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Abstract

Let p > 0 be a prime, k a field of characteristic p and G an elementary abelian p-
group of order ¢ = p". Let W be an indecomposable kG-module of dimension 2 and
define V; = S"’I(W)* foreachi =1,...,q. Weshowthat V2 ® V; = Vi1 @ Vi
provided i is not divisible by p. Our results generalise results of Almkvist and Fossum
(1978) for representations of cyclic groups of order p. We show how our results give
formulae for the direct sum decomposition of V; ® V; foralli < p and j < g modulo

n—1
summands projective to M := @fzo V,p» and conjecture that these formulae extend
tothe case i < g and j < g. We provide some evidence for our conjecture.

Keywords Modular representation theory - Symmetric power - Tensor product -
Exterior power

Mathematics Subject Classification Primary: 20C20

1 Introduction

Let p > 0 be a prime, k a field of characteristic p and G an elementary abelian
p-group of order ¢ = p". The representation theory of G over k is well-known to be
wild unless n = 1 or ¢ = 4. Outside of these cases it is believed we have no hope of
classifying indecomposable representations of G over k. Nevertheless, it is possible to
describe relationships which exist between certain subclasses of the class of all such
representations. The purpose of this paper is to describe some of these relationships,
focusing on symmetric powers and tensor products.

We begin by fixing enough notation to state our results; precise definitions of the
terms involved will be given in Sect. 2. Let W be an indecomposable kG-module with
dimension 2. As G is a p-group, there exists a basis of W with respect to which the
action of G is upper triangular. More precisely, the action of G on W with respect to
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this basis is given by left-multiplication with the matrices

((65) <]

where Ew is a subgroup of k under addition. If the action of G is faithful we have
G = Ew. Two such kG-modules W, W' are isomorphic if and only if Ew = aEy,
for some « € k.

Fix an indecomposable faithful 2-dimensional kG-module W and set V; =
Si=1(W)* where S denotes symmetric powers and x the dual (or contragedient) mod-
ule, and i < ¢g. Our main result is the following:

Theorem 1.1 V, @ V; = Vi1 ® Vi foralli < q with p fi;
n—1

v—1 Vrp. We can use Theorem 1.1 to describe certain other tensor

products V; ® V; up to the addition of modules which are projective relative to M, i.e.

direct summands of a tensor multiple of M. Our most complete results are:

Let M = PF

Corollary 1.2 Leti < pand j < q. Assumei+ j < q. Write j = rp + j' and assume
that i + j' < p. Then we have

min(i, ;")
VieV; =u @ Viti—@i-1) (D

=1

Corollary 1.3 Leti < pand j < q. Assume i+ j < q. Write j = rp + j' and assume
thati + j' > p. Then we have

foi ® Vj = Vi® Vpr+p7j/~

where M is as in Corollary 1.2.

In the above two Corollaries, =), means isomorphism in the stable module category
relative to M.
2 Background
2.1 Exterior and symmetric powers
In this section let G be a group, k a field and V, W finite-dimensional vector spaces
on which G acts linearly. Let x1, . .., x, be a basis for V and let yq, ..., y;; be a basis
for W. The tensor product V' ® W is the vector space with basis consisting of the
formal symbols x; ® y; :i =1,...,n,j=1,...,m,and G actson V ® W via

linear extension of g(x; ® y;) = gx; ® gy;. One can take the tensor product of V
with itself to obtain the tensor square 72(V) = V ® V, and iterate this procedure to
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obtain a graded algebra T'(V) = @~ T4(V) where TO(V) is the trivial module and
THN(V) =V @ T4 (V) foralld > 0.

The symmetric group S, acts naturally on 7¢(V) by place permutation, and its
action commutes with that of G. We define the symmetric powers to be the coinvariants
of this action, i.e.

T4(V)

d _
V) = (cw)—v:veTdV),oeS,)’

with induced G-action. Denote the image of x;, ® --- ® x;, under this quotient by
Xi; -+ x;,. Then the induced G-action is given by

glxiy -+ xi,) = (gxiy) -+ - g(xi,)

and the set {x;; ---x;, : 1 <i; < .-+ <i, <d}isabasis for Sd(V); in particular the
dimension of Sd(V) is (”Zd). We note that x;x; = x;x; forall 1 <i, j <n.
Notice that by basic representation theory we have

DLV = T4 (V)5 = s4(V)*.

