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Abstract

The problem of evaluating the accuracy of Poisson approximation to the distribu-
tion of a sum of independent integer-valued random variables has attracted a lot of
attention in the past six decades. Among authors who contributed to the topic are
Prokhorov, Kolmogorov, LeCam, Shorgin, Barbour, Hall, Deheuvels, Pfeifer, Roos,
and many others. From a practical point of view, the problem has important appli-
cations in insurance, reliability theory, extreme value theory, etc. From a theoretical
point of view, the topic provides insights into Kolmogorov’s problem concerning the
accuracy of approximation of the distribution of a sum of independent random vari-
ables by infinitely divisible laws. The task of establishing an estimate of the accuracy
of Poisson approximation with a correct (the best possible) constant at the leading term
remained open for decades. We present a solution to that problem in the case where the
accuracy of approximation is evaluated in terms of the point metric. We generalise and
sharpen the corresponding inequalities established by preceding authors. A new result
is established for the intensively studied topic of compound Poisson approximation to
the distribution of a sum of integer-valued r.v.s.
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1 Introduction

The task of approximating the distribution of a sum of independent random variables
lies at the heart of the probability theory. The central role is played by the normal
approximation. However, in situations where one deals with rare events Poisson or
compound Poisson approximation may be preferable (cf. [4, 5, 35, 36, 40]).
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Interest to the topic of Poisson/compound Poisson approximation arises in connec-
tion with applications in extreme value theory, insurance, reliability theory, etc. (cf.
[6,7,29,33]). The theory of Poisson/compound Poisson approximation underpins the
extreme value theory [29, 33].

Let X1, X», ... be integer-valued non-negative random variables (r.v.s). Denote
So =0,

S, = Xi1+---+X,, r=Ar(n)=ES, nm>1).

For example, givenr.v.s £1, &2, . . ., one may deal with exceedances of a chosen “thresh-
old” x. Set X; = 1{&; > x}. Then

Sp = Su(x) =) 1{& >x)
i=1

denotes the number of exceedances of threshold x. In particular,

{ max & <} = (5,00=0) (frn=2) = (S0 <k} keN). (D
where &, denotes the k-th largest elementamong &1, . . ., &,. Thus, results concerning

the distribution of sample extremes can be derived from the corresponding results
concerning L£(S,).

In applications, indicators 1{&; > x}, 1{& > x}, ... may be dependent. A well-
known approach (Bernstein’s blocks method [14]) consists of grouping observations
into blocks which can be considered almost independent. The number of r.v.s in a
block is an integer-valued random variable; hence, the number of rare events is a sum
of almost independent integer-valued r.v.s.

In (re)insurance applications, the sum Y 7 ,¥;1{¥; > x} of integer-valued r.v.s
allows to account for the total loss from the claims {Y;} exceeding threshold x [22].
More information concerning applications can be found in [6, 7, 22, 29, 35, 36].

The distribution of a sum S, (x) of integer-valued non-negative random variables
can often be approximated by a Poisson or compound Poisson law. In early 1950s,
Kolmogorov has formulated the task of evaluating the accuracy of approximation of
the distribution of a sum S, of independent and identically distributed (i.i.d.) r.v.s by
infinitely divisible distributions (Kolmogorov’s uniform approximation problem). The
topic has attracted a lot of attention among researchers (see, e.g., [4, 19, 35, 36, 40,
49] and references therein).

From a theoretical point of view, the question concerning the accuracy of Pois-
son/compound Poisson approximation is a particular case of Kolmogorov’s problem.
Besides, it was noticed that estimates of the accuracy of approximation to the Binomial
distribution can provide important insights in other areas of probability theory [32,
38]. In a sense, the Binomial distribution plays the role of a “testing stone” [4].

Note that there is a strong connection between the topics of Poisson and compound
Poisson approximation [35, 36, 38, 48]; the latter plays a special role in approximating
L(S,) by infinitely divisible laws since the class of infinitely divisible distributions

@ Springer



Journal of Theoretical Probability

coincides with the class of weak limits of compound Poisson distributions [26, Theo-
rem 26].

In a range of situations, both normal and (compound) Poisson approximations can
be applicable (cf. [4, 40]). Due to the complex structure of the compound Poisson
distribution, in applications one would prefer pure Poisson approximation where pos-
sible.

One can choose between possible types of approximation by comparing estimates
of the accuracy of approximation. Obviously, one would make a choice according to
the sharpest estimate, thus the need of sharp estimates of the accuracy of approximation
with explicit constants.

1.1 Notation
Let S denote the class of measurable functions taking values in [0; 1]. Then

dpy (X: ) = dp, (£(X): L)) = sup (ER(X)~Eh(Y))
he

denotes the total variation distance between the distributions of r.v.s X and Y.
We denote by

di(X;Y) = di(L(X); LY)) = sup | Fx (x) — Fy (x)]

the uniform (Kolmogorov’s) distance between the distributions of random variables
X and Y with distribution functions (d.f.s) Fx and Fy.

The Gini—Kantorovich distance between the distributions of r.v.s X and Y with
finite first moments (known also as the Kantorovich—Wasserstein distance) is

do(X;Y) =d; (L(X); L(Y)) = sug [Eg(X) —IEg(Y)],
ge

where £ = {g: |g(x)—g(y)| < |x—y]} is the set of Lipschitz functions. Note that

d,(X;Y)= inf E|X —Y|,
XY’

where the infimum is taken over all random pairs (X', Y’) such that £(X') = L(X)
and L(Y') = L(Y).
Set || |l = supy | f(k)|. We denote by || - ||, the Li-norm of a function. Given a
discrete r.v. Y, we denote
Py =P(Y =").

In the case of discrete distributions, it is natural to exploit the point metric

do(X;Y) = do(L(X); L(Y)) = sup [P(X =k)—IP(Y =k)| = [Px —IPy|,

@ Springer



Journal of Theoretical Probability

where || - || denotes the sup-norm.

