4. Let o, 8 € (0,1). There exist generalised Cantor sets C' and D such that
dimpg C = dimg C' = af, dim;p D =dimp D = a (1 - f),
and
dimyp (C x D) = dimp (C x D) = dimp (C x D) =dimpg C = dimp D = a.

Proof. Define the sequence a = {a;} by asg—1 = [Bk] and agr, = [(1 — B) k] where the
ceiling function [z] is the smallest integer greater than or equal to z. Clearly 3,1—3 > 0
so the a; are positive integers. Let the pair of generalised Cantor sets C' and D be
generated by (2_1/ o, a), so immediately from Theorem 4-1 we obtain

dimpp (C x D) =dimp (C x D) =dimp (C x D) = «

as required. Further, as both the odd and even terms ag;_1 and ag; are unbounded we
obtain dima C = dima D = « from Lemma 4-3.



22 E. J. Ouson, J. C. ROBINSON AND N. SHARPLES
Next, observe that

lk(k+1)(1 <Za2jflk (k+1)(1-8)+k

and  Lk(k+1) 5<Za2j 1 < 3k(k+1)B8+k.

Jj=1
Consequently,
jo1021 _ le(k+1)B+k
Y e T sk(k=1)(1-8) +3k(k+1)8
_(k+1)5+2
=it P
as k — oo, while
Soi_ asj - Ik(k+1)8
Y e, T gk(k-D)(A-B)+k-1+3k(k+1)B+k
k(k+1)8

“rki—ir2p P

as k — oo. It follows from Theorem 4-2 that dimg C' = a8 as required, and from a similar
argument we obtain dimg D = a (1 — ). Finally, observe that from the chain of product
inequalities (1-10) we obtain

dimpg C + dimg D = dimg C 4 dimp,g D = dimp (C X D) ,

which implies that dim;,p C = of and dimpp D =« (1 —§). O

The previous lemma is a limiting case of the following more general construction, which
gives independent control over the box-counting dimensions of C' and D.

LEMMA 4-5. Let o, 3,7y € (0,1) be such that B+~ > 1. There exist generalised Cantor
sets C' and D such that

dimpC=a(l—-7), dimp C' = af,
dimp D =a(l-0), dimg D = a~,

and

dimyp (C x D) =dimp (C x D) = dimp (C x D) =dimpg C =dimpa D = o

Proof. We first observe that ’6 % > 0 and that

B
(1= (1-5)

57
>1 (4-13)

follows from 8+~ > 1.
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Now recursively define the sequence {a;} by

ay =1,
o= 5] +1
Gopt1 = [%ek — ok—‘ +1, (4-14)
and Qopao = ’VﬁOkJrl — ek—‘ +1 (4-15)

for k € N, where o, = 25:1 agj—1 and ey = Z?Zl ag; are the sums of the odd and of

the even terms of a; respectively. Observe that
az2kt2 = 725 0k+1 — €x + 1= 1725 (aze41 +op) —ex +1
> ﬁ (%ek—i—l) — ek
= (=t — ) st i

and similarly

a2k+3 2 (%) Op+1 + %7

from which, with (4-13), a straightforward inductive argument shows that the a; are
positive integers with unbounded odd and even terms.

Now, let the pair of generalised Cantor sets (C, D) be generated from (2*1/0‘, a). From
Theorem 4-1 we obtain

dimyp (C x D) = dimp (C x D) =dimp (C x D) =«

and from Lemma 4-3 that dima C = dima D = « as required. Further, from Theorem
4.2,

Zk+1 as
. . R 1 —1
dimp C = alimsup ==L =222

. 2k+1
—00 i=1 i
. Ok+1 .
= alimsup = alimsup
op+1+e 14+ 2=
k—o0 k+1 k k—o0

Ok+1
and from (4-14) it follows that

1-8 ek < <1—5 ek
B ek+2%*0k+17 B ek+%7

so we conclude that dimp C' = af. A similar argument using (4-15) shows that dimp D =
ay. As in Lemma 4-4 the lower box-counting dimensions are obtained from the chain of
dimension inequalities (1-10). [

In conclusion we have introduced equi-homogeneity as a regularity property of a set,
which roughly means that there is a uniform bound on the range of the number of
balls required in the local covers of the set at each length-scale. We have further shown
that a large class of homogeneous Moran sets, including the generalised Cantor sets, are
equi-homogeneous, and have used this fact to demonstrate that the class of generalised
Cantor sets include natural, elementary examples of sets for which the Assouad dimension
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product inequality is strict and maximal in the sense that the upper bound
dima (C X D) < dimp C 4+ dimpa D < 2dima (C X D)

is actually an equality. Further, inside this class of sets are examples that, in addition,
have box-counting dimensions with arbitrary values satisfying

dimB C, dimB D < dimB (O X D) < dimB C+ dimB l)7
and

0 < dimp C, dimg D < dimpg (C X D) < 1.

Appendiz A. Boz-counting dimensions of self-products

The following product dimension equality is interesting, particularly in the light of the
parallel result for the Assouad dimension presented here in Lemma 1-6. However, since
it falls outside the main scope of this paper we give it in this brief appendix.

LEMMA Al. Let (X,dx) be a metric space and equip the product space X x X with a
metric satisfying (1-6). For all totally bounded sets F C X

and dimLB (F X F) = 2dimLB F.

Proof. Let F,G C X be totally bounded sets. Recall from (1-12) that for all § > 0

N(Fa 45/m1)N(Gv 45/m1) < N(F X G,5) < N(Fv 6/m2)N(G76/m2)

Consequently,

log N(F x G,9) < log N'(F,6/msa)  log N (G,d/ms2)

—logd - —logé —logd

B log N (F, & /ms) log N (G, §/m3)
—log (6/ma) +log (mz) ~ —log (6/mz) + log (m2)
and

log N(F x G,8) _ logN(F,45/m1)  log N (G,46/mq)

—logd - —logd —logd

log N'(F,46/mq) log N(G, 46 /mq6)

—log (46/my) +log (m1/4) = —log (48/m1) + log (my/4)

These upper and lower bounds have the same limit superior and the same limit inferior
as d — 0+, so we obtain

lim sup log N (F x G,4) _ Jim sup (logN(F, J) N logN(G,(S)) (A1)
50+ —logo 50+ —logd —logd
and
liming BN X GO g (o8NS Mg NGO )
50+ —logé 60+ —logé —logd
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Consequently, in the case F = G

. log N (F x F,4) ) log N (F, 6)

limsup ——— = = 2limsup ——————
50+ —logd S04+ —logd

and lim inf W—XF’(S) = 2lim inf w.
90+ —logd 5—0+ —logd

We remark that the general box-counting dimension product inequalities follow from
(A1) and (A2) and the fact that taking limits superior is subadditive whilst taking
limits inferior is superadditive.
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