The modules D¢(V) are sometimes called divided powers, but in the present article
we will not use this term and these modules will be denoted as S?(V)* rather than
D4(V).

Finally we define the exterior powers

T4V)

d —
AY(V) = 7

’

where I is the 2-sided ideal of T¢ (V) generated by all tensors of the formv®@uv, v € V,
with induced G-action. Denote the image of x;, ® --- ® x;, under this quotient by
Xj; A -+ Axj,. Then the induced G-action is given by

gxiy N A X)) =g ) A Agxg,)

and the set {x;y A--- AXx;, : 1 < i1 < -+ < i, < d}is a basis for Ad(V); in
particular the dimension of A?(V) is (). We note that x; A x; = —x; A x; for all
1 <i,j <nandx; Ax; =0. We also note that A?(V) = 0 ford > n and A”(V)
is a one-dimensional module on which G acts via the determinant character. Further,
the natural pairing A”~4(V) x A%(V) — A" (V) induces an isomorphism

Ay = AYV)E
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2.2 Projective modules and the Heller operator

In this section we let G be an arbitrary group of order divisible by p. Recall that a
kG-module P is said to be projective if every exact sequence of kG-modules

0O—X—>Y—>P—0 2)
splits. It is said to be injective if every exact sequence of kG-modules
0—P—>Y—>X—0

splits. One can show that a kG-module is injective if and only if it is projective.
Let M be another kG-module. The kG-module is said to be projective relative to
M if the exact sequence (2) splits whenever the tensored exact sequence

0—-MRIX—> MY —> MQP —0 3)

splits. Injective relative to M is defined analogously and one can show that the two
concepts are equivalent. Consider the special case where M =), y ki Tg where
kg denotes the trivial indecomposable k H-module and y is a set of subgroups of G.
Then as a consequence of Frobenius’ reciprocity theorem, (3) splits if and only if (2)
splits on restriction to each H € . In this situation P is usually said to be projective
relative to y rather than relative to M. Note that P is then projective relative to the
trivial subgroup of G if and only if it is projective, and every kG-module is projective
relative to G itself.

The following omnibus Lemma sums up what we need to know about relative
projectivity:

Lemma 2.1 Let G be a finite group of order divisible by p, and P, M kG-modules.
Then the following are equivalent:

(1) P is projective relative to M,
(ii) P isinjective relative to M;
(iii) P is a direct summand of X @ M for some kG-module X.

One may construct a category whose objects are kG-modules, with the set of
morphisms between objects X and Y given by

Homyg pm(X,Y) = Homgg (X, Y)/PHomyg (X, Y)

where PHomyg (X, Y) denotes the linear space of all homomorphisms factoring
through a module which is projective relative to M. In this category objects X, Y
are isomorphic if and only if there exist modules P, Q which are projective relative to
M suchthat X @ P =Y @ Q. We write P =), Q for isomorphisms in this category.
This is called the stable module category relative to M.Incase M = ), y ki Tg
we call it the stable module category relative to y, and if x consists of the trivial sub-
group simply the stable module category. The category has a triangulated structure,
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which is well-known in the case of the stable module category. However, in this article
we will not make use of that structure.
Given a kG-module M, we can find a projective module Py and a surjective kG-
morphism
wo: Py —> M.

If we choose Py and 7 so that Py has smallest possible dimension, then this pair is
unique, and known as the projective cover of M. The kernel of 7 is denoted Q2 (M).
This is known as the Heller shift of M. 2(—) can be viewed as an operation on the set
of kG-modules which takes indecomposable modules to indecomposable modules.
The construction can be iterated, defining Q'T1(M) = Q(Q(M)) for any i € N.
Dually, given a kG-module M, we can find an injective (projective) module Iy and a
injective kG-morphism
T0: M — .

If we choose Iy and 7¢ so that Ip has smallest possible dimension, then this pair is
unique, and known as the injective hull of M. The cokernel of 7 is denoted Q- Y(m).
This construction can be iterated, defining Q DMy = Q1(Q (M) for any
i € N. We also define Q°(M) to be the largest non-projective direct summand of
M. With these conventions, we have the following proposition summarizing useful
properties of the functors Q':

Proposition 2.2 Let M|, M> be kG-modules without projective summands, and i, j
nonzero integers. Then:

(i) QM1 ® Mp) = Q' (M) & Q' (M2);
(i) QUM)* = QI (M*);
(i) M = QEQTM) = @ HQ ).
(iv) QM) @ My = QUM ® M>).