Initially, estimates of the accuracy of Poisson approximation to the Binomial dis-
tribution B(n, p) were established in terms of the uniform distance dg and the total
variation distance d, [27, 40, 47]. Metrics d;,, dk, d, have obvious merits. For
instance, they are shift- and scale invariant. The O (n~2/3) estimate of the accuracy
of approximation in Kolmogorov’s problem holds in terms of dg [1-3] (and hence
in terms of d,) but generally not in terms of d,, [49]. Bounds in terms of d, can be
sharper than those in terms of the uniform and the total variation distances.

In extreme value theory, one is interested in the distribution of the k-th largest
sample element X ,.x. Metric d,, appears more suitable than dx and d,, if one evaluates
probabilities like IP(S, (x) < k) for “small” k, cf. (1). A similar observation can be
made concerning the length of the longest head run (LLHR), the length of the longest
match pattern (LLMP), etc. (see [35]). Metric d, is shift and scale invariant. Another
advantage of using d, in comparison with d.,, dk is the higher rate of approximation

(cf. (4), (8)).

TV

1.2 Independent Bernoulli r.v.s

Hereinafter, {X;} are independent non-negative integer-valued random variables; mul-
tiplication is superior to the division. W.l.o.g. we may assume that IEX; >0 (V7).

Let mr;, denote a Poisson (1) r.v. Many authors worked on the problem of evaluating
the accuracy of approximation

Sp A ),

in the case where {X;} are O-1 r.v.s (see, e.g., [4, 7, 35, 36] and references therein).
The problem goes back to Prokhorov [40]. It has attracted a lot of attention among
specialists (see, e.g., [35, 36] and references therein).

Estimates of the accuracy of Poisson approximation to the distribution of a sum of
independent 0-1 random variables in terms of the uniform distance dx and the total
variation distance d,, have been derived by Kolmogorov [27, Lemma 5], Tsaregrad-
skii [47], LeCam [30], Kerstan [25], Romanowska [41], Shorgin [46], Barbour and
Eagleson [12] and other authors (see, e.g., [20, 34, 39, 45]). Concerning estimates in
terms of some other metrics, see [15, 21, 35-37] and references therein.

In the case of independent 0-1 r.v.s estimates with correct (the best possible) con-
stants at the leading terms have been found by Roos [45]:

dyy(Su: 72) <30/4e(1-70)/2, )
dy (Sp: m3) <0/2¢ + 1.2060/(1—-/0), (3)
05 =4

do(Sy: 0(3/2¢)3/% 221/2 _
(Sn; ) <6(3/2e)'=/ +3ﬁ(l—\/§)2

“

where = > 7, pl.z/k, pi = P(X;=1) (i >1); constants at the leading terms in (2)—
(4) cannot be improved. Note that 3/4e ~ 0.276, 1/2¢ < 0.184, 1(3/2¢)3/? < 0.205.
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Estimate (3) has a sharper constant at the leading term than that in (2), estimate (4)
has a sharper rate of decay if A=X(n) — oo as n — oo.

Estimates of the accuracy of shifted (translated) Poisson approximation to the
distribution of a sum of independent O-1 r.v.s have been given by Barbour and
Xia [9], Cekanavi¢ius and Vaitkus [18], Barbour and Cekanaviius [11], Rollin [43],
Novak [34, 37]. Kruopis [28] has evaluated the accuracy of shifted Poisson approxi-
mation to £(S,,) in terms of d,:

n n -3/2
do(Sy; ¥) <) pjmin { 1; @(Zp,»(l—p,»)) : )
j=1

j=1

where Y = [A240.5] + m—p,405), A2 = Z';:l p?. Note that IEY = A, |varY —
var S,| < 1/2. In the case of the Binomial distribution B(n, p), the right-hand side
(r.h.s) of (5) is of order /p/n.

1.3 Integer-valued r.v.s

Let {X;};>1 be independent non-negative integer-valued r.v.s. The problem of evaluat-
ing the accuracy of Poisson approximation to the distribution of a sum of independent
non-negative integer-valued r.v.s has been considered, e.g. in [8, 11, 13, 21, 25, 33,
37]; an overview of the results on the topic can be found in [35, 36].

Rollin [43, formula (2.13)], assuming that third moments are finite, states that

do (S A =021+ 7,2 4 1 _g2) < <2+d/21ﬁ,‘>/(72, (©6)

i=1

where 0% = var Sy, ¥; = 0’ EX; (X;—D)+|EX; —0[E(X;—1)(X;—2)+E|X; (X;—
D(X;=2)|, d’ = max;<, |[Ps, ;42 — 2PPs, ;.11 + Ps, . [1,/2, Sp.i = Su—Xi, [x] =
max{k € Z: k <x}, {x} = x—[x]. In the case of the Binomial distribution B(n, p)
bound (6) is of order 1/np.

Tsaregradskii [47] has shown that the rate of the accuracy of compound Poisson
approximation to the Binomial distribution B(#, p) in terms of the uniform distance
is O(1/np). Presman [38] has shown that

dyyB(n, p); Pu,p) < Cmin {np?; pimax{(np) % n~"}}  (0<p=<1/2),

where C is an absolute constant and P, j, is a particular compound Poisson distribution.
Hence,

sup d,,(B(n, p); Py p) = O(n~2/3). (7
p=1/2
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According to Cekanavicius [16], there exists an absolute constant C such that
do(B(n, p); Pu.p) < Cmax{(np) %n~Yp) ™' P <p<1/2). (8

Inthe case ofi.i.d.r.v.s X, X1, X», ... obeying [EX* < oo Cekanavicius [17] has shown
that the accuracy of compound Poisson approximation to £(S,) is Cxn~>/%, where
Cx depends on L(X).

The problem of establishing an estimate of the accuracy of Poisson approximation
to the distributions of a sum of independent non-negative integer-valued r.v.s in terms
of the point metric with a correct constant at the leading term remained open for a long
while. In particular, an open question was whether %(3 /2¢)3/2 would remain the best
possible constant at the leading term in the case of integer-valued r.v.s. We give below
the affirmative answer to that question. We generalise and sharpen the corresponding
results from [16, 21, 43, 45].

Theorem 1 presents an estimate of the accuracy of Poisson approximation to £(S,,)
in terms of the point metric with a correct constant at the leading term. Theorem 2
provides a first-order asymptotic expansion. Theorem 3 presents an estimate of the
accuracy of shifted Poisson approximation. Theorem 4 provides an estimate of the
accuracy of compound Poisson approximation in terms of the point metric. Theo-
rems 1-3 only assume that the second moments are finite, Theorem 4 does not impose
moment requirements, and the constants are explicit.

2 Results

Let {X;};>1 be independent non-negative integer-valued r.v.s.
First, we present an estimate of the accuracy of pure Poisson approximation.

2.1 Poisson Approximation
If random variables X, &, n have finite second moments, let
ky = EX—varX, yzp = E[§(E—1) —nn—1].

Denote Xo0=0, & = IAl/4/2n[A].Ifi {0, 1,...,n},letS,; = S,—X;, A; =IES, ;,

n
up = 1=d;(X;; Xi+1), U=Z}:ui, u* = [max u;, Ue=U—u",
1=

ein = el (o5, 4260, b = 1IAV2/m (144U —ui) ',
1—e

e
= > dy(Xj: XHEX;,
j=1

ity = minf e SU2H(1-20) U, 174712

)
Il
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where X l* denotes a random variable with the distribution
P(X=m) = (m+DP(X;=m+1)/EX; (m>0) 9
(cf. [33, Ch. 4.4]). Note that Uf—i—(l —2u*)Uy+1/4>0.If u* <1/4, then Uf—i—(l —

2u*)Uy+1/4>U?, and rit, <minfe; 3 8/mU Y.
Set

n n
&) =271 > minfdd, (Xi: X)ein: vy, x:rf EXi, €5 =2 liex; lein/h,
i=1 i=1

n
£9 =271 liex, [EXirf,, &9 =22""|ks,|(¢7 + £2).
i=1

Theorem 1 If X1, ..., X,, are independent non-negative integer-valued random vari-
ables with finite second moments, then

do(Su; ) <colics, A2+ (1—e™ ) (e + &3 +63)  (n>1), (10)

where ¢, = l(3/2(2)3/2.
If X, Xq,..., X, areiidrvs, set 0* =|«xx|/IEX,

ey = &) +16lkx|/m(n—1)u1 +20%(20% e+ &),
£] = 2d;(X; XMernA8yx. x+/m(n—uy.

Then (10) becomes

do(Sn; 1) < Colkx|/(EX)2i/n + (1—e )€l (10%)

According to [45], constant ¢, in (10), (10*) cannot be improved.

Note that the moment assumption in Theorem 1 can be relaxed at a cost of adding an
extra term if one uses truncation at some levels {K;} (i.e. switches from {X;} to {X}},
where X! = X;1{X; < K;}) since d,((X1, ..., Xpn); (X{,.... X)) < >/ P(X; >
K;).

Example 1 Let {X;} be independent Bernoulli B(p;) random variables, where p; €
[0;1/2] i>1). Then A = Y/, pi, ks, = Y i—; p?, €0 =0, and (10) yields

n n —-3/2
do(Sp: 73.) 5%21)?(2%)
+217 1(1 e )L)<sz 1'1+Zplg+> (11D
i=1

The constant at the leading term in (11) is sharper than that in (5).
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In the case of the Binomial distribution B(n, p), one has kx = p2, uy=p,
3 < 16p/m(n—1), &5 =2pein. &3 =4pe1n, €1 < &n,

where §, = min{q/_2/n/<1/4+(n—l)p) IR TG Tp] + 20— p/(1—
1/n)]. Then

doB(n, p): I(np)) < 5(3/2¢)¥%/p/n
+4(1—e"P)p (,/2p/n(n—1) + 4/7r(n—1)> . (12)

The rate of the second-order term in (12) is sharper than that in (4) if p=p(n) -0
as n— oo. Note that sup, IP(S, =k) = O(1//np), cf. [31, 42].

Example2 Let X, X1, X», ... be independent geometric I'g(p) r.v.s:
P(X=m) = (1-p)p" (m=0, 0<p<]1).
Then §,, is a Negative Binomial NB(n, p) r.v.:

'n+j)
T(n) !

P(S,=j) = (I-p)"p’  (j=0,0<p<),

where I'(y) = fooo x¥~le™*dx. Itis easy to see that P(X} =m) = (m+1) p" (1—p)>2.
Hence,

xr L X+ X.

Setr=p/(1—p). Note that A =IES, =nr.
Itis easy to check that kx =—r2, yx, x: =4r%, u1=p, 6*=r,

69 < 89 +32p/mq(n—1) + 2r<2r\/2/71(1/4 To—Dp) + é‘f) ,

8 <32p/mq*(n—1), e1n <&},

172
where &}, = 2/71/(1/4+(n—1)p> A (1/ =Dl +2r/(1—1/n)).
Theorem 1 yields

do(Sus m3) < 3(3/26)2/r/n + (1—e ™" )ey. (13)
Estimate (13) has a correct constant at the leading term, &5 = O(p+/p/n +p/n).
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Example 3 Let X, X1, ... bei.i.d.r.v.s with the distribution
P(X=0)=1-p+p*/2, P(X=1)=p—p*, P(X=2)=p’/2,

where p €[0; 1/2]. Then EX = varX = p, L(X™) = B(p).
Note that EX =EX* = p,

kx =0, e2=e3=0, ui = p—p?/2, yxx=d,(X; X*)=p*
Hence, ¢} < 8p/m(1—p/2)(n—1), and Theorem 1 yields
do(Sy; ) <8(1—e "P)p/m(1=p/2)(n—=1)  (n>1). (14)

While the rate of the accuracy of approximation in (12) is 4/ p/n, the rate is p/n in
(14).