A version of the above also exists for relative projectivity and for projectivity relative
to a module, but we will not make use of these; see for instance Elmer (2022) and
Lassueur (2011) for precise statements.

2.3 Representations of cyclic groups of order p

In this section let G denote a cyclic group of order p, and k a field of characteristic
p. The representation theory of G is easy to understand, and in particular not wild.
There exists exactly one indecomposable representation V; for each dimensioni < p.
The action of a generator of G on V; is given by left-multiplication by a single Jordan
block of size i. Each V; has fixed-point space ViG with dimension 1. So, one may
determine the number of indecomposable summands in an arbitrary representation
of G by simply computing the dimension of its fixed point space, and knowing the
dimensions of its indecomposable summands is tantamount to knowing its complete
decomposition.
It is now immediately obvious that
V=V, 4)

1
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since a representation of any group is indecomposable if and only if its dual is. Further,
let vy, va, ..., v; be abasis of V; with respect to which the action of G is as described
above. For any 1 < j < i, the elements v;, v;11, ..., v; span a submodule of V; iso-
morphic to V;_;1, and the quotient with respect to this submodule is isomorphic to
Vi1 (here Vj denotes the zero module). In particular, there is a surjective homomor-
phism 7 : V, — V; for any i < p whose kernel is a submodule of V), isomorphic to
Vp—i. Noting that V), is the unique projective indecomposable module for this group,
this shows that

Qi) =Vp—i (%)

for any 1 < i < p. In particular, the modules V; with 1 < i < p are periodic with
period 2.
It is also easy to see that
sl ) =V (6)

forany 1 <i < p.
Tensor products of the modules V; were first considered by Almkvist and Fossum
(1978). The fundamental result is

Vi@ Vicii<p

. 7
Vp®'V, i=p ™

Vi®V23{

See Benson (2017, Lemma 2.3.1) for a straightforward proof.
Using this result and induction one can prove that provided i + j < p, we have

min(i, j)
VieVi= @ Vivi-a- ®)
=1

and
Vi ®Vpj =(p—i— PHVpy® (Vi ®V)). 9

Together these formulae tell us the direct sum decomposition of V; ® V; for any
i,j<p.

Almkvist and Fossum also considered symmetric and exterior powers. They devised
a calculus by which one could compute decompositions of S¢(V) and A4 (V) for any
d and for any representation V of G. The full theory is quite involved; the interested
reader should consult Benson (2017, Section 2.8). Some easily stated highlights are
as follows:

Proposition 2.3 S (Vi) is projective whenever d +i > p.

Proposition 2.4 Sd(ViH) = Sdl(ViH) modulo projective summands, where d' is the
remainder when d is divided by p;

Proposition 2.5 S¥(V; 1) = S'(Vay1) foralld < p, and $¢(Viy1) = A (Vigg) ifin
additiond +i < p.
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2.4 Known results for representations of SL; (k)

In this subsection we consider the group H = SL;(k) and let E be the natu-
ral 2-dimensional k H-module. Assume k is algebraically closed and denote E; =
Si —1 ( E)* .

The modules E; for i < p are irreducible and self-dual. Moreover, a complete
classification of irreducible modules for SL; (k) is given by the modules L(}) : L € N
where L(\) = ®f=1 FI(E »;) Where F denotes the Frobenius twist (i.e. g € G acts
as F(g) on F(E;), where F(g) is obtained from g by raising each element of the
matrix to the power p) and A = A;pX + --- 4 Ag is the p-adic decomposition of A.
For this reason, these modules are well-studied, and it is known (see for instance Doty
and Henke 2005, Theorem 3.1) that E; ® E» = E;_1 @ E;+1. Now notice that for
i < p the kG-modules V; defined in the introduction are simply the restrictions of
E; to some subgroup of the subgroup of upper triangular matrices in H. Since tensor
products commute with restriction, we may obtain Theorem 1.1 immediately in the
special case i < p. However, the modules E; for i > p are not so well-studied, and
the rest of Theorem 1.1 is new.

More recently, McDowell and Wildon (2022) studied symmetric and exterior pow-
ers of E. In particular, they showed that E; = E} if and only if i < pori = p* for
some k. We may deduce that:

Proposition 2.6 Suppose i < p ori = p* < q. Then V; = V.