2.2 A First-Order Asymptotic Expansion

For any function f, denote A f(-) = f(-+1) — f(-). The following theorem provides
a first-order asymptotic expansion in terms of d,,.

Theorem2 Let X1, ..., X, be independent non-negative integer-valued random vari-
ables with finite second moments. If h(-) = 1{- =k}, where k € N, then

Eh(S,) — Bh(m) + EA*(m)ks,/2| < (1—e™) (] 23 +25) . (15)
Let 77 denote a random variable with the distribution
P(r} =k) = P(m=k) (k=1 /A (keZy), (16)
where Z4 = {0, 1,2, ...} is the set of non-negative integer numbers. Note that
MEA%h (1) = Bh(r}) — Bh(m +1) = P(n} =k) — P(mm, +1=k) (17)
(cf. [34, Remark 1]). Thus,

P(S, =k)—P(m, =K) + (P} =) —P(m; +1=k)es, /24

<(—e?) (e +9+3).
In particular,
do(Sn; 73) — do(mys T4 Dk, /2] < (I—e™) (67 + &5 +€3) .
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According to Roos [44],

MAZP, || — 1//27A ‘ < C/A. Therefore,

|do(Su; 72) — lies, |2 73/2 /2427 | = O(e9+e5+e3+]ks,|A2). (18)
If X1,..., X, arei.i.d. Bernoulli B(p) r.v.s, then for any k € IN

IP(Sy =k) — P(rryp =k) + (P(rr,, =k) —P(np+1=k)) p/2|| < (1—e""P)e},

where ¢ = 4p (2p/m(n—1) +4/7(n—1)); hence,

do(Sy: 1) = 5/p/27n | = O (p/p/n +1/np). (18°)

2.3 Shifted Poisson Approximation

Set w=var S, +{«s,}. The next theorem deals with shifted Poisson approximation
L(Sp) ~ L(lks, 1+mp0).

Note that [«s, |+ Em, = ES,, |varm,— varS,| <1. Wl.o.g. we may assume that

u>0. B
Givenarv.Y, wedenote Y = Y—IEY. Let 62 =var S,, U;=U —u;,

8, = min{zu—la—e—“)so,n; Z:,L}, B = 2652 en + 20" (1—e s,

n
gh = pu! Zmin{41E|XiX,-|sgn;

E|X; X;||X; —1-2X;|r],}.

i=1

Theorem 3 Let X1, ..., X, be independent non-negative integer-valued random vari-
ables with finite second moments. Then

do(Sn; lkes, 1+mp) < ks, Hé + (1—e e (19)

Example 1 (continued). Let £(S,) = B(n, p), where p € [0; 1/2]. Setg = 1—p.
Clearly,

1 =npq+{np*}, ks, =np?, 8§(’f) =0, 00 <2/mnp, r{, <8/m(n—1)p.
Therefore, u <np, &, <2u"'eg.n, and (19) yields (n > 1)

do(Sn; [np*1+1,) < 22/ (1—e ") (npq)>/* + 16(1—e ")q /7 (n—1).(20)
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Using (12) as p <1/+/n and (20) as 1//n < p <1/2, we derive

) 2 2/2/x 16 4./2)m
o Sup o(Sui P 1) = S 7 T m =D T )
e

Indeed, (12) entails
do(Sp; Tp) < con* + 432/ (n—1)7/* +16/m(n—1)*/2
if p<1/y/n.1f p>1//n, then (20) yields
do(S: [np?1+7,) < 2/2/mn 1 (A=1//n) 7 + 16/m(n—1),

and (21) follows. A uniform in p € [0; 1/2] estimate of the accuracy of Poisson
approximation to the Binomial distribution B(#, p) in terms of the point metric seems
to be new.

3 Compound Poisson Approximation

The topic of compound Poisson approximation to the distribution of a sum of random
variables has attracted alot of attention in the past decades (see, e.g., [ 19] and references
therein).

The topic has applications in extreme value theory, insurance, reliability theory,
patterns matching, etc. (cf. [6, 10, 22, 33]). In order to decide if a particular compound
Poisson approximation to £(S,,) is applicable, one would require an estimate of the
accuracy of compound Poisson approximation indicating the distance between two
distributions is “small”, hence the need of sharp bounds with explicit constants.

From a theoretical point of view, the interest to the topic arises in connection with
Kolmogorov’s problem concerning the accuracy of approximation of the distribution
of a sum of independent r.v.s by infinitely divisible laws (see [4, 19] and references
therein). From a practical point of view, the problem has important applications in
insurance, reliability theory, extreme value theory, etc., cf. [19], and references therein.

Estimates of the accuracy of compound Poisson approximation have been derived
mainly in terms of the uniform distance and the total variation distance. Very few
estimates of the accuracy of compound Poisson approximation are available in terms
of the point metric. However, in situations where one needs to evaluate P(S, < k)
for a “small” k the point metric may be advantages as estimates in terms of the point
metric are expected to have better rate of approximation than estimates in terms of the
uniform of the total variation distances, cf. (2)—(4).