Wildon and McDowell also described isomorphisms
S'(SU(E)* = 5U(ST(E)) (10)

and ' o
Sl(sd(E))* ; Al(sl+d—l(E)*)

for all i and d. Combining the two gives us an isomorphism S¥(E;;1) = AY(Eg4).
Since exterior and symmetric powers commute with restriction we obtain a generali-
sation of Proposition 2.5:

Proposition 2.7 Let d,i > 0. Then S (V1)) = Si(Vj+1)* forall d,i < q, and
S4(Vig1) = A (Viyq) ifin additiond +i < q.

They also show that the isomorphism (10) above is the unique modular analogue of
classical Hermite reciprocity, in the sense that versions with stars in all other possible
positions do not hold. In particular it is not true that Sd(Ei_H) = Si(Ed+1) for all
d, i. This suggests that if is likely not true that S%(V; 1) = S'(Vgy) foralli, d < q.
In fact this is easy to see: take ¢ = 4, i = 2 and d = 1; then Sd(V,-+1) =V
and S%2(V,) = V3. One easily computes dim(V3)Y = 1 and dim(V3) = 2 so these
modules cannot be isomorphic.
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3 Main results: elementary abelian p-groups

In this section G denotes an elementary abelian p-group of order ¢ := p”", and
k a field of characteristic p. We begin by defining bases for some of the modules
were are interested in. Let W be a faithful indecomposable kG-module of dimension
2 and let (X, Y) be a basis with respect to which the action of G is as described
in the introduction. Let m > 0. A basis for (W) is given by ao, ..., a, where
a; = X'Y™ ', We identify G with the appropriate subgroup Ew of k. The action of
a € G on $”(W) is then given by the formula

i .
o=y (’,>afa,-j (1)
; J
Jj=0

Note the formula is independent of m, and we have a chain of inclusions
SOwyc S'w)c 2wy c...

Now let xq, ..., x;; be the basis of " (W)* dual to ao, ..., a,. The action of G
on §™(W)* is given by the formula

it
Ol-xi:Z( ; )(—O{)ij_j. (12)
Jj=0
S™(W)* and S (W) are indecomposable for allm < ¢, and projectiveifm = g —1.
We refer to Elmer (2017, Proposition 3.4) for a proof. We will have more to say in
general about the modules S (W)* than their non-dualised counterparts, and we adopt
the notation V,, := S"~1(W)*, so that Vo = sm=Lw).
The following results, which generalise Propositions 2.3 and 2.4, are taken from
Elmer (2017):

Proposition3.1 Let i < q,d < q and suppose that i +d > q. Then S¢(Viy) is
projective relative to the set of subgroups of G with order < i.

Proposition 3.2 Leti < g, d € N and let d’ denote the remainder when d is divided
by q. Then S4(V;41) =y S (Viy1), where x is the set of subgroups of G with order
<i.

In light of these results, we are given to wonder whether Egs. (7), (8), (9), and (5),
may also be extended to the modules Vi, ..., V,. Of course, since there are many
kG-modules which are not isomorphic to any of these, we will usually need to give
explicit isomorphisms, making the proofs considerably more involved.

3.1 Heller shift

Dual to the inclusion V;* C V,* one has the projection 7, ; : V,,, — V; given by
setting xy, ..., X;—1 to zero. In particular this shows that the projective cover of each
Vin is Vg and Q(Vy,) = ker (g m).

@ Springer



Beitr Algebra Geom

Proposition 3.3 We have, for 1 <m < g,
Q) = Vq*fm.
Proof Let X, Xpm41s---, xg—1 be the basis of (V) = ker(my, ). For each k =

0,...,g —m — 1 define
Yk = Xg—1—k-

Then yo, ..., y;—m—1 is a basis for 2(V},), and we have for any a € G

oY =0 Xg-1-k

k ;
—1—k+ ;
= Z (q . ])(_a)jxq—l—k+j
j=0 /
k ;
qg—1—k+j ;
=> ( . )(—a)fyk_,,
j=0 /
N ey A
= (—D’( . )a’yk—,/
j=0 /
k
AN
=> ( .>Ol’yk—j
=0\
by Lemma 3.4 below as required. O

In the above proof we used the following Lemma:

Lemma 3.4 Letq = p" be a prime power and leti, j € No such that j <k < g — 1.

Then Lk .
c_'f +]>=oqﬂ<) mod p.
J J

Proof The proof is by induction on n. If n = 1 then we have in particular j < p and

(q—l—k+j): (g—-1-k+)Dg—-2-k+j)---(g—k)
J J!
_ U -k=D(-k=2)---(=k)
= 7l mod p
k—j+Dk—j+2)---(k)
J!

= (=1

= (=1’ (k)
J
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For the inductive step we use the following consequence of Lucas’ Theorem: for
a, b € Ny write
a=aip+ao,b=>bip+boy

where ag, by are respectively the remainders when a, b are divided by p. Then

a\ _(ar\(ao
(b>_<b1)<bo> red p, (13

where a binomial coefficient in which the bottom entry exceeds the top is interpreted
as zero.
Now write

k=kip+ko, j=jip+Jjo

in the same fashion. We note that g — 1 = (p"~! — 1)p — (p — 1), and that j; <
ki < p"!. There are two cases to consider: if jo < ko then the remainder when
g — 1 —k+ jisdivided by pis p — 1 — ko + jo and the quotient is p"~! — 1 —kj + ji.
Then by (13) we have

(q—l—k+j> _ (P"_l —1—k +J'1>(19—1—ko+jo)
J J1 Jo
= (=7 <k1>(—1)f° (ko)
Ji Jo
by induction,
— (_1)j117<k1)(_1)j0 <k0>
J1 Jo

since (—1)? = (—1) for all odd primes p, and if p =2 then 1 = —1,

J1 Jo
= (=1’ (k)
J

as required. On the other hand if jo > ko then the quotient and remainder when
g — 1 —k + j is divided by p are p"~! — k; + jj and jo — ko — 1 respectively, and

(q—l—k+j)_(p”_l—k1+j1>(jo—ko—1>
J J1 Jo

= 0 because jo — ko — 1 < jo, while
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(k -k k
(=1’ ( > = (—1)1< ]>( ,0) = 0 because kg < jo.
J J1 Jo

Notice that if we combine Propositions 3.3 and 2.6 we get

Q7 V) =NV Z Qi) = Vym

for 1 < m < porm = pk, where we used Proposition 2.2(iii) for the second
isomorphism.

3.2 Tensor products

In this section we will prove Theorem 1.1. Since we already have this result in the
cyclic case we assume that n > 1 where ¢ = p". Let m < g. A basis for V2 ® V,,
isgivenby {x; ® x; : i =0,1; j =0,1,...,m — 1}. We write y; = xo ® x; and
zi = x1 ® x;. The action of « € G on this basis is given by

m—1—i

i+J

a-yi= Y ( )( @) (viej — azis)). (14)

im0 N

m—1—i

i+j
oz = Z ( >( @)zt ;. (15)
= N

Now set w; = y; +z;—1 foralli =0, ..., m. We interpret y,,, 2, and y_1, z_1 as

zero, so that wo = yg and wy,, = z,,—1. We claim:

Lemma 3.5 {wy, ..., wy} spans a submodule Y of Vo ® V,,, isomorphic to V4.
Proof We have, for any « € G,andi =0,...,m,
m—1—i i+ j . 1 +J
- W = ( )( a)j(yl+j aZl+j)+Z( 1 )(_Ol)jzi—l+j~

m—1—i

l+]>( Ol)]y1+]+ Z <l+]>( Ol)]Jrl Zi+j

—i 1 .
< ; _Jlr ]>(_a)JZi—l+j

Il

.
Il
o

3

+

M

.
Il
o

m—1—i

m—i

. -1 '
l +]>( Ol)]yzﬂ +Z< ; )(_a)jZi+j—l

j=1

M

.
Il
o

E

—i

-1+

+ - )(_O‘)]Zi—H-j

0

-
Il
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m—1—i

Z (l * J)( @) yirj + Z (l +J )(—Ol)jZiJrjl
J=0 Jj=
m—i s 1 . )
+ <l . TJ>(—(¥)JZi1+j
j=0 ™ T

because the middle term with j = 0 has a binomial coefficient (i;l) =0

Z ( >( a)/y,+/+z< )( @) zivj1

j=0

by Pascal’s Identity

m—i i + J m—i
= < )( @) yiyj +Z< )( @) zigj
j=0 j=0
because y,, =0
m—i
1+ ]
= < )( a)jwz+J
N
as required. O

Now we need a further Lemma: let v; = (i + 1)yi41 + ({ + 1 — m)z; for all
i=0,...,m—2.