By Khintchine’s formula (see [24, Ch. 2]), the distribution of any random variable
X obeys

xLe,x (22)
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where 7, and X" are independent r.v.s, £(X') = L(X|X #0), 1, is a Bernoulli B(p)
r.v.,, p = P(X #0). Since X1, ..., X, are independent r.v.s,

Se LX)+ + 1 X, (23)
where 71, X}, ..., 7,, X,, are independent r.v.s, p; = IP(X; #0),
LX) = LXi|1X;#0), L(r)) =B(pi) (Vi). (24)
Assume that X', X|, ..., X, are i.i.d.r.v.s. Then
Vn
S LS xi, (25)

where 1.v. v, = 171 + - - - 4 7, is independent of {le}.

If £(X') is degenerate (i.e. X’ = ¢, where ¢ is a constant), then S, 4 cvy,, and
the problem of compound Poisson approximation to £(S,) reduces to the problem of
Poisson approximation to L£(vy).

Assume that £(X”) is not degenerate. According to Kolmogrov [27], formula (30),

TV<Z'XH Z X; ) = drv(vnv 7[)») (26)

where m; denotes a Poisson IT(A) r.v.. Thus, an estimate of the accuracy of “accom-
panying” compound Poisson approximation (the terminology of Gnedenko and
Kolmogorov [23]) in terms of the total variation distance follows from an estimate of
the accuracy of pure Poisson approximation.

The following theorem presents an estimate of the accuracy of “accompanying”
compound Poisson approximation to £(S,) in terms of the point metric.

Recall (24), where p; = P(X; #0). Denote p = Y 7_, p;/n.

Theorem4 If X, X1, X2, ... are independent integer-valued random variables,
X', X\, X}, ... are i.id.rv.s, where L(X") = L(X|X #0), then

Tnp

do(Sn§ ZX:> < CoZp?(Zpi)
i=1 i= i=
1 e_’”’
(Zp, ,n+2p,e+) @)
i=1

If X, Xy, ...areiid.rv.s, then p=p, where p=IP(X £0), and (27) becomes

-3/2

do(sn; ZX£) < coy/p/n +4(1=e""P)p (piy+4/n(n=1)). (27T

i=1
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Bound (27) appears suitable for evaluating probabilities IP(S,, < k) when k is
“small”. A feature of the bound is that Theorem 4 does not impose moment require-
ments.

The rate of the accuracy of approximation in (27*) is at least n~'/2, the rate is
o(n=Y2)if p=p(n)—0as n— oco.

If X is a Bernoulli r.v., then X' =1, Zl”l X! = my) is a Poisson r.v., and (27)
coincides with (12). Thus, the constant at the leading term in (27) cannot in general
be improved.

The advantage of employing the “accompanying” compound Poisson distribu-
tion is the simplicity of the approximating distribution. An open question is if the
accuracy of compound Poisson approximation to £(S,) can be improved using more
complex approximating laws? Relation (29) suggests the following hypothesis. Let
X, X1, X2, ... be iidrvs. Denote P, = L(X), and let CP denote the class of
(shifted) compound Poisson r.v.s. An open question is if there exists an absolute con-
stant C, such that

supdo(Sy; CP) < Con_5/6.

PX
Example 4 Suppose that X, X, ... are i.i.d. random variables,

P(X=0)=1-p, P(X=1)=P(X=2) = p/2.

Then P(X' = 1) = P(X' = 1) = 1/2. Hence, ¥ X| £ 7/ 427", where 7/, 7"
are independent Poisson IT(np/2) r.v.s. Note that 7’427 is a compound Poisson r.v.
Theorem 4 yields

do(Sp: 7' +27") < co/p/n + 427 pP? /=1 +16p/n(n—1). (28)

If p=p{m) — 0 as n — oo, which is typically the case when one deals with rare
events, then the r.h.s. of (28) is o(n~1/2).

We now present a uniform in p € [0; 1/2] estimate of the accuracy of compound
Poisson approximation to the Binomial distribution in terms of the point metric.

Let P, , denote the compound Poisson distribution from (7).

Proposition 5 There exists an absolute constant C such that

sup  do(B(n, p); (np)) A do(B(n, p); Py p) < Cn™>/°. (29)
0<p<l1/2

Bound (29) provides a better rate of approximation than (21). However, (21) offers
a simpler approximating distribution, and the constants are explicit.
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4 Proofs

First, we present the proof of Theorem 2, then the proof of Theorem 1.
We start with a particular lemma, which is needed in the proof of Theorem 2.
For any function i € S, we denote by g = gy, the solution of the Stein equation

gn+1) — 1" 'ng(n) = h(n) —EBh(m)  (ne€Zy). (30)
Note that it is possible to write down the Stein equation in a different manner (see,

e.g., [33, Remark 4.1]). The way shown in (30) is in line with the general approach to
the characterisation of discrete distributions (cf. [33, Ch. 12]).

Lemma 6 Let h(-) = hy(-) = 1{- =k} for a particular k € 7. If gy, is given by (30),
then

lgnll < 1—e™. 31)
Proof of Lemma 6 1t is known that the solution of Eq. (30) is
g(m) = (Eh(m)1{my <m} — Eh(m)P(m) <m))/P(m=m—1) (m>=1) (32)

(see, e.g., [7, 33]). The value of g(0) is irrelevant (we can set g(0) =0).
If h(-)=1{ =k}, where k€ Z,, then

g(m) = (P(my, =k <m) — P(m;, =k)IP(m), <m))/P(rr=m—1) (m>=1). (33)
Denote
G(n) = P(m, >n)/P(ry=n), Gi«(n) =P@r,<n)/P(my=n) (ne”Zy).

Itis known (see, e.g., [33, p. 82]) that function G is decreasing; function G is increas-
ing. Therefore, (33) yields

—gn, (m) = P(m, =k)G o (m—1) < P, =k)G1(k—1) = P(m; <k—1)r/k
<P(m<k)—e ™ <l—e* (m<k),
gn(m) = P(m, =k)G(m—1) < P(m, =k)G(k) = P(m, >k) < 1—e™*  (m>k),

and (31) follows (Rollin [43] mentions without proof that || g || < 1). O

Proof of Theorem 2 We will use Stein’s method. The details of the method have been
presented in many publications (see, e.g., [7, 33]).
According to (30),
EA(S,) — Bh(my) = Eg(S,+1) — A~ 'ES, g(S,).