Lemma 3.6 {vg, ..., vyu—2} spans a submodule X of Vo ® V,, isomorphic to Vy,_1.

Proof We have, forany « € G,andi =0,...,m — 2,

a-v=>(+Da-yip+0@+1-—ma-z

m—i—2

i+ 14 j
= Z (i+1)<’ i J)(—a)f<yi+j+1—azz'+j+l)
Jj=0

m—i—1

+ Z (z+1—m>< )( @) ziyj

m—i—2 m—i—2

1 1
Z (z+1)<’+]+J>( @) yigji1 + Z (z+1)<l+1+l>( a)1+1z+1+1

Jj=0 Jj=0
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m—i—1

+ Z (t—|—1—m)( )( @) ziy;

m—i—2 m—i—2

Z (z+1+1>( )( ) yirje+ Y (,+,+1>( ; )( ) zig

j=0

m—i—1

+ ) i+1-m) ( +j>( @) ziyj
j=0 !

By (16) below, withk =i + jand/ =i + 1

m—i—2

= (z+1+1>< )( @) yig

Jj=0

m—i—1 +j— )
+ Z i+ )( T )(—a)le—ﬂ-

m—i—1

+ Z (+1—m (”’)( )z,

m—i—2 m—i—1

Z (1+J+1)( )( a) yipjr1 + Z ( i )( @) zit

m—i—1

+ Z i+1-—m ( +])( a)JZl+j

By (16) once more, this time withk =i 4+ jand [ = j

m—i—2 l+] )
Z (i+j+1>( j )(—a)fyiﬂ-ﬂ

m—i—1

+ > <z+j—m+1)( )( ) zitj+ G —m+ 1z
j=1
m—i—2

+
> (’ ]’)< @) (G + j + Dyigjat + G+ j—m+ Daig))

=0
( )( a)jvz+j

as required. O

Il
M

Jj=0
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In the proof above we used the following well-known result on binomial coeffi-

cients: let 0 <[ < k. Then
k k—1
l =k 16
(l) (l— 1) (10

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1 We have shown that, forallm < ¢, V,®YV,, contains submodules
Y = Vyy1and X = V. Itfollows that X + Y < V> ® V,,,. We claim that, provided
m#0 mod p, V,®V,, = X®Y.Notice thatdim(X d Y) = 2m = dim(V2 ® V;;)),
so it is enough to show that y;, z; € X + Y foralli =0, ...,m — 1.

Recall that

w; =Y +2Zi—1
vi—1 =1y +({ —m)zi—1

fori =1,...,m—1.Sincem # 0 mod p, these equations are not scalar multiples of
each otherandso y;, zi—_1 € X+ Y fori =1,...,m—1.Butalsoyy =wp € X+Y
and z,,—1 = w,;, € X + Y, which shows that y;,z; € X + Y foralli =0,...,m — 1
as required. O

Proof of Corollary 1.2 Recall that M = @flll V;p. Write =) for isomorphism in the
stable module category relative to M. The proof is by induction on i. The case i = 1
is trivial and the case i = 2 follows from Theorem 1.1.

Leti, j be as described and assume that (1) holds. Consider V> ® V; ® V;. Assume
2 <i < p — 1. On the one hand we have, by Theorem 1.1 and inductive hypothesis,

VaeVieV,=EVimdVi-)®V;
min(i—1,;")

Zu Vi ®V & @ Viti-ai.
I=1

On the other hand by induction we have

min(i, ;")
weVieV, =y V»® @ Vitit1-21-
=1

Note that since ! < min(i, j/)andi+j < p,wehaverp < j+i+1-2l <rp+p
for all /. In particular j + i + 1 — 2/ is not divisible by p for any /, and we may use
Theorem 1.1 to evaluate:

min(i, ;") min(i, ;")
Va@VieV, =y @ Vitit2-2 @ @ Viti-ol-
=1 =1
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There are three cases to consider here: ifi > j’,theni—1 > j and min(i +1, j') =
min(i, j') = min( — 1, j') = j’. Therefore

min(i+1, ) min(i—1, ;)
VLieVieV, =y @ Vivit2—2 ® @ Viti-al
I1=1 I1=1
from which we obtain, by the Krull-Schmidt theorem,
min(i+1,;")

Vimi®V; =En @ Vitit1—@i-1 (17
=1

as required. Otherwise, ifi < j’ thenmin(i +1, j) = min(i, j)+1, min(i — 1, j') =
min(i, j') — 1 and

min(i, j) min(i, j')

“weVeV, =y @ Vitito—2 @ @ Viti—a
I=1 =1

min(i, ;") min(i—1,;")

= @ (Vj+i+272l) @ Vj—i S @ Vj+(i_1)+1_21
=1 =1

min(i+1,;") min(i—1,;")
= @ Viti+)+1-2 © @ Viti-n+1-2
I1=1 1=1

from which we obtain again (17) as required. Finally if i = j’ then we note that
j+i—=2min(i, j') = j— j' = rp,sothat Vj;_»ming, j») is projective relative to M,
and therefore

min(i, ') min(i, j')—1
Va@Vi®V, =y @ Vitiva—2 @ @ Viti-D+1-21-
=1 =1

Then since min(i + 1, j/) = j’and min(i — 1, j) =i — 1 we have

min(i+1,;") min(i—1,;")
VLaeVieV, =y @ Viti+n+1-21 @ @ Viti-D+1-2-
I=1 I=1

from which we obtain again (17) as required. O

Proof of Corollary 1.3 The proof is by induction on i. For the case i = 1, we work
by induction on j'. If j* = 0 it is clear that both sides are projective relative to M.
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If j/ = 1, we may deduce this immediately from Corollary 1.2. Hence, we assume
j' > 1. Consider Vp—1 ® V2 ® V;_1. On the one hand we have

Vpi1®@WV®V, 1=V, 1 0V;0V, 180V
and by induction this is
=M Vp-1® Vi@ Vg pjria.
On the other hand we have

Vp-1®@ V2@ Vi1 ZEy Va®V, 1 @V
ZEu V2a® Viprgp_jrtt

~

= Vor+p—j+2® Vprap-j
from which we deduce that
Vo1 ® Vi =y Vprqp-j

as required. This proves the result in the case i = 1. Now assume i > 1. Consider
V2 ® Vp—it1 ® V;. On the one hand we have

Va@Vpiti®V; ZEV, i@V ®Vp_ip2® V.
By induction this is
Eu Vpi®@Vi®Vi2a®Vyyp_jr.
On the other hand, by induction

Va@Vp it1i®Vi =y Va®Vic1 @ Vprgp_jr
= ‘/l ® Vpr+p—j’ @ ‘/i—2 ® Vpr+p—j’~

from which we deduce that
V=i ® Vi Zm Vi ® Vprapjr

as required. O

Using Corollaries 1.2 and 1.3, one may decompose V; ® V; foranyi < p, j <gq,
i + j < q up to the addition of summands projective to M. Decomposing these in the
usual module category seems to be a very difficult problem, but working relative to M
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enables some interesting results to be proved. We were unfortunately unable to prove
the following generalisations of Corollaries 1.2 and 1.3:

Conjecture3.7 Leti,j < g withi + j < q. Writei = rp +1i’, j = sp + j with
i’,j' < p. Assume i’ + j' < p. Then we have

(a)

min(i’, ;")

VieVi=u @ Vitj—@i-1)-
I=1

(b)
Vpr+p—i’ ® Vps+p—j’ = Vi® Vj~

By way of evidence for part (a), we offer the following result:
Lemma 3.8 Suppose that p > 2. Then we have V11 @ Vpyr1 =y Vapt1.

Proof We first note that since p > 2 we have V11 ® Vi1 = S2(Vyi1) @ A2(Vpi1).
Now Proposition 2.7 implies that AZ(VP+]) =S 2(Vp). The latter is a direct summand
of V,, ® V,, which is projective relative to M. Therefore V11 ® Vp11 =n S2(Vp+1)
and it is enough to show that SZ(V,,_H) =um Vaptt.

We claim that S?(V,11) = S?(V,_1) @ Vap+1. We will exhibit a submodule of
Vp+1 isomorphic to V). Let xq, x1, ..., x, be the basis of V,; with respect to
which the action of @ € G is given by the usual formula (12). Fori =0,...p —2 we
set y; = (i + 1)x;j4+1. Then we have

P k1
a-yi=(+Da-xip=G+1) ) < A
k

>(—0l)kx1'+1+k-

Note that the coefficient of x;, on the right hand side is (l. ﬁl) =0 mod p, so the sum
only needs torunto p — 2 — i. Thus

. —2—i (i
a-yi=>G+DY ('+,l{+k)(—a)kﬁyi+k
i itk
=Y (T yisx
as required.