Below we evaluate |IEg(S,+1) — A‘llESng(Sn)L
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Let h(-)=1{-=k}, where k€ Z. Then

_ _ P(m)>m—1)
g(m)—IP(JTA—k)—IP(m:m_l) (k<m),
gl == =, =m—1) ="

If |Agll =0, then g is a constant, and AIEg(S,+1) — IES,g(S,) = 0. Therefore,
without loss of generality we may assume that ||Ag] > 0.
Recall that S, ; = S, — X;. Set

8i() =Eg(Spi+1+).
It is known that
EX; f(X;) = EX;Ef(X;+1) (34)
for any function f such that IE|X; f(X;)| < oo (cf. [33, Ch. 4]). Therefore,
n
MEG(S,+1) — ES,2(S,) = MEg(Sy+1) — > EX;g(Sui+Xi)

i=1

n
= Y EX; (Eg(Sui+Xi+1) — Eg(Sui+X;+1))

i=1

= Y EX; (Egi(X)) - Egi(X)). )

i=1

Given a function f: Zy — R, we denote (£ >0, m >0, k>0)

Ry(m, k, 0) = f(m) — f(k) — (m—k)Af(©), (36)
c1(f) = sup; ; [AfD—=AL ca(f) = A F],
8y = min{er (f)lm—kl: c2(f)|(m—)(m—€ —1) — (k—0)(k—€ —1)]|/2}.

According to Proposition 4 in [35, 36],

|f(m) = (k) — m—K)Af(O)] < 84 (37)
Clearly,
gi (X)) — gi (X)) = (X;—X)Agi(0) + Ry, (X;i, X}, 0). (38)
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From (35), (38), (37),

n
‘MEg(SnH) — ES,g(S)) — Y EX;E(X; - X)EA(S,i+1)
i=1

n
< Y EX/ESY 4. (39)
i=1 '

It is known (see Barbour and Eagleson [12] or [7, Remark 1.1.2]) that

[Agnll < 1—e™™, llgnll < v/2Ah/e A L. (40)

Thus, |c1(g;)| < 2||Agi|| < 2(1—e™*). Using (51), we get

lAgill < llgill Y IAPS, i =k)| = 201gill dyy(Sn.iz Sui+1). (41)
k

Recall that
dpy(Sn,is Sni+1) < €in. (42)
Taking into account Proposition 6 and (42), we derive
le1(gn] < 41— M.
Note that
IEA%(Sni+0)] < 2l Agllein-

Taking into account (40), || A%g; || < 2(1—e )& . By (51), (56) and (31),

|A%gi ()] < gl Y IAPP(S, i =k)| < 1,,—6(1—e—k>/\/U,z+<1—2u*)U+1/4.
k

Therefore,
1A%gi()N1/2 < (A—eM)rf,. (43)
Combining these estimates, we get

0 — .
Eag(i)’ e = (e ») min{4IE|X; — X7 & 0 Vx, x0T )- (44)

Here random variables X;, X} can be defined on a common probability space in such
a way that IE|X; — X | = d;(X;, X]). Notice that

kx; = EX;E(X; —X}) 45)
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(cf. (34)). Taking into account (39), (44), (45), we derive

n
MEE(Sy+1) —ES,g(Sy) — Y kx, EAg(Sui+1)| < a(1—e e,

i=1
By (51), EAg(Y) = — >, g(k) APy (k). Using (42) and (31), we get
[EAG(Sni+ DI < 201glldry(Snii Snit1) < 201 = Mein.
This and (46) entail
do(Sp; ) < (1—e ) (e + 69).
Now we replace IEAg(S, ;+1) in (46) with EAg(S,+1).
If m >k, then

m—1
fm) = fl)y =Y Af(0)
i=k

for any function f. In particular,
X;—1
EAg(Syi+Xi+1) —EAg(S,i+1) =E Y A’gi(0).
£=0
According to [35], Lemma 35, for any bounded function f
[EA f(Sy,i)| < min {2||f||8i,n; (TAFIA2IflleR,) + 2IIAJ"IIEZ,L,,} .
An application of (50) with f = Ag; yields
[EAG(Spi+Xi+1) — EAg(Syi+1)| < 2| AgllernEX;,
where ||Ag| <1 —e ™t by (40). Note that (43) and (49) yield
IIEAG(Sni+Xi+1) —EAg(S,i+1)| < 2(1—e M)rf EX;.

Therefore,

n

Z (]EAg(S,,+1) —EAg(S,, +1)Kxi)

i=1

i=1
We have shown that

’IEh(Sn) — Eh(m)) — A_IKSnIEAg(Sn+1)’ < (I—e ™)) +69).

n
<201—e M) Y lix, [EXirf,.

(40)

(47)

(48)

(49)

(50)
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It remains to evaluate EAg(S,,+1) — IEAg(m),+1).

Recall that 2 (-) =1{- =k}, where k € Z . It is known that Ag(i) <0if i Ak, while
0<Ag(k)<1—e* (cf. [12] or the proof of Proposition 6). Note that Zi#k Ag(i) =
—Ag(k). Therefore,

> Agl) P(S+1=i) — P(my+1=0))| < (1= )do(Sy: 72),
i#k
|Ag(k) (P(S,+1=k) — P(m,+1=k)| < (1—e ")do(Sy: 72).
An application of (47) yields
EA(S,+1) —EAg(m+D| < 2(1—e M)do(Su: 1) < 2(1—e (el + £2).
Thus,
Eh(S,) — Eh(r)) — A_IKSnIEAg(m+1)’ < (I—e™) (&) + &3 +£3).
Note that
EAgy, (m,+1) = (P(m,+1€A) — P(} € A)) /2

for any indicator function s 4(-) = 1{- € A} (cf. (4.31) in [33]). Since every function
h €S8 can be represented as () = Zk cx1{-=k}, where {ct} are constants,

EAgy(m,+1) = (]Eh(m+1) — ]Eh(n;))/2 Vhes).
Therefore,

|Eh(S,) — Eh(m) — (Eh(m,.4+1)—Eh(x})) ks, /24 (15%)
<(l—e) (8(1) +é&) + 8‘3’) .

This and (17) lead to (15). O

Proof of Theorem 1 If A =0, then S, = ) = 0, and (10) trivially holds. Therefore,
w.l.0.g. we may assume that A > 0.
Given ar.v. Y, denote

APy() =P(Y+1=-) —P(Y=").

In particular, A f(-, -) means the increment of the first argument.
Clearly, for any bounded function £

EAR(Y) ==Y h(j)APy(j). (S
J
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Given an arbitrary k€ Z, let h(-) =1{- = k}. We apply (15).
Note that

A%h() = 1{-=k—2}—21{-=k—1}+1{-=k}.
Therefore,
EA2h(m;) = A*P,, (k).
According to Lemma 3 in Roos [45],
1A%, || < (3/22e)/2. (52)
Bounds (15) and (52) entail
IP(Sy=k) — P(ra=k)| < 3lis, 1(3/21)% + (1—e ) (e +3+e3).

The proof is complete. O
The proof of Theorem 3 requires the following

Proposition 7 For any bounded function f and any integer-valued random variable
Y

IEA f(Y)| <2 flldy (Y5 Y+1), (53)
IEA%f (V)| < [I£]l |1 APy ||, . (54)

AS a consequence,
IEA £(S)| < 211 £1l €0.0» (55)
IIEA? £(S,)] < §||f||/\/U2+(1—2u*>U+1/4. (56)

If 2u™* <1, then (56) yields
IIEA%f(Sw)| < 16] fI|/7U.
If 2u™ > 1, then (56) entails
A% £(S)| < 16]| f1| /7 (U —1/2).

Proof of Proposition 7 Relation (53) follows from (51): EAf(Y) = =), f(k)A
Py (k), hence

EAFX)| < IfI APy, =2[1flldy(Y; Y +1).
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Similarly,

BA% ()] = | Y fRAMPY ()] < £ 1A% Py,
k

Bound (55) is an immediate consequence of (53) and (42). Relation (56) will follow
from (54) and the following inequality:

|AZP(S, =), < 16/71\/U2+(1—2u*)U+1/4. (57)

We proceed with the proof of (57); the argument is similar to that behind (4.9) in [11].
Let I, denote the distribution concentrated at point x, I = Iy, and let * denote the
convolution of measures. Then
APy =Py x (I —1), APy() = (I;—D)** % Py.

Let Q1, Q> be two measures. By the property of the total variation norm,

191 Qall, = 1O, 1, 1Q21;-

Set J={l,...,n}.If J = CUD, wedenote " = >, .- X;, S" = > ,cp Xi.
Since IPg, = Py * IPg#, we have

I1A2Ps, Il, = I(1i = 1) % Ps, |I, = (I =) xPg % (I; — 1) *Pgr]|,
< (L =DxPg|, (11 =1)xPgr|, = 4dTV(S/; S’—i—l)dTV(S”; S"+1).

We will exploit this bound and (59).
If U =0, then (57) trivially holds. Therefore, we may assume that U > 0. Set J can
be split into CU D so that sets C, D are non-empty,

Ue>U/2—u*, Up>U/2, (58)

where Uc =) ;ccui, Up =) jcp Ui
Indeed,r.v.s X1, ..., X, (and hence numbers u1, ..., u,) can be rearranged without
affecting S,,. Therefore, we may assume that ug:=0<u; < --- <u, =u*. Denote

Yr=ur+---+ux, v=min{k>1: Iy >U/2}.

IfX,-1<U/2,thenv = n, henceu, > U /2. Onecanchoose C = {1,...,n—1}, D=
{n}. Then

Uc=U—-u*>U/2—u")y, Up=u,>U/2.
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IfX,_1>U/2,thenv<n—1landu* <U/2.0necanchoose C = {1,...,v—1}, D =
{v,...,n}. Then

Uc=S%y—uy >3, —u*>U2—u*, Up=U—3%,_; >U/2,

and (58) holds.
According to Mattner and Roos [31, Corollary 1.6],

dr(Si: $u+1) = V277 [ (1/4+0) 2, (59)

Inequality (59) can be applied to S’, S”:

1/2 1/2
dr(8's '+ 1) = V27x [ (1/4+0¢) ", dpy (8" 8"+ < V2 [ (1/4+Up)
One can check that (1/4+Uc)(1/4+Up) > U?/4+(1—2u*)U /4+1/16. Hence,
I1A2Ps, I, < S(Uc+1/9)2Wp+1/472 < L@+ (1-2uH)U +1/4)71/2.

This leads to (57) and hence to (56). The proof is complete. O
Proof of Theorem 3 Recall that Z denotes the set of integer numbers. Set
a =lks,], b= {ks,}.
Then
pw=0’+b=xr—az>0. (60)
We need to evaluate [[EA(S,) — IEh (7, +a)|, where h(-) =1{- = k}.
W.l.o.g. we may assume that > 0: if = 0, then (60) yields ol = {A}=0; hence,
every X; is a constant, @ = A, and (19) trivially holds.
In the case of shifted Poisson approximation, the basic equation is
fk+1) = pu~(k—a) f(k) = h(k) — Bh(r,+a)  (k>a) (61)
(cf. (12.26) in [33]). The solution f = fj of Eq. (61) is
fk)y=0 (k=<a), f(k)=gjk—a) (k=a),

where fz(m) = h(m+a) (m>0) and g = gj, is given by (32) with A replaced with p.
According to (61),

EA(S,) — Eh(r,+a) = Ef(S,+1) — u ' E(S,—a) £(S,).