It follows that SZ(V,,_H) contains a submodule Y isomorphic to SZ(V,,_ 1), with
basis {x;x; :1, j =1,..., p — 1}. Now we define, foreachi =0, ...,2p

zi = (=1) Z Xj Xk

k=i

We claim that zg, z1, . . ., 22 span a submodule of SZ(VPH) isomorphic to V34 1.
We have, foralli =0,...,2p
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a-zi= (D" Y (@ xple-x)

Jrhei
. P t . r Ky

=" > (Z(.)(—a)’_’xf) (Z <k>(—a)‘v_kxs>
Jj+k=i \t=0 J s=0

cr B E 5 (o) (o)

Jtk=i r=0s+t=r

— - Y 2Zp<—oe>’—f 3 (;)(;)xx

JjAk=i r=0 s+i=r

= (2 0)0)

sti=r \ j+k=i

= (D" ()
r=0

by Lemma 3.9 below

2p
=Dy () Y Oxx
r=0 s+t=r

2p /r
= Z(_a)ril ( .)Zr
r=0 !

as required.

This proves our claim. Now to finish the proof, observe that Z N'Y = {0}, since
z; contains a unique term 2xox; for i < p or 2x;_,x, fori > p, none of which
are contained in any term in Y (again we need p > 2 here). Thus, since dim(Z) +
dm(Y) =2p+ 1+ %p(p —-1) = %(p +D(p+2) = dim(Sz(VpH)) we have
S2(Vpr) =Y B Z = S2(Vp1) ® Vapii.

Finally we claim that Sz(Vp_l) = 0. To see this, note that S2(Vp_1) is a direct
summand of V,_; ® V,,_1. By Corollary 1.2 we have V,_1 ® V,_1 =y Vi. But as
dim(Sz(Vp,l)) = %p(p — 1) =0 mod p, we cannot have SZ(Vp,l) =u Vi sowe
must have S?(V,_1) =y 0 as required. Alternatively we can use the isomorphism
SZ(V,,_l) = Azp(Vp), and the latter is a summand of V,, ® V,,. This completes the
proof. O

Lemma3.9 Foralli,s,t we have Zj+k=i (j)(i) = (S;r’).

Proof The expression (’) (,Sc) on the left hand is the number of ways of choosing j
things from a set of 7 things and a further & things from a set of s things. Clearly if we
sum this over all j, k with j + k = i we get the number of ways of choosing i things
from a set of s + ¢ things. O
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The result above can be easily adapted to show that, for all £k < p, Sk(VpJr 1)
contains a submodule isomorphic to V41. But it is not clear that this is a direct
summand—the complement is not just Sk(Vp,l) as the dimension is too small.

If Conjecture 3.7 were true we could use it, along with some standard facts about
the Heller operator, to decompose V; ® V; up to summands projective relative to M,
for any i, j < g. The following example gives an idea of how this might work in
general:

Example 3.10 Let ¢ = 9. Then the following table describes the decompositions of
Vi ® V; modulo V3 ® Vs @ Vo whenever i, j < g and i, j are not divisible by p:

| Vi W Va Vs \%; Vs
Vilvi W V4 Vs V7 Vg
Vo | Vo Vi Vs V4 Vg V7
Va | Va Vs V7 Vs Ql(vs) Qv
Vs | Vs V4 Vg Vi Q vy Q7l(vs)
Vilve s Qv @l(vy @l(ve) @7l
Vs | Vs V7 Qv Qv @l @l(Wg)

In the table above, the tensor products involving V; are obvious, and those involving V>
are a consequence of Theorem 1.1. The calculation V4 ® V4 =), V7 is a consequence
of Lemma 3.8. Now we have

Vi@ (Vu@ V) ZEV4Q@ (V3D Vs) =y Va® Vs
and

Va®@ V)W =y Vi@V =EVed Ve =n Vs.
from which we find V4 ® V5 = Vg. Similarly

Vs@(Vu@W)EVs0 (V30 Vs) =y V5@ Vs
and
Vs@ V)@V =y Vs@W =V, dVo=y V7

from which we find Vs ® V5 = V7. The remainder of the table can be filled in using
Vg = Q1 (V1), V5 = Q71 (V») and Propostion 2.2(iv).
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