Below we evaluate |WIE f(S,+1) — E(S, —a) f(S»)].
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First, we show that
do(Sp; u+a) < I IBA f(S)| + (1—e *)ef,. (62)
Let {5(]-} denote independent copies of {X ;}. Set X; = X; —EX;,
fi©) =Bf(Suit+), ri = R(Xi, 0, Xy),
cf. (36). Because of (60),

L (Sa+1) = (Sp—a) f(Sp) = 1 f(Su+1) — (Sp+) f£(Sp)
= pAf(Sy) — Snf(Sn)-

Since r; = fi(X;) — f;(0) — X; A fi (X),
ES, f(Sy) = ZIEX F(S0) = £(Su)

= c2EA£(S,) + ZIE)_(ir,-.
i=1

Recall that 4 = o2+b. Hence,

HEf(Sy+1) —E(Sy—a) f(S,) = BEAF(S,) — Y EXir;.
i=1

Note that |r;| < 5;?,0, ci(fi) 22M1Afill <4(1—e"M)ef, by (37), (41), (42), 3D).
Therefore,

E|X;ri| <4(1—e ")ef E|X; X;].

According to (55), |A2f; ]| < 21| Aglle;.q, while (56) yields

1821 < gl /\J U2+ —20m) Ui+ 1/4.
In view of (40) and (31), max{]||g|l; |Agll} < 1—e™*. Therefore,
o (f) = 1Al < 20— M)rf,. (63)
Note that (im—£)(m—£€ —1) — £(£+1) = m(m—1) — 2m<{. Hence,

E|X;ri| < EIX;[|X;(X; —1)=2X; X; || A% f1] /2
< (I—e™MEIX;[|1X;(X; — D) =2X; X;|r],
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by (37), (40), (55), (31), (63). Thus,

E|X;ri| < (1—e ") min{4E|X; X; e ,;

E[X; Xi||X;—1-2X;|r},},

i.e. (62) holds.
It is known (cf. [35, 36]) that

HEAf(Sn)| < pép.
According to (51), (41), (42), (31),
IEAf(Sn)| < 2(1—e™")eon.

Thus, (19) holds. The proof is complete. O

Remark 1 Estimates of Theorems 1-3 work best if the maximum span of L(X ), ..., £(X,)
is 1. If the maximum span of £(X;) is > 1 for a particular i, then d,(X;; X;+1) may
be equal to 1, reducing U =Y 7_, u; and hence increasing the bounds.

The following inequality is employed in the proof of Theorem 4.

Lemma8 Let v,v, X, X1, Xo, ... be independent r.v.s taking values in 7, X; 4
X (Vi). Denote So =0, Sy = X1+ -+ Xy (k€N). Then

do(S5; Sv) < do(V;v) /PP(X #0). (64)
Relation (64) is an analogue of (26) in terms of the point metric.

Proof of Lemma 8 W.l.o.g. we may assume that p:=IP(X #0)#0. Forany m € Z

P(S; =m) —P(S, =m) = Z (P(D=k) — P(v=k)) P(Sx =m).
k>0

Therefore,

IP(S5 =m) — P(Sy=m)| < do(vy; v) Y _P(Sx=m). (65)
k>0

Denote

fm)=>"P(Sx=m) (meZy).

k>0

Estimate (64) will follow if we show that f(m)<1/p foranymeZ,.
Clearly, f(0) =} ;-0q™ =1/p, where ¢ = 1—p. Let m € N. By Khintchine’s
formula (23),

s L

Vi
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where Binomial B(k, p) r.v. vy is independent of {X'}. Hence

fm) =) (S, =m =ZZ< )p ¢*P(S;=m)

k=0 k=0 j=0
= ZpﬂP(S’—m)Z( ) k=j — Z]P(S}:m)/p,
Jj=0 k>j j=0

where 0°:= 1; we have used the fact that Zk>1 ( )p/qk I =1/p.
Denote by n(-) the renewal process

n(m) = max{k e IN: S <m} (mels). (66)

Then {S; <m} = {k<n(m)}, En(m)=} ;- P(S, <m),

ZIP(S,Q:m) =IEn(m) —En(m—1) (meIN).
k>0

Since X’ takes values in IN, we have
[n(m) —n(m—-1)|<1.

Indeed, Sn(m—l) <m-—1, Sr/(m—l)—H > m by (606). If Sn(m—1)+1 > m, then n(m) =
n(m—1). Therefore,

0<nm)—nim—1) < 1{Syu—1)+1=m}.
Thus, ijo IP(S} =m) <1 forall m €7, and (65) entails (64). O

Proof of Theorem 4 According to (25),

s, s

Vp?

where v, = 71 + -+ + 7,, 71, X],..., Ty, X, are independent r.v.s, L(X)) =
L(X;|X; #0), »C(Ti) = B(p;) (Vi), pi = P(X; #0),

=0, S =X|+ - +X; (keN).
Thus, do(S,; Sy, ) =do(S,, 5 Sy, ). Since IP(X’ #0) =1, inequality (64) yields

do(Sv ) n ) < do(vy; 7Tnp) (64%)

An application of (11) leads to (27). O
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Proof of Proposition 5 1f p <n~%/3, then (12) yields

do(B(n, p); TI(np)) = 5(3/2) 20~/ + 42/ (n=1) 2 + Z(n—1) 7.

If p>n~—2/3, then we apply (8) to get

do(B(1, p); Py,p) < Cn /8.

Combining these bounds, we derive (29). O
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